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PREFACE 


The present volume contains the more advanced parts of the 
differential and integral calculus, dealing mainly with functions 
of several variables. As in Volume I, I have sought to make 
definitions and methods follow naturally from intuitive ideas 
and to emphasize their physical interpretations—aims which 
are not at all incompatible with rigour. 

I would impress on readers new to the subject, even more 
than I did in the preface to Volume I, that they are not expected 
to read a book like this consecutively. Those who wish to get a 
rapid grip of the most essential matters should begin with 
Chapter II, and next pass on to Chapter IV; only then should 
they fill in the gaps by reading Chapter III and the appendices 
to the various chapters. It is by no means necessary that they 
should study Chapter I systematic,ally in advance. 

The English edition differs from the German in many details, 
and contains a good deal of additional matter. In particular, 
the chapter on differential equations has been greatly extended. 
Chapters on the calculus of variations and on functions of a 
complex variable have been added, as well as a supplement on 
real numbers. 

I have again to express my very cordial thanks to my German 
publisher, Julius Springer, for his generous attitude in con¬ 
senting to the publication of the English edition. I have also 
to thank Blackie & Son, Ltd., and their staff, especially Miss 
W. M. Deans, for co-operating with me and my assistants and 
relieving me of a considerable amount of proof reading. Finally, 
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I must express my gratitude to the friends and colleagues 
who have assisted me in preparing the manuscript for the press, 
reading the proofs, and collecting the examples; in the first place 
to Dr. Fritz John, now of the University of Kentucky, and to 
Miss Margaret Kennedy, Newnham College, Cambridge, and also 
to Dr. Schonberg, Swarthmore College, Swarthmore, Pa. 

R. COURANT. 


New Rochelle, New Yobk. 
March , 1936 . 
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CHAPTER I 


Preliminary Remarks on Analytical 
Geometry and Vector Analysis 

In the interpretation and application of the mathematical facts which 
form the main subject of this second volume it is often convenient to use 
the simple fundamental concepts of analytical geometry and vector 
analysis. Hence, even though many readers will already have a certain 
knowledge of these subjects, it seems advisable to summarize their elements 
in a brief introductory chapter. This 
chapter, however, need not be studied 
before the rest of the book is read; the 
reader is advised to refer to the facts 
collected here only when he finds the 
need of them in studying the later parts 
of the book. 

1. Rectangular Co-ortjinates 
and Vectors 

1. Co-ordinate Axes. 

To fix a point in a plane or in space, 
as is well known, we generally make use 
of a rectangular co-ordinate system. In 
the plane we take two perpendicular 
lines, the x-axis and the y-axis; in space 
we take three mutually perpendicular 
lines, the x-axis, the y-axis, and the 2 -axis. Taking the same unit of 
length on each axis, we assign to each point of the plane an x-co-ordinate 
and a y-co-ordinate in the usual way, or to each point in space an 
x-eo-ordinate, a y-co-ordinate, and a 2 -co-ordinate (fig. 1). Conversely, 
to every set of values (x, y) or (x, y, z ) there corresponds just one point 
of the plane, or of space, as the case may be; a point is completely 
determined by its co-ordinates. 

Using the theorem of Pythagoras we find that the distance between two 
points (x v y 3 ) and (x 2 , y 2 ) is given by 

r = V(x,~ *s) a + (Vi - Vi) 2 , 

i 



(E 912 ) 


2 
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while the distance between the points with co-ordinates (x v y lt z x ) and 

(** 1h> * 2 ) is _ 

r=V(Xi — x 2 f + (y x — y 2 ) 2 + (*i — z 2 ) 2 - 

In setting up a system of rectangular axes we must pay attention to 
the orientation of the co-ordinate system. 

In Vol. I, Chap. V, § 2 (p. 268) we distinguished between positive and 




Fig. 2 . —Right-handed system of axes Fig. 3.—Left-handed system of axes 


negative senses of rotation in the plane. The rotation through 90° which 
brings the positive ar-axis of a plane co-ordinate system into the position of 
the positive y-axis in the shortest way defines a sense of rotation. According 
as this sense of rotation is positive or negative, we say that the system of 
axes is right-handed or left-handed (cf. figs. 2 and 3). It is impossible to 
change a right-handed system into a left-handed system by a rigid motion 
confined to the plane. A similar distinction occurs with co-ordinate systems 




in space. For if one imagines oneself standing on the a^-plane with one’s 
head in the direction of the positive z-axis, it is possible to distinguish 
two types of co-ordinate system by means of the apparent orientation of 
the co-ordinate system in the zt/-plane. If this system is right-handed the 
system in space is also said to be right-handed, otherwise left-handed 
(cf. figs. 4 and 5). A right-handed system corresponds to an ordinary right- 
handed screw; for if we make the xy-plane rotate about the z-axis (in the 
sense prescribed by its orientation) and simultaneously give it a motion, 
of translation along the positive z-axis, the combined motion is obviously 
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that of a right-handed screw. Similarly, a left-handed system corresponds 
to a left-handed screw. No rigid motion in three dimensions can transform 
a left-handed system into a right-handed system. 

In what follows we shall always use right-handed systems of axes. 

We may also assign an orientation to a system of three arbitrary axes 
passing through one point, provided these axes do not all lie in one plane, 
just as we have done here for a system of rectangular axes. 

2. Directions and Vectors. Formulae for Transforming Axes. 

An oriented line l in space or in a plane, that is, a line traversed in a 
definite sense, represents a direction ; every oriented lino that can be made 
to coincide with the line l in position 
and sense by displacement parallel to 
itself represents the same direction. It 
is customary to specify a direction rela¬ 
tive to a co-ordinate system by drawing 
an oriented half-line in the given direc¬ 
tion, starting from the origin of the 
co-ordinate system, and on this half¬ 
line taking the point with co-ordinates 
(x, p, y) which is at unit distance from 
the origin. The numbers a, (3, v are 
called the direction cosines of the direction. They are the cosines of the 
three angles 8 l9 8 2 , S 3 which the oriented line l makes with the positive 
ar-axis, y-axis, and 2 -axis * (cf. fig. 6); by the distance formula, they 
satisfy the relation 

+ P a + Y 8 - L 

If we restrict ourselves to the xy-pfone, a direction can be specified by 
the angles $ t , 8 S which the oriented line l having this direction and 
passing through the origin forms with the positive z-axis and y-axis; or 
by the direction cosines a = cos 8 V (3 = cos S 2 , which satisfy the equation 

a 2 + p 2 = 1. 

A line-segment of given length and given direction we shall call a 
vector; more specifically, a bound vector if the initial point is fixed in space, 
and a free vector if the position of the initial point is immaterial. In the 
following pages, and indeed throughout most of the book, we shall omit 
the adjectives free and bound, and if nothing is said to the contrary we 
shall always take the vectors to be free vectors. We denote vectors by 
heavy type, e.g. o, b , c, x , A, Two free vectors are said to be equal if 
one of them can be made to coincide with the other by displacement 
parallel to itself. We sometimes call the length of a vector its absolute 
value and denote it by | a |. 

* The angle which one oriented line forms with another may always be 
taken as being between 0 and ir, for in what follows only the cosines of such 
angles will be considered. 



Fig. 6.—The angles which a straight 
line makes with the axes 
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If from the initial and final points of a vector v we drop perpen¬ 
diculars on an oriented ‘line l, we obtain an oriented segment on l corre¬ 
sponding to the vector. If the orientation of this segment is the same as 
that of l, we call its length the component of v in the direction of l; if the 
orientations are opposite, we call the negative 
of the length of the segment the component of v 
in the direction of l. The component of v in the 
direction of l we denote by v v If 8 is the angle 
between the direction of v and that of l (cf. 
fig* 7)# we always have 



v I cos 8. 


Fig. 7. Projection of a vector ^ vector v of length 1 is called a unit vector. 

Its component in a direction l is equal to the 
cosine of the angle between l and v. The components of a vector v in the 
directions of the three axes of a co-ordinate system are denoted by 
v lf v 2 > v s- If we transfer the initial point of v to the origin, we see that 


I » 1 = VV + »2 2 + v 3 i - 

If a, p, y are the direction cosines of the direction of v , then 

= lr- 


A free vector is completely determined by its components v v v 2 , v z . 
An equation 


v = vo 


between two vectors is therefore equivalent to the three ordinary equations 

= w v 
v 2 = w 2 , 

t>3 = ^3* 

There are two different reasons why the use of vectors is natural and 



Fig. 8.—Commutative law of vector 
addition 



Fig. g .—Associative law of vector 
addition 


advantageous. Firstly, many geometrical concepts, and a still greater 
number of physical concepts, such as force, velocity, acceleration, &c., 
immediately reveal themselves as vectors independent of the particular 
co-ordinate system. Secondly, we can set up simple rules for calculating 
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I] 

with vectors analogous to the rules for calculating with ordinary numbers; 
by means of these many arguments can be developed in a simple way, 
independently of the particular co-ordinate system chosen. 

We begin by defining the sum of the two vectors a and b . For this 
purpose we displace the vector b parallel to itself until its initial point 
coincides with the final point of a. Then the initial point of a and the 
final point of b determine a new vector c (see fig. 8) whose initial point 
is the initial point of a and whose final point is the final point of b. We 
call c the sum of a and b and write 

a -j- b — c. 

For this additive process the commutative law 

a ~\~ b = b 4* a 


and the associative law 

ct -j- ~ {b c) = (#-}- b) -f- c «s b c 

obviously hold, as a glance at figs. 8 and 9 shows. 

From the definition of vector addition we at once obtain the “ projec¬ 
tion theorem the component of the sum of two or more vectors in a direction 
l is equal to the sum of the components of the individual vectors in that direc¬ 
tion, that is, 

(a -j- b) t = a t + h t . 

In particular, the components of a 4- b in the directions of the co-ordinate 
axes are 4* b v a 2 4- 6 2 , a 3 4- b 3 . 

To form the sum of two vectors wc accordingly have the following 
simple rule. The components of the sum are equal to the sums of the corre¬ 
sponding components of the summands. 

Every point P with co-ordinates ( x, y, z) may be determined by the 
position vector from the origin to P, whose components in the directions of 
the axes are just the co-ordinates of the point P. We take three unit 
vectors in the directions of the three axes, e l in the a:-direetion, e 2 in the 
y-direction, e 3 in the 2 -direction. If the vector v has the components 
v v v 2 , v z , then 

v = v x e x 4- v 2 e 2 4- v B e 3 . 

We call v x = v x e v v 2 — v 2 e 2 , v 3 = v 3 e 3 the vector components of v. 

Using the projection theorem stated above, we easily obtain the trans¬ 
formation formulas which determine ( x', y', z'), the co-ordinates of a given 
point P with respect to the axes Ox', Oy', Oz', in terms of ( x , y, z), its co¬ 
ordinates with respect to another set * of axes Ox, Oy, Oz which has the 
same origin as the first set and may be obtained from it by rotation. The 
three new axes form angles with the three old axes whose cosines may be 

* It is to be noted that in accordance with the convention adopted on 
p. 3 both systems of axes are to be right-handed. 
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expressed by the following scheme, where for example y 2 is the cosine ui 
the angle between the z'-axis and the 2 -axis: 

M _y_h 

s' 1 “1 i Pi 1 Yi 
*' I <*8 I Pa I Y» 

From P we drop perpendiculars to the axes Ox, Otj, Oz , their feet being 
P v P 2 , Pi (cl* %• L P* 1)* The vector from 0 to P is then equal to 
the sum of the vectors from 0 to P v from 0 to P 2 , and from 0 to P 3 . The 
direction cosines of the rr'-axis relative to the axes Ox, Oy, Oz are a,, (3 lf Yi* 
those of the y'-axis oc 2 , P 2 , y 2 , and those of the z'-axis a 3 , p 3 , y 3 . By the 
projection theorem we know t hat x, which is the component of the vector 
—> 

OP in the direction of the ar'-axis, must be equal to the sum of the com- 
—> —>■ —v 

ponents of OP v OP 2 , OP H in the direction of the ar'-axis, so that 
x' = oq# -f $ x y -f yj2, 

for a,x is the component of x in the direction of the x'-axis, and so on. 
Carrying out similar arguments for y' and z\ we obtain the transformation 
formulae 

x' = a x x + Pd/ + Yi 2 
y ' = a 2 x 4- + Y 2 2 

2 ' = a 3 x + Pa*/ + Ya 2 > 

and conversely 

x — oqx' -f a.#' 4- as?" 

2/ = Pi*' 4- P 2 */ + Ps 2 ' 

2 = y 1 X / 4- Y2*/' 4- Ys 2 '* 

Since the components of a bound vector v in the directions of the axes 
are expressed by the formulae 

Vj = x 2 — x x 
v 2 ^y2- Vi 

V 3 == S 2 2j, 

in which («„ y lf Zj) are the co-ordinates of the initial point and {x 2 , y 2 , z 2 ) 
the co-ordinates of the final point of v, it follows that the same trans¬ 
formation formulae hold for the components of the vector as for the 
co-ordinates: 

*1 =* 4- PiV 2 4- Y 1 V 3 

v 2 ' = a^! 4- P 2 *>« 4- Ys v 3 
v 3 ' = a 3 v, 4 - p 3 v 2 4- Y 8 ^ 3 * 

3. Scalar Multiplication of Vectors. 

Following conventions like those for the addition of vectors, we now 
define the product of a vector v by a number c : if v has the components 
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v x , *> 2 > is the vector with components cv x , cv 2 , cr 3 . This de¬ 

finition agrees with that of vector addition, for w + v — 2v, v -j- v -j- v 
= 3v t and so on. If c > 0, cv has the same direction as v , and is of length 
c | v |; if c < 0, the direction of cv is opposite to the direction of v, and its 
length is (— c) | v |. If c = 0, we see that cv is the zero vector with the 
components 0, 0, 0. 

We can also define the product of two vectors u and v, where this “ multi¬ 
plication ” of vectors satisfies rules of calculation which are in part similar 
to those of ordinary multiplication. There are two different kinds of 
vector multiplication. We begin with scalar multiplication , which is the 
simpler and the more important, for our purposes. 

By the scalar product * uv of the vectors u and v we mean the product 
of their absolute values and the cosine of the angle 8 between their directions : 

uv = | u 11 v | cos$. 

The scalar product, therefore, is simply the component of one of the 
vectors in the direction of the other multiplied by the length of the second 
vector. 

From the projection theorem the distributive law for multiplication, 

(U -f V)W = UZJU VVU, 

follows at once, while the commutative law y 

uv vu, 

is an immediate consequence of the definition. 

On the other hand, there is an essential difference between the scalar 
product of two vectors and the ordinary product of two numbers, for the 
product can vanish although neither factor vanishes. 

If the lengths of u and v are not zero, the product uv vanishes if, and 
only if, the two vectors u and v are perpendicular to one another . 

In order to express the scalar product in terms of the components of 
the two vectors, we take both the vectors u and v with initial points at 
the origin. We denote their vector components by u v u 2 , u 3 and 
v v v 2 , v z respectively, so that u = u x + u 2 + and v — v x -f v 2 -f- v 3 . 
In the equation uv = (u x -f* u 2 + u d)( v i + v 2 4- we can expand the 

product on the right in accordance with the rules of calculation which 
we have just established; if we notice that the products u x v 2 , u x v 3 , u 2 v v 
u 2 v 3 , u 3 v x , and u 3 v 2 vanish because the factors are perpendicular to one 
another, we obtain uv = u 1 v 1 -f* u 2 v 2 -f u 3 v 3 . Now the factors on the 
right have the same direction, so that by definition u x v x = u x v x , &c... 
where u x , u 2 , u 3 and v x , v 2 , v 3 are the components of u and v respectively. 
Hence 

uv = u x v x + u 2 v 2 + u 3 v 3 . 


This equation could have been taken as the definition of the scalar product, 
and is an important rule for calculating the scalar product of two vectors 


* Often called tho inner product. 
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given in terms of their components. In particular, if we take u and v as 
unit vectors with direction cosines ol v a 2 , a 3 and ( 3 ,, p 2 , p s respectively, 
the scalar product is equal to the cosine of the angle between u and v> 
which is accordingly given by the formula 

cosS = aj(3, -f a 2 Pe + a 3 p 3 . 

The physical meaning of the scalar product is exemplified by the fact, 
proved in elementary physics, that a force f which moves a particle of unit 
mass through the directed distance v does work amounting to fv. 

4. The Equations of the Straight Line and of the Plane. 

Let a straight line in the a^-plane or a plane in 2 , 7 / 2 -space be given. 
In order to find their equations we erect a perpendicular to the line (or 



the plane) and specify a definite kt positive direction along the normal ”, 
perpendicular to the line (or plane); it does not matter which of the two 
possible directions is taken as positive (ef. fig. 10 ). The vector with unit 
length and the direct ion of the positive normal we denote by n. The points 
of the line (or plane) are characterized by the property that the position 
vector x from the origin to them has a constant projection p on the direc¬ 
tion of the normal; in other words, the scalar product of this position 
vector and the normal vector n is constant. If a, p (or a, ( 3 , y) are the 
direction cosines of the positive direction of the normal, that is, the com¬ 
ponents of n, then 

olx + fiy — p = 0 
(or (ax 4 - $y -f yz — p = 0 ) 

is the required equation of the line (or plane). Here p has the following 
meaning; the absolute value | p | of p is the distance of the line (or plane) 
from the origin. Moreover, p is positive if the line (or plane) does not 
pass through the origin and n is in the direction of the perpendicular 
from the origin to the line (or plane); p is negative if the line (or plane) 
does not pass through the origin and n has the opposite direction; p is 
zero if the line (or plane) passes through the origin. Conversely, if a, P 
(or a, p, y) are direction cosines, this equation represents a line (or plane) 
at a distance p from the origin, whose normal baa these direction cosines. 
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The expression <xx -f py — p (or ax ~f By -f Y 3 ~ :P) on the left-hand 
side of this so-called normal or canonical form of the equation of the 
straight line (or plane) also has a geometrical meaning for any point P 
( x , y) not lying on the line (or plane). Since ax + py (or ax -f- py ~j~ yz) is 
the projection of the position vector from 0 to P on the normal, we see 
at once that the expression ax -f py — p (or ax + Py -f- yz — p) is the 
perpendicular distance of the point P from, the line (or plane) and is positive 
for points on one side of the line or plane ( namely , that on which the normal 
is positive) and negative for points on the other side. 

From the canonical form of the equation we obtain other forms of 
equation for the straight line (or plane) by multiplying by an arbitrary 
non-vanishing factor. Conversely, an arbitrary linear equation 

Ax + By -f- D = 0 (or Ax -f- By + Cz -f D = 0) 

represents a straight line (or plane) provided the coefficients A , B (or 
A , B. C) are not all zero.* In the second of these equations, for example, 
we may divide by \/A 2 -f B 2 + C 2 and put 

A B 

* ~ Va 2 + ip + c 8 ’ p ~ \/a* + & +~c*’ 

= _ C_ _ _ D 

Y y'A‘ + w + c* p ~ ~ 

In this way we obtain an equation which is seen to represent a plane at 
a distance p from the origin, whose normal has the direction cosines 
a, p, y. Corresponding remarks hold for the equation of the straight line. 

A straight line in space may be determined by any two planes passing 
through the line. For a line in space we thus obtain two linear equations 

Ayx -f- Bpj -j- C x z -f — 0, 

A 2 x -p B$ + C 2 z + D 2 = 0, 

which are satisfied by ( x , y, z), the co-ordinates of any point on the line. 
Since an infinite number of planes pass through a given line, this repre¬ 
sentation of a line in space is not unique. 

Frequently it is more convenient to represent a line analytically in 
parametric form by means of a parameter t. If we consider three linear 
functions of t f 

x = oq -j- bd , 

V = a 2 + &A 
z = a 3 -f- 

where the b 9 s are not all zero, then as / traverses the number axis the point 
(x. y, z) describes a straight line. This we see at once by eliminating t 
between each pair of equations, whereby we obtain two linear equations 
for x , y, z. 

* If A = B = 0 (or A ■* B = C *» 0), D must also be zero, and any point 
of the plane (or of space) satisfies the equation. 




to ANALYTICAL GEOMETRY AND VECTORS [Chap. 


The direction cosines a, p, y of the line in its parametric form are 
proportional to the coefficients b v b 2f b 2 . For these direction cosines are 



Fig. ii.—P arametric representation of a straight line passing through two points 


proportional (of. fig. 11) to x x — x 2 ♦ y x — */•>, z x — s 2 , the differences of tne 
co-ordinates of two points P,, P.» with co-ordinates 

x t = a x + b x t ls ;Vi — a 2 + bj v z { = a H + b 2 t x 

and 

x 2 ~ u i j~ b x t 2 , y 2 — & 2 -\- bJ 2> z 2 — “f* ^3^2* 

Hence 

P,P 2 cos Sj == x 2 — Xj -•= 6j(/ 2 — t t ), 

PjP 2 COS S 2 “ */•> ” ?/l ~ ~~ *l)> 

P\P 2 COS S3 ==■ z 2 2] = 6 3 (/.2 fj), 

where PjP 2 denotes the length of the segment PjP a . Consequently 

a=p6 t , P= p6 2 . T= P 6 j ^where p= 

Since the sum of the squares of the direction cosines is unity, it follows that 
a _ ___ __^2_ ___ ^3 

a ~ Wk+w+W Y “±VvTv+v 

where the double sign of the square root corresponds to the fact that \x< 
can choose either of the two possible senses on the line. 

By means of the direction cosines we can easily bring the parametric- 
representation of the line into the form 

x = Xq -f ax, 

V = Vo + Pt, 

* = Zfl -f r T ' 

where (s 0 , y 0 , z 0 ) is a fixed point on the line: the new parameter t is con¬ 
nected with the previous parameter i by the equation 

x 0 -f ax = a x -4- b x t. 






1] CO-ORDINATES AND VECTORS xi 

From the fact that a 2 -f P 2 -f y 2 — 1 it follows that 

t 2 = (x — x () ) 2 -f (y — y 0 ) 2 + (z — z 0 ) 2 . 

Hence the absolute value of t is the distance between (x 0 , y 0 , z Q ) and 
(x, y t z). The sign of t indicates whether the direction of the line is from the 
point ( x 0 , y„, z Q ) to the point ( x , y, z), or vice versa; in the first case t is 
positive, in the second negative. 

From this we obtain a useful expression for (x, y, z) t the co-ordinates 
of a point P on the segment joining the points P 0 (x n , y 0 , z 0 ) and P x (x ly y v z x ) y 
namely, 

x = \ 0 x Q - 4 - y = \y 0 4- \yv * = Vo -f Vi» 

where X 0 and X T are positive and ^ -f Xj = 1. If t and t a denote the dis¬ 
tances from P 0 of the points P and P x respectively, we find that Xq= 1 —• - 
T T i 

and X, = . For if we calculate a, say, from x x = x 0 4- octj, and sub- 

*1 

stitute this value, a = (x 1 — x 0 )/t v in the equation x = x 0 4- olt, we obtain 
the expression given above. 

Let a straight line be given by 


X= X Q + OCT, 

y = 2/0 + px, 

3 — Z 0 4" Y T ‘ 

We now seek to find the equation of the plane which passes through the point 
(xq, y 0 , z Q ) and is perpendicular to this line. Since the direction cosines of 
the normal to this plane are a, p, y, the canonical form of the required 
equation is 

olx Py 4- yz — p — 0, 
and since the point (x 0 , y 0 , z Q ) lies on the plane 
V = ocx ti + py 0 4- y z 0 . 


The equation of the plane through (x 0 , y 0 , z 0 ) perpendicular to the line 
with direction cosines a, p, y is therefore 

<x(x — x 0 ) -f p(y - y 0 ) + r( z — z o) = 0. 

In the same way, the equation of a straight line in the cry-plane which 
passes through the point (x 0 , y 0 ) and is perpendicular to the line with 
direction cosines a, p is 

a(x — x 0 ) + p(y — y 0 ) = 0. 

Later we shall need a formula for $, the angle between two planes given 
by the equations 

a# 4- py 4- y z — p =0. 

%'x 4- P'y 4- Y z — p' — 0. 
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Since the angle between the planes is equal to the angle between their 
normal vectors, the scalar product of these vectors is cos 8, so that 

cos 8 = oca' + PP'+ yy'- 

In the same way, for the angle S between the two straight lines 
ctx -b Py — p = 0 and cl'x + p 'y — p' = 0 
in the xy-plane we have 

cos 8 = aa'-f PP'. 

Examples 

1. Prove that the quantities cc v a 2 , • • • » Ys (P* ®)* defining a rotation 
of axes, satisfy the relations 

“l“2 + Pl?2 + YlY2 = 0. *1* + Pi 2 + Yj 2 — 1. 

«2“3 + P2P3 + Y2Y3 = 0» “2 2 + Pa 2 + Y2 2 — 1. 

a :t a i -I- PA + YaYi = 0, a 3 2 + p 3 2 + Y 3 2 = 1. 

2. If a and b are two vectors with initial point 0 and final points A and 
B, then the vector with 0 as initial point and the point dividing AB in the 
ratio 0 : 1 — 0 as final point is given by 

(1 - 0)a + Ob. 

3. The centre of mass of the vertices of a tetrahedron PQRS may be 

defined as the point dividing MS in the ratio 1: 3, where M is the centre 

of mass of the triangle PQR. Show that this definition is independent of 

the order in which the vertices are taken and that it agrees with the general 
definition of the centre of mass (VoJ. I, p. 283). 

4. If in the tetrahedron PQRS the centres of the edges PQ, RS, PR, 
QS, PS, QR are denoted by A, A', B, B', C, C' respectively, then the lines 
A A', BB', CC' all pass through the centre of mass and bisect one another 
there. 

5. Let Pi . p« be n arbitrary particles in space, with masses 

m v m z , . . . , m n respectively. Let 0 be their centre of mass and let 
fi lt • • • » fin denote the vectors with initial point G and final points 
P 2 , ,. • , P n . Prove that 

m 1 fi i + m 2 fi 2 + • - • + ™ n fin =*= °- 

2. The Area of a Triangle, the Volume of a Tetrahedron, 
the Vector Multiplication of Vectors 

I. The Area of a Triangle. 

In order to calculate the area of a triangle in the xy -plane we imagine 
it moved parallel to .itself until one of its vertices is at the origin; let the 
other two vertices be P 1 (x v y x ) and P 2 (r 2 , y 2 ) (cf. fig. 12). We write down 
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the equation of the line joining P 1 to the origin in its canonical form 


— x -f- ■ y = 0 ; 

V*i 2 + 2/i 2 V *i 2 + 2/i 2 

hence for the distance h of the point P 2 from this line we have (except 
perhaps for sign) the expression 

, x. -2/1*2 , ^2 

zth — —7-=—--- - --- H- 7-—. 

V*i 2 + 2/i 2 V*i 2 + .Vi 2 

Since the length of the segment OP 1 is V^i 2 + Vi> we find that twice the 




Fig. 12. —To illustrate the method for 
finding the area of a triangle 


Fig. 13.—Determination of the sign of the 
area of a triangle 


area of the triangle , which is the product of the “ base ” OP 1 and the 
altitude h, is given (except perhaps for sign) by the expression 

2 A = x A y 2 — x# v 

This expression can be either positive or negative; it changes sign if 
we interchange P A and P 2 . We now make the following assertion. The 
expression A has a positive or negative value according as the sense in which 
the vertices OP A P 2 are traversed is the same as the sense of the rotation 
associated with the co-ordinate axes, or not. Instead of proving the fact by 
more detailed investigation of the argument given above, which is quite 
feasible, we prefer to prove it by the following method. We rotate the tri¬ 
angle OP 1 P 2 about the origin 0 until P 1 lies on the positive ar-axis. (The 
case in which 0, P v P 2 lie on a line, so that A — ^(x x y 2 — x^y x ) =*= 0, can be 
omitted.) This rotation leaves the value of A unaltered. After the rotation 
P A has the co-ordinates x{ > 0, y 2 — 0, and the co-ordinates of the new 
P 2 are x{ and yf. The area of the triangle is now 

A = \ x i V. 

and therefore has the same sign as yf. The sign of yf, however, is the 
same as the sign of the sense in which the vertices OP x P 2 are traversed 
(cf. fig. 13). Our statement is thus proved. 



14 ANALYTICAL GEOMETRY AND VECTORS [Ciiap. 


For the expression x x y % — x 2 y Y , which gives twice the area with its 
proper sign, it is customary to introduce the symbolic notation 

X-, Xo 

x iy* - = 

Vi 

which wc call a two-rowed determinant , or determinant of the second order. 

If no vertex of the triangle is at the origin of the co-ordinate system, 
e.g. if the three vertices are (# 0 , ;// 0 ), (x v y t ), (x 2 , y 2 ), by moving the axes 
parallel to themselves we obtain the formula 

A = 1 *1 - *0 *2 - 

2 Vy-Vo Vi-yo 

for the area of the triangle. 

2. Vector Multiplication of two Vectors. 

In addition to the scalar product of two vectors we have the important 

concept of the vector product* The 
vector product [ab\ of the vectors a 
and b is defined as follows (cf. tig. 14): 

We measure oil a and b from a 
point 0. Then a and b are two sides 
of a parallelogram in space. The vector 
product [ab]~ c is a vector whose 
length is numerically equal to the area 
of the parallelogram and whoso direc¬ 
tion is perpendicular to the plane of the 
parallelogram, the sense of direction 
being such that the rotation from a to 
b and c — [ab] is right-handed. (That 
is, if wo look at the plane from the 

Fig. 14.—Vector product of two final P° int ° f the VCOt0r C ’ We 866 the 

vectors a and b shortest rotation from the direction of a 

to that of 6 as a positive rotation.) If 
a and b lie in the same straight line, we must have [ ab ] = 0, since the 
area of the parallelogram is zero. 

Rules of Calculation for the Vector Product. 

(1) If a 4= 0 and b 4= 0, then [ab] = 0 if, and only if, a and b have the 
same direction or opposite directions. 

For then, and only then, the area of the parallelogram with a and b 
as sides is equal to zero. 

(2) The equation 

[ab] = —[6a] 

holds. 

* Often called the outer product ; other notations in use for it are a x b, 
a A b. 
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This follows at once from the definition of [ad], 

(3) If a and 6 are real numbers, then 

[aa bb ] — ab [ab]. 

For the parallelogram with sides aa and bb has an area ab times as 
great as that of the parallelogram with sides a and b and lies in the same 
plane as the latter. 

(4) The distributive law holds: 

[a(b + c)] = [ab] + [ ac], [(6+ c)a ] - [ba] + [ca]. 

We shall prove the first of these formulae; the second follows from it- 
when rule (2) is applied. 

We shall now give a geometrical construction for the vector pro¬ 
duct | ab] which will demonstrate the truth of the distributive law 
directly. 

Let E be the plane perpendicular to a through the point O. We project 



b orthogonally on E f thus obtaining a vector b' (cf. fig. 15). Then [ ab'J 
— [ab], for in the first place the parallelogram with sides a and b has the 
same base and the same altitude as the parallelogram with sides a and 
b'; and in the second place the directions of [ab* ] and [ab] are the same, 
since a, b , b' lie in one plane and the sense of rotation from a to b' is the 
same as that from a to b. Since the vectors a and b are sides of a rect¬ 
angle, the length of [ab'] = [ab] is the product | a | | b' |. If, therefore, 
we increase the length of b' in the ratio | a | : 1, we obtain a vector b" 
which has the same length as [ab']. But [ab] = [ab'] is perpen¬ 
dicular to both a and b, so that we obtain [ab] — [ab'] from b" by a 
rotation through 90° about the line a. The sense of this rotation must be 
positive when looked at from the final point of a. Such a rotation we shall 
call a positive rotation about the vector a as axis. 

We can therefore form [ab] in the following way: project b orthogon¬ 
ally on the plane E y lengthen it in the ratio | a | : 1, and rotate it positively 
through 90° about the vector a. 

To prove that [a(b -f c)] = [ab] + [ac] we proceed as follows: b 
and c are the sides OB, OC of a parallelogram OBDC , whose diagonal OD 
is the sum b c. We now perform the three operations of projection, 
lengthening, and rotation on the whole parallelogram OB1XJ instead of on 
the individual vectors b 9 c, b + c; we thus obtain a parallelogram 
OB l D l C 1 whose sides OB v OC x are the vectors [ab] and [ac] and whose 
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-diagonal is the product [a( b -f- c)]. From this the equation [ ab ] + focj 
= [a( b + c)] clearly follows (cf. fig. 16). 


A 



Fig. 16.—Distributive law for the vector product of two vectors a and b 


(5) Let a and b be given by their components along the axes, a v a 2 . a n 
and b l9 b 2 , b 3 respectively. What is the expression for the vector product 
{ab ] in terms of the vector components? 

We express a by the sum of its vector components in the directions of 
the axes. If e l9 e 2 , e 3 are the unit vectors in the directions of the axes, 
then 

a — a 1 e 1 -j- a 2 e 2 a 3 e s> 

and similarly 

b = b 1 e 1 + b 2 e 2 + b 3 e 3 . 

By the distributive law we obtain 

[ad] = [(a,ei) (Jqej)] + [(a,e t ) (fe 2 e,)] + [(a^j) (& 3 e 3 )] 

+ [(a 2 e 2 ) (b x e x )} + [(a 2 e 2 ) (d,e 2 )] + [(o 2 c 2 ) (& 3 e 3 )] 

+ [(“ 3 * 3 ) (Vi)] + [(rt 3 e 3 ) (b 2 e 2 )) + [(a 3 c 8 ) (& 3 e 3 )]. 

which by rules (1) and (3) may also be written 

[ab] = a,& 2 [e x e 2 ] + -f a^e^] 

“h a ^ J A e t e ^\ "1“ ®3^l[ e 3^l] ”1“ ®3^2t e 3 e 2l* 


Now from the definition of vector product it follows that 

f?l — [©2^3! == [^8^2]’ e 2 “ L e 3 e ll ~ [^1^3]’ ^8 ~ [^1^2! ~ — 

Hence 

r ab] = (a 2 b 3 — a s 6 2 )e, -f (a 3 &i — + («i b 2 — 

The components of the vector product [ab] = c are therefore 
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0 2 

6 a 


a 3 

K 


(X 3 

b : 




6. 


a 2 


In physics we use the vector product of two vectors to represent a 
moment. A force /acting at the final point of the position vector x has the 
moment [fx] about the origin. 


The Volume of a Tetrahedron. 

We consider a tetrahedron (cf. fig. 17) whose vertices arc the origin 
and three other points P v P 2 , P 3 with co-ordinates (x v y l9 z x ) t (x 2 , y 2 , z 2 ), 



Fig. 17.—Determination of the volume of a tetrahedron 


(aj 3 , t/ 3 , z 3 ) respectively. To express the volume of this tetrahedron in terms 
of the co-ordinates of its vertices we proceed as follows. The vectors 
x 1 = OP 1 and x 2 — OP 2 are sides of a triangle whose area is half the 
length of the vector product [x x x 2 ]. This vector product has the direction 
of the perpendicular from P 3 to the plane of the triangle OP 1 P 2 ; h, the 
length of this perpendicular (the altitude of the tetrahedron), is therefore 
given by the scalar product of the vector x 3 — OP 3 and the unit vector 
in the direction of [x 1 x 2 ]; for h is equal to the component of OP 3 in the 
direction of [x 1 x 2 ]. Since the absolute value of [x x x^\ is twice the area A 
of the triangle OP 2 P 2 , and since the volume V of the tetrahedron is equal 
to \Ah, we have 

V = 

Or, since the components of [x t x 2 ] are given by 


Vi h 


Z\ *1 


*1 V\ 

Vi H 


H x 2 


*2 y% 


(E 012 \ 


3 
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we can write 


F-lf*. 

2/i *i 

+ 2/3 

*1 

*1 

+ *3 

*1 2/i 

6 l 

2/2 *2 


Zo 

*2 


*2 2/2 


}• 


This also holds for the ease in which 0, /*„ P, z lie on a straight line; in 
this case, it is true, the direction of [x 1 x 2 ] is indeterminate, so that h can 
no longer be regarded as the component of OP 8 in the direction of [x 1 x 2 \, 
but nevertheless A — 0, so that V = 0, and this follows also from the above 
expression for V , since in this case all the components of [x 1 x 2 ] vanish. 

Here again the volume of the tetrahedron is given with' a definite' sign, 
as the area of the triangle was on p. 13; and we can show that the sign 
is positive if the three axes OP v OP 2 -OP 3 taken in that order form a system 
of the same typo (right-handed or left-handed, as the case may bo) as the 
co-ordinate axes, and negative if the tw r o systems are of opposite type. 
For in the first case the angle 8 between f x x x 2 ] and x 3 lies in the interval 


0^8^™, and in the second case in the interval K 8 ^ tt, as follows 
2 2 


immediately from the definition of [x 1 x 2 ] t and V is equal to 


11 X A X 2 ] I I *31 cos3. 

The expression 


*3 

2/i *i 

1 i *1 *1 

+ 1/s 

+ *3 

*1 2/i 


2/2 *2 

1*2 *2 


*2 2/2 


occurring in our formulae may be expressed more briefly by the symbol 


*1 

2/1 

*1 

*2 

2/2 

*2 

*3 

2/3 

*3 


which we call a three-rowed determinant , or determinant of the third order. 
Writing out the two-rowed determinants in full, we see that 


*1 

2 /i 

*1 

*2 

y 2 

*2 

*3 

2/3 

*8 


*32/1*2 — *32/2*1 + *22/3*1 “ *J2/3*2 4* *,2/2*3 “ *2^1*3- 


Just as in the case of the triangle, we find that the volume of the tetra¬ 
hedron with vertices (« 0 , y 0 , z 0 ), (x v y v z,), ( x 2 , y 2 , z 2 ), (x 3 , y 3 , z 3 ) is 


V 


1 

6 


*i *o 
*2 - *0 
*3 “ *0 


Vi ~ 2/o 
2/2- 2/o 
2 /s 3/o 


*i “ *o 
*2 *0 1 
*3-*0 


Examples * 

1 . What is the distance of the point P(x 0 , y 0 , z 0 ) from the straight line 
l given by 


x~ atb, y = ct 4- d, z = et -f / ? 

♦ The more difficult examples are indicated by an asterisk. 
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2*. Find the shortest distance between two straight lines l and V in 
space, given by the equations 

x = at + b x = a't -f b' 

y = ct -f- d and y — c't -f d' 
z=z et + f z — e't + f\ 

3. Show that the plane through the three points (a?,, y i9 z-f), ( x 2 , y 2t z 2 ), 
(x z > Vz> * 3 ) is given by 

x 1 — x 2/1 — 2 / z l — z 

x 2 — x 2/2 — y Z 2 — z 

2/3 - y z a - ^ 

4. In a uniform rotation let (a, p, y) be the direction cosines of the axis 
of rotation, which passes through the origin, and to the angular velocity. 
Find the velocity of the point (x, y, z). 

5. Prove Lagrange’s identity 

[xyf = | x | 2 | y | 2 — (xyf. 

6. The area of a convex polygon with the vertices P 1 (x I , y,), P 2 {x 2 , 2 / 2 )* 
. . . , P n {x n , y n ) is given by half the absolute value of 

X* + X* X B . ^ + X n _i X n + X n X X ' f 

Vi Vz y 2 2/3 2 /«— 1 y n y n yi * 

3. Simple Theorems on Determinants of the Second 
and Third Order 

1. Laws of Formation and Principal Properties. 

The determinants of the second and third order occurring in the cal¬ 
culation of the area of a triangle and the volume of a tetrahedron, together 
with their generalization, the determinant of the nth order, or n -rowed deter¬ 
minant , are very important in that they enable formal calculations in all 
branches of mathematics to be expressed in a compact form. Here wo 
shall develop the properties of determinants of the second and third order; 
those of higher order we shall need but seldom. It may, however, be 
pointed out that all the principal theorems may be generalized at once 
for determinants with any number of rows. For the theory of these we 
must refer the reader to books on algebra and determinants.* 

By their definitions (pp. 14, 18) the determinants 

a b c 

and d e f 

9 h k 

* Cf. e.g. H. W. Turnbull, The Theory of Determinants , Matrices, and In¬ 

variants (Blackie & Son, Ltd., 1920). 


a b 
c d 
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are expressions formed in a definite way from their elements a, 6, c, d and 
a, 6, c, d, e 9 /, g t h , k respectively. The horizontal lines of elements (such 
as d y e, f in our example) are called rows and the vertical lines (such as 
c, /, k) are called columns. 

We need not spend any time in discussing the formation of the two- 
rowed determinant 

0 b — ad — be. 
c d 

For the three-rowed determinant we give the “ diagonal rule ” which 
exhibits the symmetrical wav in which the determinant is formed: 



(-) 


(+) 


We repeat the first two columns after the third and then form the 
product of each triad of numbers in the diagonal lines, multiply the pro¬ 
ducts associated with lines slanting downwards and to the right by +1, 
the others by — 1, and add. In this way we obtain 

aek -f bfg 4* edh 
— ceg — afh — bdk. 

We shall now prove several theorems on determinants: 

(1) If the rows and columns of a determinant are interchanged , the value 
of the determinant is unaltered. That is, 

a b __ a c 

c d b d 

a b c a d g 

d e f =s b e h 

9 h k c f k 

This follows immediately from the above expressions for the determinants. 

(2) If two rows (or two columns) of a determinant are interchanged , the 
sign of the determinant is altered , that is, the determinant is multiplied by 
- 1 . 

In virtue of (1) this need only be proved for the columns, and it can 
be verified at once by the law of formation of the determinant given above. 





a b c 
d e f 
g h k 
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(3) In section 2 (p. 18) we introduced three-rowed determinants by the 
equations 


*i 2/i 2 i 


2/i Zj 

+ v» 

*i x x 

Z 3 

X 1 2/1 

*2 2/2 Z 2 

*3 2/3 Z 8 

— x z 

2/2 z 2 

Z 2 x 2 1 

X 2 2/2 


Using (2), we write this in the form 


V\ 

*2 2/2 
*3 2/a 


2/s 




*2 


+ 2 s 


2/i 

2/2 


then in the determinants on the right the elements are in the same order 
as on the left. If we interchange the last two rows and then write down 
the same equation, using (2), we obtain: 


*i 2/i Zj 

*2 2/2 z 2 

*3 2/a z 3 



+ 2/2 


*3 


*1 2/1 
*3 2/3 


and similarly 

Vi z i 
*2 2/a z 2 

*3 2/a z 3 




2/2 

2/3 




2/2 

2/3 


We call these three equations the expansion in terms of the elements of the 
third row, the second row, and the first row respectively. By interchanging 
columns and rows, which according to (1) does not alto the value of the 
determinant, we obtain the expansion by columns, 


*1 

2/i 

*2 

2/2 

*3 

2/3 

*1 

2/i 

*2 

2/2 

x 3 

2/3 

*1 

2/i 

*2 

2/2 


2/3 


z i 

Z 2 

z z 

h 

Z 2 

*3 


= x i 

2/2 

z 2 

— x i 

2/l 

Z 1 

+ *3 

2/1 

Z 1 

2/3 

Z 3 


2/3 

z 3 

2/2 

z 2 


*2 

Zo 

+ Vz 


Zl 


*1 

*1 


#3 

*3 

*3 

Z 3 | 

- 2/3 

*2 

1>2 


*2 

2/2 



2/1 

+ Z 3 


2/l 

= H 



Z 8 

*3 

2/3 




z 3 

2/3 


37*2 

2/2 


An immediate consequents© of this is the following theorem: 

(4) If all the elements of one row (or column) are multiplied by a number 
p, the value of the determinant is multiplied by p. 

From (2) and (4) we deduce the following: 

(5) If the elements of two rows (or two columns) are proportional , that is, 
if every element of one row (or column) is the product of the corresponding 
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element in the other row (or column) and the same factor p, then the de¬ 
terminant is equal to zero . 

For according to (4) we can write the factor outside the determinant. 
If we then interchange the equal rows, the value of the determinant is 
unchanged, but by (2) it should change sign. Hence its value is zero. 

In particular, a determinant in which one row or column consists 
entirely of zeros has the value zero, as also follows from the definition 
of a determinant. 

(6) The mm of two determinants , having the same number of rows , which 
differ only in the elements of one row (or column) is equal to the determinant 
which coincides with them in the rows (or columns) cowman to the two de¬ 
terminants and in the one remaining row (or column) has the sums of the 
corresponding elements of the two non-identical rows (or columns ). 

For example: 

a b c a m c a b + m c 

d e f -f d n f --= d e + n f 

g h k g p k g h + p k 

For if we expand in terms of the rows (or columns) in question, which 
in our example consist of the elements 6, e, h and m, n, p respectively, and 
add, we obtain the expression 

d f a Ci/ y v 

( _J_ TO) ^ J + (. + ») g k +(-h-p) 

which clearly is just the expansion of the determinant 

a b + m c 

d e -f n f 

g h + p k 

in terms of the column b -f m, e -f- n, h-f- p. This proves the state¬ 

ment. 

Similar statements hold for two-rowed determinants. 

(7) If to each element of a row (or column) of a determinant we add the 
same multiple of the corresponding dement of another row (or c,olumn) t the 
value of the determinant is unchanged. 

By (6) the new determinant is the sum of the original determinant and 
a determinant which has two proportional rows (or columns); by (5) 
this second determinant is zero.* 

* The rule for expansion in terms of rows or columns may be extended to 
define determinants of the fourth and higher order. Given a system of sixteen 
numbers 

( ®i b \ c i d i\ 

a, 6, c, d, \ 

<h d, I 

b^ c 4 d^ / 

for example, we define a determinant of the fourth order by the expression 
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The following examples illustrate how the above theorems are applied 
to the evaluation of determinants. We have 


a 0 0 
0 e 0 
0 0 ^ 


= aek 


as we can prove by the diagonal rule. A determinant in which the 
elements in the so-called principal diagonal alone differ from zero is equal 
to the product of these elements. 

Evaluation of a determinant: 


1 

1 

-1 


2 

0 

0 


1 

-1 

1 

= 

1 

-1 

1 

(second row added to the first), 

1 

1 

1 


-1 

1 

1 



2 0 0 

1 -1 1 

-1 1 1 



1 

1 


(expansion in terms of the first row). 


Hence 


1 1 -1 

1 -1 1 

-1 1 1 


— 4. 


Another example is 


l X X 2 


1 * ** 


I * 

l y y‘ 

= 

o 

1 

to 

1 

% 

= 

O 

<55 

1 

% 

1 

* 

1 2 Z* 


1 2 Z 2 


0 z—x z 2 — x 2 


If we now expand this in terms of the first column we obtain 


y—x 

z—x 


y 2 — x 2 
z 2 — a? 


= (y—*) (*—*) 


l 

l 


y + x 

z-j-x 


= (y — z)(z— x) (z - y). 


2. Application to Linear Equations. 

Determinants are of fundamental importance in the theory of linear 
equations. In order to solve the two equations 

ax + by = A , 
cx + dy — B, 

for x and y, we multiply the first equation by c and the second by a, and 



/j 2 c 2 d z 


#2 ^2 


a 2 b 2 d 2 


(Ig ^2 ^2 

a i 

r '3 

-6. 

°8 C 3 dg 

+ c i 

ttg 6g d n 


( h ^3 C 3 


&4 c 4 d 4 


fflj c 4 d 4 


( h h A d i ! 


a. \ 


and similarly we can introduce determinants of the fifth, sixth, . . . , nth order 
in succession. It turns out that in all essential properties these agree with the 
determinants of two or three rows. Determinants of more than three rows, 
however, cannot be expanded by the “ diagonal rule We shall not consider 
further details here. 
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subtract the second from the first; then we multiply the first equation by 
d and the second by b and subtract. We thus obtain 

(be — ad)y — Ac — Ba 
(ad — bc)z = Ad — Bb, 


or 

a b 

1 — 

A b 


a b 


a A 

X 

c d 


B d 

* y 

c d 

— | 

c B 


It we assume that the determinant 


a b 

c (l 


is different from zero, these equations at once give the solution 


\A b 


a A 

j B d 


c B 

a b 

» y — 

a b 

c d 


c d 


which can be verified by substitution. If, however, the determinant 

a b i 

vanishes, the equations 



a b 

j A b 

1 a b 


a A 

X 

c d 

~\B d 

’ y \c d 


c B 


would lead to a contradiction if either of the determinants 
A b 


B d 


a A 
c B 


and 


were different from zero. If, however, 

= 0 , 


A 

6 


a A 

B 

d\ 


c B 


our formulae tell us nothing about the solution. 

We therefore obtain the fact, which is particularly important for our 
purposes, that a system of equations of the above form , whose determinant is 
different from zero, always has a unique solution. 

If our system of equations is homogeneous , that is, if A = B = 0, our 

calculations lead to the solution x = 0, y = 0, provided that a \ | 4= 0. 

c d 

For three equations with three unknowns, 

ax -f- by -j- cz = A , 
dx + ey -f fz = B, 
gx -f hy -f kz = C, 

a similar discussion leads to a similar conclusion. We multiply the first 


equation by 
add, thus obtaining 


« / 
h k 


, the second by — 


6 c 
h k 


, the third by 


b c 

« / 


, and 
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n 


( 1 1 f 
x [a\ J 
\ |A k 

+ *{Hi 


-d 


e / 
k 




-/ 


b c 
h k 

b c 
h k 

b c 
h k 


+ 9 
~f h 

+ ^ 


b c 

e f 


f\) 


b c 

tl 

e f \-B 

\b c 

+ c 

b c 

€ f 


h k j 

h k 


* f 


But by our formulae for the expansion of a determinant in terms of the 
elements of a column, this equation can be written in the form 


X 

| a b c 
Id e f 

j + y 

b b c 
e e f 

+ 2 

c b c 

f « / 

_ 

Abe 
B e f 


\g h k 


h h k 


k h k 


\C h k 


By rule (4) the coefficients of y and 2 vanish, so that 



a 

b 

c 


A 

b 

c 

X 

d 

e 

/ 

— 

B 

e 

J 


9 

h 

k 


C 

h 

k 


In the same way we derive the equations 


If the determinant 



a 

b 

c 


a 

A 

c 

y 

d 

e 

f 

= 

d 

B 

f 


9 

h 

k 


9 

C 

k 


a 

b 

c 


a 

b 

A I 

z | 

d 

e 

f 

= 

d 

e 

B 1 


9 

h 

k 


9 

h 

o\ 


a b c 
d e / 
g h k 


is not zero, the last three equations give us the value of the unknowns. 
Provided that this determinant is not zero, the equations can be solved 
uniquely for x , t/, z. If the determinant is zero, it follows that the right- 
hand sides of the above equations must also be zero, and the equations 
therefore cannot be solved unless A, B, C satisfy the Special conditions 
which are expressed by the vanishing of every determinant on the 
right. 

If, in particular, the system of equations is homogeneous, so that 
A = B s=s G = 0, and if its determinant is different from zero, it again 
follows that z — y — z — 0. 

In addition to the cases above, in which the number of equations is 
equal to the number of unknowns, we shall occasionally meet with 
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systems of two (homogeneous) equations with three unknowns, e.g. 

ax 4* by + cz = 0, 
dx -f ey -f fz = 0. 

If the three determinants 


6 c 

, D 2 — 

c 

a 

2> s = | a 

6 

* / 


f 

d 

Irf 

e 


are not all zero, if, for example, 7) 3 4= 0, our equations can first be solved 
fora: and y; this gives 


x = 


zD x 


y = 


zL) 2 

w 


or 

x : y : z — D 1 : ]X 2 : /> 3 . 


Geometrically this has the following meaning: we are given two vectors 
m and v with the components a, 6, c and d, e, / respectively. We seek a 
vector x which is perpendicular to u and v , that is, which satisfies the 
equations 

ux — 0, ua: = 0. 


Thus a: is in the direction of [uv\ 

Examples 

1 . Show that the determinant 

a b c 
d e f 
g h k 

can always be reduced to the form 

a 0 0 

0 p 0 

0 0 y 

merely by repeated application of the following processes: (1) interchang¬ 
ing two rows or two columns, (2) adding a multiple of one row (or column) 
to another row (or column). 

2. If the three determinants 


% 

&2 




hi 



6. 


Cj Cq 



C 2 


do not all vanish, then the necessary and sufficient condition for the 
existence of a solution of the three equations 

a x x 4- a 2 y = d 
b x x + b# = 6 

®i* + Cjjy = / 
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®1 0 2 ^ 

is Z) — 6 2 e — 0. 

C 1 C 2 / 

3. State the condition that the two straight lines 

x = a x t + 6, x = 4 dj 

y — a 2 t 4 6 2 and y — c 2 ^ 4- d 2 
z = 4-63 2 = c 3 < 4 d 3 

either intersect or are parallel. 

4*. Prove the properties (1) to (7), given on pp. 20-22, for deter¬ 
minants of the fourth order (defined on p. 22 (footnote)). 

5. Prove that the volume of a tetrahedron with vertices (x v y lf z x ), 
(* 2 > y» z 2 ), (z 3 » 2/3, z 3 ). (*4* Vi* z *) is given by 

2/i 2 i 1 

^ X 2 2/2 2 2 1 

6 X 3 2/3 2 3 1 

*4 2/4 *4 1 


4 . Affine Transformations and the Multiplication 
of Determinants 

We shall conclude these preliminary remarks by discussing the simplest 
facts relating to the so-called affine transformations ; at the same time 
we shall obtain an important theorem on determinants. 

1. Affine Transformations of the Plane and of Space. 

By a mapping or transformation of a portion of space (or of a plane) 
we mean a law by which each point has assigned to it another point of 
space (or point of the plane) as image point; the point itself we call the 
original point , or sometimes the model (in antithesis to the image). We 
obtain a physical expression of the concept of mapping by imagining that 
the portion of space (or of the plane) in question is occupied by some 
deformable substance and that our transformation represents a deformation 
in which every point of the substance moves from its original position 
to a certain final position. 

Using a rectangular system of co-ordinates, we take ( x , y, z) as the co¬ 
ordinates of the original point and (x\ y\ z') as those of the corresponding 
image point. 

The transformations which are not only the simplest and most easily 
understood, but are also of fundamental importance for the general case, 
are the affine transformations. An affine transformation is one in which 
the co-ordinates (x' 9 y\ z') (or in the plane (x\ y')) of the image point are 
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expressed linearly in terms of those of the original point. Such a trans¬ 
formation is therefore given by the three equations 

x' = ax -f by -f cz 4 - m 
1 / = dx 4- ey -f fz + n 
z' = gx + hy -f kz -f p, 

or in the plane by the two equations 

x' = ax *+- by + m 
y' = cx+ dy + n , 


with constant coefficients a, b, . . . These assign an image point to every 
point of space (or of the plane). The question at once arises whether we 
can interchange the relation of image point and original point, that is, 
whether every point of space (or of the plane) has an original point corre¬ 
sponding to it. The necessary and sufficient condition for this is that the 
equations 

ax 4 - by -f cz = x' — m . , , 

* ax 4- by = x — m 

dx + ey -f- fz — y' — n or . / , 

J 1 J J cx 4 - dy — y — n 

gx -j- hy -j- kz = z' —- p 

shall be capable of being solved for the unknowns x 9 y , z (or x, y), no 
matter what the values of x\ y\ z' are. By section 3 (p. 24) an affine 
transformation has an inverse, and in fact a unique inverse,* provided 
that its determinant 



a b c 

1 

n h 

A = 

d e f 
g h k 

11 

< 

8 

14/ U 

c d 


is different from zero. We shall confine our attention to affine trans¬ 
formations of this type, and shall not discuss what happens when 
A = 0. 

By introducing an intermediate point (x" y y", z") we can resolve the 
general affine transformation into the transformations 


and 


x n ~ ax by + cz 
y " = dx+ ey + fz or 
z" = gx -f hy -f- kz 


x" = ax -f by 
y" = cx + dy 


x' = x!' -f m 

y ' = y" -!- n 

z' = z” 4- p 


x f — x" -f- W 
y' « y” + n. 


Here (x> y t z) is mapped first on {x'\ y" 9 z") and then (x", y", z”) is mapped 
on (x\ y', z'). Sipce the second transformation is merely a parallel translation 
of the space (or of the plane) as a whole and is therefore quite easily under 


* That is, every image point has one and only one original point. 
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stood, we may restrict ourselves to the study of the first. We shah there¬ 
fore only consider affine transformations of the form 


x' — ax by cz 
y' — dx + ey -f fz or 
z' = g x hy + kz 


x' = ax -j- by 
y' = cx 4- dy 


with non-vanishing determinants. 

The results of section 3 (p. 25) for linear equations enable us to express 
the inverse transformation by the formulae 


x — a'x' 4- b'y' 4* o'z' 
y = d'x' 4-- e'y' 4- f'z' or 
z — g'x' 4- h'y' 4- k'z' 


x = a'x' 4~ b'y' 
y = c'x' 4- d'y\ 


in which a'. are certain expressions formed from the coefficients 

a, 6, . . . Because of the uniqueness of the solution, the original equations 
also follow from these latter. In particular, from x -- y — z = 0 it follows 
that x' = y' — z' ~ 0, and conversely. 

The characteristic geometrical properties of affine transformations are 
stated in the following theorems. 

(1) In space the image of a plane is a plane; and in the plane the imagt 
of a straight line is a straight line. 

For by section 1 (p. 9) we can write the equation of the plane (or the 
line) in the form 

Ax 4- By 4- Cz 4- D ~ 0 


(or Ax 4“ By 4- D = 0). 

The numbers A , B , C (or A, B) arc not all zero. The co-ordinates of the 
image points of the plane (or of the line) satisfy the equation 

A (a'x' 4- b'y' 4- c'z') 4- B(d'x' f- e'y' 4- f'z') 

4- C(g'x' 4- h'y' 4- k'z') 4- D = 0 

(or A(a'x' 4- b'y') 4- B(c'x' 4- d'y') 4 - D — 0). 

Hence the image points themselves lie on a plane (or a line), for the co¬ 
efficients' 

A' = a'A 4- d'B 4- g'C 
B' = b'A 4- e'B 4- h'C 
C' = c'A 4- f'B 4- k'C 

of the co-ordinates x% y\ z' (or x', y') cannot all be zero; otherwise the 
equations 

a'A + d'B + g'C = 0 / a>A + C>B = () \ 

b'A + e'B + h'C = 0 (or ^ + ^ =() j 

c'A + f'B + k'C = 0 

would hold, and these we may regard as equations in the unknowns A, B, C 


(or -4' = «'A + c'M 
\ B' = b'A + d'B) 
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(or A, B). But we have shown above that from these equations it follows 
that A = B = G = 0 (or A = B = 0). 

(2) The image of a straight line in space is a straight line . 

This follows immediately from the fact that a straight line may be 
regarded as the intersection of two planes; by (1) its image is also the inter* 
section of two planes and is therefore a straight line. 

(3) The images of two parallel planes of space (or of two parallel lines of 
the plane) are parallel . 

For if the images had points of intersection the originals would have 
to intersect in the original points of these intersections. 

(4) The images of two parallel lines in space are two parallel lines. 

For as the two lines lie in a plane and do not intersect one another, 
the same is true for their images, by (1) and (2). The images are therefore 
parallel. 

The image of a vector v is of course a vector v' leading from the image 
of the initial point of v to the image of the final point of v. Since the 
components of the vector are the differences of the corresponding co¬ 
ordinates of the initial and final points, under the most general affine 
transformation they are transformed according to the equations 

v x = av 1 + hv 2 + cv 3 
v 2 ' = dv 1 + ev 2 + fv 3 
v 3 ' = QV\ + hv 2 + kv 3 . 

2 . The Combination of Affine Transformations and the Resolution 
of the General Affine Transformation. 

If we map a point ( x , y, z) on an image point (x\ y', z') by means of the 
transformation 

x' s= ax + by + cz 
y' = dx+ ey + fz 
z r ==• gx -f- hy -f- lcz 

and then map (x' 9 y*, zf) on a point ( x ", y"> z") by means of a second affine 
transformation 

x” — a x x' + b x y' + Cjz' 
y" = d x x‘ + e x y' + f x z' 
z" = g x x' + h x y' + lc x z\ 

then we readily see that (x, y, z) and (x", y", z") are also related by an affine 
transformation: and in fact 

x" = a^c + b$ -f c& 
y" = d 2 x + e$ + fe 
t" ~ g<tX + hM+ 

where the coefficients are given by the equations 
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a 2 =* a x a 4 d 4- c x g, b 2 = 4 b x e 4 c x h, c 2 — a x c 4 &i/ 4 Cj&, 

<4 = 4 4 fiQ, + /A / 2 — d x c 4 ej 4 /A 

g 2 = <7i« + M + K = 0J& 4 V 4 *A Jc 2 = 4 &,/ 4 &!&. 

We say that this last transformation is the combination or resultant of the 
first two. If the determinants of the first two transformations are different 
from zero, their inverses can be formed; hence the compound transforma¬ 
tion also has an inverse. The coefficients of the compound transformation 
are obtained from those of the original transformation by multiplying 
corresponding elements of a column of the first transformation and of a 
row of the second, adding the three products thus obtained, and using this 
“ product ” of column and row as the coefficient which stands in the 
column with the same number as the column used and in the row with 
the same number as the row used. 

In the same way, combination of the transformations 

X'= ax + by and x" = a x x' + b y y' 

y’ = cx + dy y" = c x x' + d y y' 

gives the new transformation 

x" = (a x a 4 b x c)x 4 (a x b 4 b x d)y 
y " = (c x a 4 d x c)x 4 (Cj6 4 d x d)y. 

By a primitive transformation we mean one in which two (or one) 
of the three (or two) co-ordinates of the image are the same as the corre¬ 
sponding co-ordinates of the original points. Physically we may think of 
a primitive transformation as one in which the space (or plane) undergoes 
a stretching in one direction only (the stretching of course varying from 
place to place) so that all the points are simply moved along a family of 
parallel lines. A primitive affine transformation in which the motion takes 
place parallel to the 2:-axis is analytically represented by formulae of the 
type 

x f — ax 4 by 4 cz , , 

* x = ax 4 by 

y'=y or 

z — z 

The general affine transformation in the plane, 

x' = ax 4 by 
y' = cx 4 dy, 

with a non-vanishing determinant, can be obtained by a combination of 
primitive transformations. 

In the proof we may assume * that a 4 0. We introduce an intermediate 

* If a *» 0, then 6 =j= 0, and we can return to the case a 4= 0 by interchanging 
x and y. Such an interchange, represented by the transformation X~y, 
Y *= x 9 is itself effected by the three successive primitive transformations 

(1 “ * - y. & - (1 . ■£ — U + v, - y 

ill ** y * * Vi ~ £1 + *li ** * * Y - *12 ~ x ' 
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point (5, 73) by the primitive transformation 

£ = ax 4- by, 73 = y, 


whose determinant a is different from zero. From yj we obtain x\ y' 
by a second primitive transformation 


= 5 , </ = - 5 + 

a 


ad — be 
->) 


with the determinant 


ad — be __ 1 
a a 


a b 
c d 


This gives the required resolution into primitive transformations. 
In a similar way the affine transformation in space 

x' =s ax -f by + cz 
y' = dx + ty 4 - Jz 
z' = <7* 4- A// 4- 


a non-vanishing determinant , can hr resolved into primitive transforma¬ 
tions. 

Of the three determinants 


a 

b 


a 

c 


& 

c 

d 

e 


d 

f 

’ 

e 

/ 


at least one must be different from zero; otherwise, as the expansion in 
terms of the elements of the last row shows, we should have 


a b c 


d e 
9 h 


f 

k 


= 0. 


As in the previous ease, we can then assume without loss of generality 
la b | 


-(1) that 


=4= 0, and ( 2 ) that a 4 0. The first intermediate point 


73, 0 is given by means of the equations 


5 = ax 4- by 4* cz 
73= y 

C = * 


"The determinant of this primitive transformation is a, which is not zero. 
For the second transformation to 73', we wish to put £' — C ~ v 
and also to have 73' = ?/. One primitive transformation then remains. If 
in the equation 73'’ = y' = dx -f ey 4- fz we introduce the quantities 5, 73, £ 
instead of x, ?/, 2, we obtain the second primitive transformation in the 
form 
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*l'=-S+ 1 

a b 

1 

a c 

a a 

d e 

a 

d f 


C= C 

The determinant of this transformation is 
formation must then be 

*'=5' 



d e 


a b 


g h 

£' _L 

g h 


a b 

l 

a b 

i 

d e 


d e 




#= 0. The third trans- 


9 h 


a b 
d e 




3 . The Geometrical Meaning of the Determinant of Transforma¬ 
tion, and the Multiplication Theorem. 

From the considerations of the previous section we can find the 
geometrical meaning of the determinant of an affine transformation and 
at the same time an algebraic theorem on the multiplication of 
determinants. 

We consider a plane triangle with vertices (0, 0), (x v y x ), (z 2 , y 2 ), whose 
area is given (section 2, p. 14) by the formula 

x i x, i 

Vi y 2 ’ 

We shall investigate the relation between A and the area A' of its 
image obtained by means of a primitive affine transformation 

x* = ax -f by 

y' = y- 



The vertices of the image triangle have the co-ordinates (0, 0), 
(ax x + by v y x ), (ax 2 + by 2 , y 2 ), and therefore 

ax x + by x ax 2 4* by 2 
Vi Vi 


x x 


1 

Vi 

Vt\ 

“ 2 


This determinant, however, can be transformed by the theorems of section 3 
{p. 22) in the following way; 


ax x + by x ax 2 + by 2 

1 

ax x ax 2 

a 

*1 *2 

Vi y 2 

~ 2 

Vx y 2 

= 2 

«/l 2/2 


that is, 


(E 912) 


A' = aA. 


4 
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If we had taken the primitive transformation 

x' = x 

y'=cx+ dy, 

we should have found in the same way that 

A' = dA. 

We see, therefore, that a primitive affine transformation has the effect 
of multiplying the area of a triangle by a constant independent of the tri¬ 
angle.* Since the general affine transformation can be formed by com¬ 
bining primitive transformations, the statement remains truo for any 
affine transformation. In the case of an affine transformation the ratio of 
the area of an image triangle to the area of the original triangle is constant 
and independent of the choice of triangle , depending only on the coefficients of 
the transformation. In order to find this constant ratio we consider in 
particular the triangle with vertices (0, 0), (1, 0) and (0, 1), whose area A 
is Since the image of this triangle according to the transformation 

x' — ax -j- by 
yf = cx + dy 

has the vertices (0, 0), (a, c), (b, d) its area is 

la b a b 

2 c d c d 

and we thus see that the constant ratio of area A' /A for an affine trans¬ 
formation is the determinant of the transformation. 

For transformations in space we can proceed in exactly the same way. 
If we consider the tetrahedron with the vertices (0, 0, 0), (x v y lf Zj), 
(x 2 , y 2 > z 2 ), (z s , y S j Zg) and subject it to the primitive transformation 

x' = ax 4- by -j- cz 

V — y 

z' = z, 

the imago tetrahedron has the vertices (0, 0, 0), (ax x -f- by l + cz lt y v z 1 ), 
(ax 2 -f by 2 -f cz 9 , y 2 , z 2 ), (ax z -f- by z + cz 3 , t/ 8 , Zg), so that its volume F' is 

l ax 1 + by 1 + cz 1 ax 2 + by 2 -f cz 2 ax s -f by z -f cz 8 

F'= ^ Vi y% y& 

Z| Z 2 Zg 

a x 1 z 2 x s 
= g !/i Vz Vz • 

Z 1 Z 2 «3 

• If no vertex of the triangle lies at the origin, the same fact holds, in virtue 
of the general formula for the area given on p. 14. 
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V' = aV , 

where V is the volume of the original tetrahedron. For the volume of the 
image given by the primitive transformation 

x' — x 

y' = dx+ ey -f fz 
z' == z 

we similarly find that 

V' = eV, 


and for the primitive transformation 


we find that 


x f = x 

z' = < 7 * + % + kz 
V' = kV 


From this it follows that an arbitrary affine transformation has the effect 
of multiplying the volume of a tetrahedron by a constant.* In order to 
find this constant for the transformation 

x! = ax -f by + cz 
y' = dx+ ey -f fz 
2 ! = gx + hy -f- kz 


we consider the tetrahedron with the vertices (0, 0, 0), (1, 0, 0), 
(0, 1, 0), (0, 0, 1), whose image has the vertices (0, 0, 0), (a, d, g), 
( b , e , h), (c, /, k). For the volumes V* and V of the image and the 
original we therefore have 



b c 

« / * 
h k 



Hence the determinant 


d e f 
g h k 


is the constant sought. 


The sign of the determinant also has a geometrical meaning. For from 
what we have seen in section 2 (p. 18) on the connexion between the sense 
of rotation and the volume of the tetrahedron or area of the triangle, it 
follows at once that a transformation with a positive determinant preserves 
the sense of rotation , while a transformation with a negative determinant 
reverses it. 


* If no vertex of the tetrahedron coincides with the origin, this theorem 
follows from the general formula for the volume of a tetrahedron (p. 18). 
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W© now consider the combination of two transformations 

x* = ax 4 by 4 cz x" = a x xf 4 b x y f 4 c x z' 

y f = dx+ ey + fz y" = -f e x y' 4 fa' 

z' = gx + hy + kz z" = 4 A lt y' 4- k x z\ 

x" = (r/ja -f 6^ 4 4 (a x b 4 b x e 4 c x h)y 4 (a x c 4 b x f 4 fa)* 

y" = (d,a 4 «id 4 /iflr)as 4 (d x 6 4 e x e 4 fa)y 4 (d x c 4 ej 4 fa)z 
z" = (g x a 4 h x d 4 k x g)x 4 (gfi 4 h x e 4 k x h)y 4 (g x c 4 &i/4 k x k)z . 

As we pass from x, t/, z to a;',«/', z' the volume of a tetrahedron is multiplied 

6y 

a b c 
d e f , 
g h k 

as we pass from x\ y' f z' to x", y", z" by 

& x b j Cj 

d\ e i fi * 

9i h k x 

and by direct change from x, y, z to x", y", z" it is multiplied by 

a x a 4 b x d 4 c x g a x b -■} b x e 4 fa a x c 4 6j/4 fa 

d x a 4 e x d 4 f x g d x b 4 e x e 4 fa d x c 4 ej 4 fa . 

g x a 4 h x d 4 k x g g x b 4 h x e 4 fa g x c 4 ^j/4 fa 

This gives us the following relation, known as the theorem for the 
multiplication of determinants: 

a x b x c x a 2 b 2 c 2 

d'i ti fi d 2 e 2 f 2 

g x h x k x g 2 h 2 k 2 

a, x d 2 4 b x d 2 4 c i9z d x b 2 4 b x e 2 4 Cj^ 2 “1“ fz 4“ fa^i 
d x a 2 4 faz 4- faz d x b 2 4 &i e 2 4- faz d x c 2 4 4 A &2 • 

9 i a 2 4" h x d 2 4 k x g 2 g x b 2 4 hfiz 4* k x h 2 g x c 2 4 fz 4" k x k 2 


As before, we call the elements of the determinant on the right the “ pro- 


a l 

h 

Cl 

a 2 

b 2 

C 2 

ducts ” of the rows of d x 


fi 

and the columns of d 2 

e. 

U ; 

9i 

h x 

h 

92 

** 

k 2 


the intersection of the i-th row and the k-th column of the product of 


the determinants there stands the expression formed from the i-th row of 

flj 6j Cj d 2 b 2 c 2 

d x e 1 f x and the k -th column of d 2 e 2 f 2 . Since rows and 

9i &i 92 h k 2 

columns are interchangeable, the product of the determinants can also 
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be obtained by combining columns and rows, columns and columns, or 
rows and rows. 

For two-rowed determinants the corresponding theorem of course 
holds, namely 

®1 6j G&2 ^2 ___ I "F ^1^2 ^'1^2 "F ^1^2 

Cj dj C2 c ^2 I CjU2 4 * ^1^2 "F djd^ 

(combining rows and rows, &c.). 

Examples 


1. Evaluate the following determinants: 



3 4 5 


1 1 1 


1 1 1 


1 1 X X* 

(a) 

4 5 6 

. (b) 

1 2 4 

, (C) 

2 3 4 

, w 

1 y v A 


5 6 7 


1 3 9 


3 -1 7 


1 2 2 * 


2. Find the relation which must exist between a, b, c in order that the 
system of equations 

3a; -f 4 y --f- 5s — a 

4x -f- 5y -f- ()Z — b 

5x + % -f- 7 z = c 

may have a solution. 

3*. (a) Prove the inequality 
| a b c 

a' b' c* yV + b 2 + c 2 ) (a' 2 -f b 2 + c' 2 ) (a" 2 + b" 2 + C' 7 ®). 
a" b" c" 

(b) When does the equality sign hold? 

4. What conditions must be satisfied in order that the affine trans¬ 
formation 

ad = ax -f- by, y' = cx + dy 

may leave the distance between any two points unchanged? 

5. Prove that in an affine transformation the image of a quadric 
ax? + by 2 cz* -f* dxy -f exz -f fyz + gx + hy + iz j = 0 

is another quadric. 

6 *. Prove that the affine transformation 

ad = ax -f by -j- cz 
yf = dx + ey + fz 
z' = gx+ hy+ kz 

leaves at least one direction unaltered. 

7 . Give the formulae for a rotation through the angle 9 about the axis 
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x\y\z— 1:0:—1 such that the rotation of the plane x = z is positive 
when looked at from the point (—1, 0, 1). 

8. Prove that an affine transformation transforms the centre of mass 
of a system of particles into the centre of mass of the image particles. 

9 . If a lf . .., Ys denote the quantities on p. 6, defining a rotation of 
axes, then 


*1 Pi Yi 
«2 P 2 Y 2 

*» P« Y» 


= ±L 



CHAPTER II 

Functions of Several Variables and 
their Derivatives 

We have already become acquainted with functions of several 
variables in Chapter X of Vol. I, and there learned enough to 
appreciate their importance and usefulness. We are now about 
to enter on a more thorough study of these functions, discussing 
properties which were not touched upon in the previous volume 
and proving theorems which there were merely made plausible. 
No proof in this volume will involve previous knowledge of any 
proof developed in Chapter X of Vol. I. Yet the student is 
recommended to read that chapter, as the intuitive discussion 
given there will assist him in forming mental images of matters 
which are perhaps somewhat abstract. 

As a rule a theorem which can be proved for functions of two 
variables can be extended to functions of more than two variables 
without any essential change in the argument. In what follows, 
therefore, we shall usually confine ourselves to functions of two 
variables, and shall only discuss functions of three or more 
variables when some special point is involved. 

1. The Concept of Function in the Case of 
Several Variables 

1. Functions and their Ranges of Definition. 

Equations of the form 

u = x + y> w = xh/ 2 , or u = log(l — & — y 2 ) 

assign a functional value u to a pair of values (x, y). In the 
first two of these examples a value of u is assigned to every pair 
of values (z, y), while in the third the correspondence has a 

80 
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meaning only for those pairs of values (x, y) for which the 
inequality x 2 + y 2 < 1 is true. 

In these cases we say that u is a function of the independent 
variables x and y . This expression we use in general whenever 
some law assigns a value of u as dependent variable , corresponding to 
each pair of values (x, y) belonging to a certain specified set. Simi¬ 
larly, we say that u is a function of the n variables x v x 2 , . . ., x n 
if for every set of values {x v x 2) . . . , x n ) belonging to a certain 
specified set there exists a corresponding value of u. 

Thus, for example, the volume u — xyz of a rectangular parallelepiped 
is a function of the lengths of the three sides x , y, z; the magnetic de¬ 
clination is a function of the latitude, the longitude, and the time; the 
sum x x -f x 2 -f . .. -f x n is a function of the n terms x v x 2 ,..., x n . 

In the case of functions of two variables we represent the pair 
of values (x, y) by a point in a two-dimensional rectangular co¬ 
ordinate system with the co-ordinates x and y, and we occasionally 
call this point the argument point of the function. In the case of 
the functions u — x + y and u = x 2 y 2 this argument point can 
range over the whole of the a;y-plane, and we say that these 
functions are defined in the whole x?/-plane. In the case of the 
function u — log(l — x 2 — y 2 ), the point must remain within the 
circle x 2 + y 2 < 1, and the function is defined only for points 
inside this circle. 



Fig. i.—A simply-connected region 



As in the case of functions of a single variable, the arguments 
in the case of functions of several variables may be either “ dis¬ 
continuous ” or “ continuous Thus the average population per 
state of the United States depends on the number of states and 
on the number of inhabitants, both of which are integers. On 
the other hand, lengths, weights, &c., are examples of continuous 
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variables. In the future we shall deal almost exclusively with 
pairs of continuously variable arguments; the point ( x , y) will 
be allowed to vary in a definite “ region ” (or “ domain ”) of 
the fty-plane, corresponding to the “ interval ” in the case of 
functions of one variable. This region may consist of the whole, 
zy-plane; or it may consist of a portion of the plane bounded by 
a single closed curve C which does not intersect itself (a “ simply- 
connected region cf. fig. 1); or it may be bounded by several 
closed curves. In the last case it is said to be a “ multiply- 
connected region ”, the number of the boundary curves giving 
the so-called “ connectivity fig. 2, for example, shows a 
triply-connected region . 



Fig. 3*—A rectangular region Fig. 4-—A circular region 


The boundary curves, and in fact every curve considered in 
this volume, will bo assumed to be sectionally smooth* That is, 
we assume once and for all that every such curve consists of a 
finite number of arcs, each one of which has a continuously- 
turning tangent at each of its points up to and including the end 
points. Such curves, therefore, can at most have a finite number 
of comers or cusps. 

The most important types of region, which recur over and 
over again in the study of functions of several variables, are (1) 
the rectangular region (fig. 3), defined by inequalities of the form 

a ^ x 5^ h 
c^y^d, 

in which each of the independent variables is restricted to a. 
definite interval, and the argument point varies in a rectangle;. 


Ger. stilckweise glatt. 
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and (2) the circular region (fig. 4), defined by an inequality of the 
form 

(x _ a )2 + (y — <L r \ 

m which the argument point varies in a circle with radius r 
and centre (a, j8). 

A point P which belongs to a region R is said to be an interior 
point of R if we can find a circle with its centre at P lying entirely 
within R. If P is an interior point of R, we also say that R is 
a neighbourhood of P. Thus any neighbourhood of P will contain 
a sufficiently small circle with P as centre. 

We may briefly remark that corresponding statements hold 
in the case of functions of more than two independent variables, 
e.g. of three variables x, y, z. In this case the argument point 
varies in a three-dimensional region instead of in a plane region. 
In particular, this region may be a rectangular region, defined 
by inequalities of the form 

a<>x<>b, c<^y<Ld, e^z <:/, 
or a spherical region , defined by an inequality of the form 
(x — a) 2 + (y — + (* — y) 2 ^ r 2 . 

In conclusion, we shall mention a finer distinction, which, while scarcely 
essential for the purposes of this book, is nevertheless of importance in 
more advanced study. We sometimes have to consider regions which do 
not contain their boundary points, that is, the points of the curves bound¬ 
ing them. Such regions are called open regions (cf. the Appendix to this 
chapter, p. 98 ). Thus, for example, the region x 2 + V 2 < 1 is bounded by 
the circle x 2 -f t/ 2 — 1, which does not belong to the region; the region 
is therefore open. If, on the other hand, the boundary points do belong 
to the region, as will be the case? in most of the examples which we shall 
discuss, we say that the region is closed . 

When we are dealing with more than three independent 
variables, say x , y, z, w, our intuition fails to provide a geometrical 
interpretation of the set of independent variables. Still, we 
shall occasionally make use of geometrical terminology, speaking 
of a system of n numbers as a point in n-dimensional space. 
By rectangular regions and spherical regions in such a space we 
naturally mean systems of points whose co-ordinates satisfy 
inequalities of the form 

a l ^ x <£ a 2 , b t ^y^b 2 , c x ^z<Zc 2 , d, <Zw<Zd 2 , ... 
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or (x — a ) 2 -f (y — j3 ) 2 + (z — y ) 2 + (w — S ) 2 + . . . ^ r 2 


respectively. 

We can now give precise expression to our definition of the 
concept of function in the following words. If E is a region in 
which the independent variables x, y,... may vary , and if a definite 
value u is assigned to each point (x, y, . . .) of this region according 
to some law , then u = f(x, y ,...) is said to be a function of the 
continuous independent variables x, y, . . . . 

It is to be noted that, just as in the case of functions of one 
variable, a functional correspondence associates a unique value of 
u with the system of independent variables x, y 9 ... . Thus if the 
functional value is assigned by an analytical expression which 

y 

is multiple-valued, such as arc tan-, this expression does not 

2 / 

determine the function completely. On the contrary, we have still 
to specify which of the several possible values of the expression 
is to be used; in the case mentioned, we have still to state that we 


y 7 t 

are to take the value of arc tan - which lies between — and 

x 2 

77 

+ - , or the value between 0 and tt, or we must make some other 
Z 


similar specification. In such a case we say that the expression 
defines several different single-valued branches of the function 
(cf. Vol. I, p. 17). If we wish to consider all these branches at 
once, without giving any one of them preference, we may regard 
them as together forming a multiple-valued function. In this 
book, however, we shall make use of this idea in Chap. VIII only. 


2. The Simplest Types of Functions. 

Just as in the case of functions of one variable, the simplest functions 
are the rational integral functions or polynomials. The most general 
polynomial of the first degree (linear function) is of the form 

u = ax -f by + c, 

where o, b, and c are constants. The general polynomial of the second 
degree has the form 

u = ax 2 -f bxy -j- cy 2 + dx -f ey -f /. 

The general polynomial of any degree is a sum of terms of the form a mn x m y n 9 
where the constants a mn are arbitrary. 
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Rational fractional functions are quotients of polynomials; to this class 
belongs e.g. the linear fractional function 

ax 4 * by 4 * c 

U S=H --——. 

a'x 4' b'y 4"* c' 


By extraction of roots we pass from the rational functions to certain 
algebraic functions,* e.g. 


V: 


x 4- y 


4- 


*l( x ±y)\ 

V -f. xy 


In the construction of more complicated functions of several variables 
we almost always fall back on the well-known functions of one variable,t 
e«g. 

u = sin (a; arc cosy) or u = log x y. 


3. Geometrical Representation of Functions. 

In Chapter X of Vol. I we discussed the two principal methods for 
representing a function of two independent variables, namely (i) by 
means of the surface u — f(x, y) in iryw-space, described by the point with 
co-ordinates (a\ y, u) as (x, y) ranges over the region of definition of the 
function u, and (2) by means of the curves (contour lines) in the ay-plane 
along which u has a definite fixed value k. We shall not repeat this dis¬ 
cussion here. If the student is not already perfectly familiar with these 
methods of geometrical representation, he would be well advised to turn 
to the previous volume and read the discussion given there (p. 460 et seq.). 


2 . Continuity 

1. Definition. 

The reader who is acquainted with the theory of functions of 
a single variable and has seen what an important part is played 
in it by the concept of continuity will naturally expect that a 
corresponding concept will figure prominently in the theoiy of 
functions of more than one variable. Moreover, he will know in 
advance that the statement that the function u = f(x, y) is 
continuous at the point (x, y) will mean, roughly speaking, that 
for all points (£, rj) near (x, y) the value of the function f(£, rj) 
will differ but little from f(x, y). This idea we shall express more 
precisely as follows. 

The function f(x, y), defined in the region R, is continuous at 
(he point (£, rj) of R, provided that for every positive number e it is 
possible to find a positive number 8 = 8(c) (in general depending cm, 

* For an accurate definition of the term “ algebraic function ** see p. 119. 
f Cf. also the section on compound functions (p. 69). 
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c and tending to 0 with e) such that for all points * of the region 
whose distance from (£, p) is less than 8 (that is, for which 

(*- D 2 + (.v-^) 2 ^s 2 ), 

I /(*, y)-f(i, y)\^e- 

Or, in other words, the relation 

|/(f + k r) -f Jc) —/(£ rj) | <; € 

is to hold for all pairs of values (h, k) such that h 2 + k 2 ^ S 2 and 
the point (£ + h, rj + k) belongs to the region R. 

If a function is continuous at every point of a region R, we 
say that it is continuous in R. 

In the definition of continuity we can replace the distance 
condition h 2 + A: 2 g S 2 by the following equivalent condition: 

To every e > 0 there shall correspond two positive numbers 
Sj and S 2 such that 

I /(£ + M+ *)-/(& itflsgc 

whenever | h | 8j and | k | ^ S 2 . 

The two conditions are equivalent. For if the original con¬ 
dition is fulfilled, so is the second 
if we take 8 X — 8 2 — 8/\/2; and 
conversely, if the second con¬ 
dition is fulfilled, so is the first y. 
if for 8 we take the smaller of the 
two numbers 8 X and S 2 . 

The following facts are almost 
obvious: 

The sum, difference, and pro - 
duct of continuous functions are 0 - 
also continuous. The, quotient of Fig * 5 .—Boundary point 

continuous functions is continuous 

except where the denominator vanishes. Continuous functions of 
continuous functions are themselves continuous (cf. section 5, No. 1, 
p. 70). In particular, all polynomials are continuous , and all 
rational fractional functions are also continuous except where the, 
denominator vanishes .f 

* Fig. 6 illustrates the case where (f, rj) lies on the boundary of R. 
t Another obvious fact, which, however, is worth stating, is as follows: 
if a function f(x, y) is continuous in a region E and, is different from zero at an 
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A function of several variables may have discontinuities of a much 
more complicated type than a function of a single variable. For example, 
discontinuities may occur along whole arcs of curves, as in the case of the 
function u = y/x , which is discontinuous along the whole line x = 0. 
Moreover, a function f(x t y) may be continuous in x for each fixed value 
of y and continuous in y for each fixed value of x and yet be a discontinuous 

function of x and y. This is exemplified by the function f(x, y) = 

x 2 -f y* 

/(0, 0) = 0. If we take any fixed non-zero value of y, this function 
is obviously continuous as a function of x , as the denominator cannot 
vanish. If y = 0, we have f(x, 0) = 0, which is a continuous func¬ 
tion of x . Similarly, f{x, y) is continuous in y for each fixed value of 
x . But at every point on the line y = x, except the point x = y — 0, 
we have f(x, y) — I; and there are points of this line arbitrarily close 
to the origin. Hence the function is discontinuous at the point 
x = y = 0. 

Other examples of discontinuous functions will be found in Vol. I 
(p. 464). 

2. The Concept of Limit in the Case of Several Variables. 

The concept of the limit of a function of two variables is 
closely related to the concept of continuity. Let us suppose that 
the function/(x, y) is defined in a region R, and that (f, 77 ) is a 
point either within R or on its boundary. Then the statement 
that the limit of f(x, y) as x tends to £ and y tends to 77 is l is 
to be understood as having the following meaning: for every 
€ > 0 there is a S > 0 suck that 

\f{x,y) — J| <« 

for all points (x, y) in R for which the inequality 

holds . It is to be noted that, just as in the case of functions of 
one variable, the point (x, y) is required to be distinct from the 
point (£, 77 ). 

We symbolize the existence of the limit l by writing 
lim f(x, y) = l, or f(x, y) Us ( x , y) (£ 77). 
y 

interior point P of the region, it is possible to mark off about P a neighbourhood , 
say a circle , belonging entirely to R, in which f(x, y) is nowhere equal to zero. 
For if the value of the function at P is a, we can mark of! about P a circle so 
small that the value of the function in the circle differs from a by less than 
a/2 and therefore is certainly not zero. 
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For emphasis this is sometimes read “ the double limi t as x 
tends to £ and y tends to rj of f(x, y) is l 

Using the language of limits, we can say that a function 
f(x, y) is continuous at a point {£■ y) if, and only if, 

lim f(x, y) =f(i, ij). 
y—>‘n 

We can see the matter in a new light if we consider sequences 
of points. We shall say that a sequence of points (x x , yf), (x 2 , y 2 ), 
. . . , (x n , y n ), . . . tends to a limit point (£, rj) if the distance 
\/{( x n~ f) 2 + (yn — y) 2 } tends to 0 as n increases. We can then 
show at onc e (cf. Vol. I, p. 47) that if f(x, y) -> l as (x, y) -> (£, rj), 
then lim f(x n , y n ) = l for every sequence of points ( x n , y n ) in R 

n—> oo 

which tends to (f, rj). The converse is also true; if lim f(x n , y n ) 

W*-> CO 

exists and is equal to l for every sequence (x n , y n ) of points in R 
tending to (£, rj), then the double limit of f(x, y) as x -> ^ and 
y -> rj exists and is equal to l. We omit the proof of this. 

In our definition of limit we have allowed the point (x, y) to 
vary in the region R. If we so desire, however, we can impose 
restrictions on the point (x, y). For example, we may require it 
to lie in a sub-region R' of R , or on a curve C, or in a set of points 
M in R. In this case we say that f(x, y) tends to l as (x, y) tends 
to (£, rj) in R' (or on C, or in M). It is of course understood that 
R ' (or C, or M) must contain points arbitrarily close to (£, rj) in 
order that the definition may be applicable. 

Our definition of continuity then implies the two following 
requirements: (1) as (x, y) tends to (£, rj) in R the function 
f(x, y) must possess a limit l ; and (2) this limit l must coincide 
with the value of the function at the point (£, rj). 

It is obvious that we could define continuity of a function, 
not only in a region R but also, for example, along a curve C , 
in the same way. 


3. The Order to which a Function Vanishes. 3 * 

If the function f(x, y) is continuous at the point (£, rj), the 
difference f(x, y) — /(£, rj) tends to zero as x tends to £ and y 
tends to rj. By introducing the new variables h = x — f and 


* This sub-section may be omitted on a first reading. 
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k = y — 77 we can express this as follows: the function <j>(h, k) 
= /(f + A, rj + Jc) —/(£, 7]) of the variables h and k tends to 0 
as h and k tend to 0 . 

We shall frequently meet with functions such as k) 
which tend to zero * as h and k do. As in the case of one in¬ 
dependent variable, for many purposes it is useful to describe 
the behaviour of <f>(h, Jc) as h 0 and k -»0 more precisely 
by distinguishing between different “ orders of vanishing ” or 
“ orders of magnitude ” of (f>(h, k). For this purpose we base 
our comparisons on the distance 

p = Vh 2 + ** - V(X- £) 2 + (y - r)f 


of the point with co-ordinates x = f + h and y = rj -}- k from 
the point with co-ordinates ( and 77, and make the following 
statement: 

A function, </>(h, k) vanishes as p -> 0 to the same order as 
p — Vh 2 + k 2 , or, more precisely , to at least the same order as p, 
provided that there is a constant C, independent of h and k, 
such that the inequality 


m k) 

p 


sc 


holds for all sufficiently small values of p; or, more precisely, when 
there is a 8 > 0 such that the inequality holds for all values 
of h and k such that 0 < Vh 2 + & < 8 . Further, we say that 

<j)(h, k) vanishes to a higher order f than p if the quotient 


P 


tends to 0 as p 0. This is sometimes expressed by the sym¬ 
bolical notation J (f>(h, k) = o(p). 


* In the older literature the expressions “ 4>{h. k ) becomes infinitely small 
as h and k do ” or “ <f>{h , k) is infinitesimal '* are also found. These statements 
have a perfectly definite meaning if we regard them simply as another way of 
saying “ <f>(h, k) tends to 0 as h and k do We nevertheless prefer to avoid 
the misleading expression “ infinitely small ” entirely. 

f In order to avoid confusion, we would expressly point out that a higher 
order of vanishing for p 0 implies smaller values in the neighbourhood of 
p = 0; for example, p 2 vanishes to a liigher order than p, and p 2 is smaller 
than p, when p is nearly zero. 

X The letter o is of course chosen because it is the first letter of the word 
order. If we wish to express the statement that k) vanishes to at least the 
same order as p, but not necessarily to a higher order, we use the letter 0 instead 
of 0 , writing k) — 0(p). In this book, however, we shall not use this 
symbol. 
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Let us now consider a few examples. Since 

V(1hF) - 1 and V(l 2 j/fc 2 ) - h 

the components h and k of the distance p in the directions of the x - and 
?/-nxes vanish to at least the same order as the distance itself. The same 
is true for a linear homogeneous function ah 4 bk with constants a and b, 

or for the function p sin -. For fixed values of a greater than 1 the power 
P 

p rt of the distance vanishes to a higher order than p; symbolically, 
p a o(p) for a > 1. Similarly, a homogeneous quadratic polynomial 
ah 2 4 bhk 4 ck 2 in the variables h anti k vanishes to a higher order than 
p as p -> 0: 

ah 2 -f- bhk 4 ck 2 = o(p). 

More generally, the following definition is used. If the 
comparison function w(h, k) is defined for all non-zero values 
of (A, k) in a sufficiently small circle about the origin, and 
is not equal to zero, then k) vanishes to at least the same 
order as co(h, k) as p 0 if for some suitably chosen constant C 
the relation 

k) q 
co(h , k) ” 

holds; and similarly, </>(A, k) vanishes to a higher order than co(A, k). 

or 6(h, k) = o(a>(hy A)), if -*■ 0 when p -> 0. 

t o(n, k) 

For example, the homogeneous polynomial ah 2 4 bhk 4 ek 2 is at least 
of the same order as p 2 , since 

| ah 2 4 bhk 4 ck 2 | ^ (| a | 4 i | b | 4 | c |) (h 2 4 A 2 ). 

Also p = o (.. 1 \ since lim (p logp) = 0 (Vol. I, p. 195). 

\|logp|/ p —>o 

Examples 

1. Discuss the behaviour of the functions 

(а) x? — 3 xy 2 , 

( б ) x? — 6 x 2 y 2 4 y* 

in the neighbourhood of the origin. 

2. How many constants does the general form of a polynomial P(x, y) 
of degree n contain? 

( E 012) 


5 
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3. Prove that the expression 

ax 3 -f- bxy 2 -f- c&y + dy* 

vanishes at x = y = 0 to at least the same order as p 8 = (x 2 4- V 2 )^. 

4. Find the condition that the polynomial 

P = ax 2 4- ^hxy 4- cy 2 

is of exactly the same order as p 2 in the neighbourhood of x «= 0, y — 0 
P p2 

(i.e. both — and - are bounded). 

p2 p 

5. Are the following functions continuous at x — y — 0? 


x 2 -\-y 2 

\ x ~y\ 

x z — 2xy -■ if 


x* + 2 x y + f 
x* + f ' 


x* + 3 xi/ + y* 
C x- + 4.i y + if 


_ _ T- V\ 

( e) e zi-'icy+v*. 


(/) 1*1*. (S') M |1/v| - (A)*|y! |A:| 


v'(jg*+ y a ) 

Vf* 2 + y 4 ) + I 


6. Find a 8(e) (p. 44) for those functions of Ex. 5 which are continuous. 


3 . The Derivatives of a Function 

I. Definition. Geometrical Representation. 

If in a function of several variables we assign definite numeri¬ 
cal values to all but one of the variables and allow only that one 

iu. 


y 


Fig. 6 Fig. 7 

Sections of u ■* /(*, y) 

variable, say sc, to vary, the function becomes a function of one 
variable. We consider a function u =/(sc, y) of the two variables 
x and y and assign to y a definite fixed value y = y 0 ^ c - The 
function u~f(x, y 0 ) of the single variable x which is thus 
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formed may be represented geometrically by letting the plane 
y = y Q cut the surface u = f(x, y) (cf. figs. 6 and 7). The 
curve of intersection thus formed in the plane is represented by 
the equation u = f(x, y Q ). If we differentiate this function in 
the usual way at the point x= x 0 (we assume that the derivative 
exists), we obtain the partial derivative of f(x, y) with respect to x 
at the point ( x 0 , y 0 ). According to the usual definition of the 
derivative, this is the limit * 

ton f( x o ± *> Vo) - fW yo ) 

A —>-0 h 

Geometrically this partial derivative denotes the tangent of the angle 
between a parallel to the £-axis and the tangent line to the curve 
u a= f(x, y 0 ). It is therefore the slope of the surface u = f(x, y) in the direc¬ 
tion of the X-axis. 


To represent these partial derivatives several different nota¬ 
tions are used, of which we mention the following: 


lim f- — yu) 

h~>0 h 


—fx( x o> y 0 ) = u *( x o, y 0 )- 


If we wish to emphasize that the partial derivative is the limit 
of a difference quotient, we denote it by 




Here we use a special round letter 9, instead of the ordinary d 
used in the differentiation of functions of one variable, in order 
to show that we are dealing with a function of several variables 
and differentiating with respect to one of them. 

It is sometimes convenient to use Cauchy’s symbol D, men¬ 
tioned on p. 90 of Vol. I, and write 


dx 


— Daft 


but we ahall seldom use tbis symbol. 

In exactly the same way we define the partial derivative of 


* If (a? 0 , y Q ) is a point on the boundary of the region of definition, we make 
the restriction that in the passage to the limit the point (z + h, y 0 ) must always 
remain in the region. 
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f(x, y) with respect to y at the point (x 0 , y 0 ) by the relation 


]mi /(*o, Vo + &) —/(% y 0 ) 
k~+0 k 


— fv( x a> Vo) = Dyf{x 0 > yo)- 


This represents the slope of the curve of intersection of the surface 
u = f(z, y) with the plane x~x 0 perpendicular to the a?-axis. 

Let us now think of the point (x Q , y 0 ), hitherto considered 
fixed, as variable, and accordingly omit the suffixes 0. In other 
words, we think of the differentiation as carried out at any point 
(x 9 y) of the region of definition of f(x 9 y). Then the two deriva¬ 
tives are themselves functions of x and y, 

«*(*. V) =/«(*> V) = and u y (x, y) =/„(*, y) = y \ 

vx oy 

For example, the function u = x 2 -f y 2 has the partial derivatives 
u x = 2 x (in differentiation with respect to x the term t/ 2 is regarded as a 
constant and so has the derivative 0) and u y — 2 y. The partial derivatives 
of u — x?y are u x -- 3 x l y and u y ~ x*. 

We similarly make the following definition for any number n 
of independent variables, 

df(x v x 2 ,, x n ) ^ lim /K +h,x 2 , . . . , x n ) —f(x v x 2 ,. . . , x n ) 

h —^ 0 ^ 

~yicj(‘ Z l5 * ’ * ’ X n) ” • • • » 

it being assumed that the limit exists. 

Of course we can also form higher partial derivatives of f(x, y) 
by again differentiating the partial derivatives of the “ first 
order ”,f x (x 9 y) and/ v (x, y), with respect to one of the variables, 
and repeating this process. We indicate the order of differentia¬ 
tion by the order of the suffixes or by the order of the symbols 
dx and 3 y in the “ denominator ”, from right to left,* and use 
the following symbols for the second derivatives: 

s (df\_dy_ 

dx W ~da?~ Jxx ~ xxJ ’ 

0/a/\__sy _ 

dx \d y ) ~ dxdy ~ Jxv ~ xvh 


* In Continental usage, on the other hand 


d 

’ dx 



is written 


JV. 

dy dx * 
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We likewise denote the third partial derivatives by 

a m\ 03/_, 

dx \dx*/ ~ dx 3 ~ Jxxx ’ 

a /a 2 /\ _ a 3 / 

dy \dx 2 ) ~~ dydx s "f™*’ 

} (V) , to . 

and in general the n-th derivatives by 

a /a-y\ a-/ 

0* \aa«“V ~ dx n ~ Jxf " 

1/ 9 !Z 1 A_ 3 "/ 

dy \ax"-v “ %ax" ri 

In practice the performance of partial differentiations involves 
nothing that the student has not met with already. For according 
to the definition all the independent variables are to be kept 
constant except the one with respect to which we are differentiat¬ 
ing. We therefore have merely to regard the other variables as 
constants and carry out the differentiation according to the rules 
by which we differentiate functions of a single independent 
variable. The student may nevertheless find it helpful to study 
the examples of partial differentiation given in Chapter X of 
Vol. I (p. 469 et seq .). 

Just as in the case of one independent variable, the possession 
of derivatives is a special property of a function, not enjoyed 
even by all continuous functions.* All the same, this property 
is possessed by all functions of practical importance, except 
perhaps at isolated exceptional points. 

* For an explanation of the term “ differentiable ”, which implies more 
than that the partial derivatives with respect to x and y exist, see p. 60 
et seq. 
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2. Continuity and the Existence of Partial Derivatives with 
respect to x and y. 

In the case of functions of a single variable, we know that 
the existence of the derivative of a function at a point implies 
the continuity of the function at that point (cf. Vol. I, p. 97). 
In contrast with this, the possession of partial derivatives does 
not imply the continuity of a function of two variables: e.g. the 

function u (x, y) = , with u (0, 0) = 0, has partial derivatives 

a?2 + y 2, 

everywhere, and yet we have already seen (p. 46) that it is discon¬ 
tinuous at the origin. Geometrically speaking, the existence of 
partial derivatives restricts the behaviour of the function in the 
directions of the x~ and y-axes only, and not in other directions. 
Nevertheless the possession of bounded partial derivatives does 
imply continuity, as is stated by the following theorem: 

If a function f(x, y) has partial derivatives f x and i y everywhere 
in a region R, and these derivatives everywhere satisfy the in¬ 
equalities 

\f x (x,y)\<M, \f v (x, y) \ < M, 

where M is independent of x and y, then f(x, y) is continuous 
everywhere in R. 

To prove this we consider two points with co-ordinates (x, y) 
and (x + h y y + h) respectively, both lying in the region R . 
We further assume that the two line-segments joining these 
points to the point (x + h> y) both lie entirely in R; this is 
certainly true if (x, y) is a point interior to R and the point 
(x + h, y + k) lies sufficiently close to ( x , y). We then have 

f(x + h,y + k) —f(x, y) — {f(x + h, y + k) —f(x + h, y)} 

+ {f(x+ h, y) —/( x, y)}. 

The two terms in the first bracket on the right differ only m y, 
those in the second bracket only in x. We can therefore trans¬ 
form both the brackets on the right-hand side by means of the 
ordinary mean value theorem of the differential calculus (Vol. I, 
p. 103), regarding the first bracket as a function of y alone 
and the second as a function of x alone. We thus obtain the 
relation 

h,y + k) —f(x, y) = kf v {x +h,y+ 6ft) + hf x (x+6 2 h, y). 
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where 6 X and d 2 are two numbers between 0 and 1. In other words, 
the derivative with respect to y is to be formed for a point of the 
vertical line joining {x+h, y) to (x-\-h, y+k), and the deriva¬ 
tive with respect to x is to be formed for a point of the horizontal 
line joining (x, y) and (x + h, y). Since by hypothesis both 
derivatives are less in absolute value than M, it follows that 

\f(x + h,y + k) —/( x, y)\^M(\h\ + \k\). 

For sufficiently small values of h and k the right-hand side is 
itself arbitrarily small, and the continuity of f(x, y) is proved. 

3. Change of the Order of Differentiation. 

In the examples of partial differentiation given in Vol. I it 
will be found that/ va . = f xv \ in other words, it makes no difference 
whether we differentiate first with respect to x and then with 
respect to y, or first with respect to y and then with respect 
to x. This observation depends on the following important 
theorem: 

If the “ mixed ” partial derivatives f xy and fy* of a function 
f(x, y) are continuous in a region R, then the equation 

fvx = fxv 

holds throughout the interior of that region ; that is , the order of 
differentiation with respect to x and to y is immaterial. 

The proof, like that of the previous sub-section, is based on 
the mean value theorem of the differential calculus. We consider 
the four points ( x , y), (x + h, y ), (x, y + k), and (x+h, y + k), 
where h 4= 0 and k + 0. If (x, y) is an interior point of the 
region R, and h and k are small enough, all four of these points 
belong to R. We now form the expression 

A =/(x + h,y+k) -f(x + h, y) —f(x, y+k) +f{x, y). 

By introducing the function 

<f>{x) =/( X, y+k) —f(x, y) 

of the variable x and regarding the variable y merely as a “ para¬ 
meter ”, we can write this expression in the form 

A — <f>(x + h) — <j>(x). 

Transforming the right-hand side by means of the ordinary 
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mean value theorem of the differential calculus, we obtain 

A = h(/)'(x + 9h), 

where 9 lies between 0 and 1. From the definition of <f>(x) 9 how¬ 
ever, we have 

=/*(*, y+ k) —/*( x, y); 

and since we have assumed that the mixed ” second partial 
derivative f yx does exist, we can again apply the mean value 
theorem and find that 

A — hkf yx (x -f- 9h, y + 9'k), 

where 9 and 9' denote two numbers between 0 and 1. 

In exactly the same way we can start with the function 

=f(x + h, y) —f{x, y) 

and represent A by means of the equation 

A = ifj(y+k)~ ifj(y). 

We thus arrive at the equation 
A — hlf xv (r~\-9 l }i,y-i-9 1 ']c) 1 where 0 < 9 1 < 1 and 0< 0/ < 1, 

and if we equate the two expressions for A we obtain the equation 
f yx (x + 9h, y + 9'k) = f xy (x + 9Ji, y + 0/fc). 

If here we let h and k tend simultaneously to 0 and recall that 
the derivatives f xy (x, y) and f yx (x, y) are continuous at the point 
( x } y) 9 we immediately obtain 

fvx(x, y) =f X y(x, y), 

which was to be proved.* 

* For more refined investigations it is often useful to know that the theorem 
on the reversibility of the order of differentiation can be proved with weaker 
hypotheses. It is, in fact, sufficient to assume that, in addition to the first 
partial derivatives f x and Sv\ only one mixed partial derivative, say exists , 

and that this derivative is continuous at the point in question . To prove this, we 
return to the above equation 

A = f(x 4- h t y + k) - f(x + h,y) - f(x , y + k) + f{x, y), 

divide by hk t and then let k alone tend to 0 . Then the right-hand side has a 
limit, and therefore the left-hand side also has a limit, and 

i:_ A _ fv( x + K y) - y) 
k %» ” * 
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The theorem on the reversibility of the order of differentiation 
has far-reaching consequences. In particular, we see that the 
number of distinct derivatives of the second order and of higher 
orders of functions of several variables is decidedly smaller than 
we might at first have expected. If we assume that all the 
derivatives which we are about to form are continuous functions 
of the. independent variables in the region under consideration, and 
if we apply our theorem to the functions f x (x, y),f v (x , y),f X y( x ' y), 
&c., instead of to the function f(x, y), we arrive at the equations. 

fxxy " j xyx J yxxt 
fry>j == fyxy ~fvvx * 

fxxuv ~ fxvxy fxyux ~ fyxxy — fyxyx ~ fyyxxi 


and in general we have the following result: 

In the repeated differentiation of a function of two independent 
variables the order of the differentiations may be changed at will , pro* 
vidcd only that the derivatives in question are continuous functions * 


further, it was proved above with the sole assumption that f yx exists that 
rr fvx( x + Oh, y + d'k ). 


In virtue of the assumed continuity of f yx , we find that for arbitrary e > 0 
and for ail sufficiently small values of h and k 

S V M' y) - < < f vx ( x + 6h < y + °' k ) < fyx( x > y) + c > 


whence it follows that 

f v A x > y)~ ( 


-/»(* 'I- h ,;/) ~ f/r, (/) 
“ h 


— fyx( x > y) + « 


or 

that is. 


lim S» {X 4 h ’ y ) ~ = 

—Mt * 

/*,(*> y) =■■ f vx ( x ’ y)- 


fyx( x ’ y)> 


* It is of fundamental interest to show by means of an example 
that in the absence of the assumption of the continuity of the second 
derivative f xy or f yx the theorem need not bo true, and that on the contrary 

f xy can differ from f yx . This is exemplified by the function f(x, y) « xy —- 2 , 

*T“ V“ 

/((), 0) * 0, for which all the partial derivatives of second order exist, but are 
not continuous. We find that 


/*(<>. V) - lim 

x—> 0 


/(*. y) - /(<>> y) 


lim 

a;-»0 


^ x 2 — y 2 
V x 2 ~T~y 2 


-y> 


fjx, 0) « lim 
, y —>0 


f(x, V) ~ /(*» 0) 

y 


lim 

, y ->0 


x s — y 2 
X x 2 + y 2 


x. 


and consequently 

f v J0,0) - -1 and/^0,0) « +1. 

These two expressions are different, which by the above theorem can only be 
due to the discontinuity of at the origin. 
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With our assumptions about continuity a function of two 
variables has three partial derivatives of the second order, 


fxx) fxv> fv\ 


four partial derivatives of the third order, 


fxxa» fxxyi fxvv > fv\ 


and in general (n + 1) partial derivatives of the w-th order, 


fx*-> fx*— ai/? * • • «/v»* 


It is obvious that similar statements also hold for functions 
of more than two independent variables. For we can apply our 
proof equally well to the interchange of differentiations with 
respect to x and z or with respect to y and z, &c., for each in¬ 
terchange of two successive differentiations involves only two 
independent variables at a time. 


Examples 


L How many n-th derivatives has a function of three variables? 
2. Prove that the function 


/(*n> Zty . • ., x n ) — 


1 

(*1* + V + • • • + * n 2 ) (n “ 2, ' a 


satisfies the equation 


3. Calculate 


4. Prove that 


fx l x 1 “b + • • • + fx n x n " 0* 


d* 

to? 


a 4* x 
d 
9 


b c 

e -b z f 

h h 4- z 


g 8 

dzdydz 


M*) 

/s(z) 

/s(*) 

9i(y) 


0s(y) 

*i(») 

*.(*) 

*s(«) 


//<*> /.'(*> /.'(*) 

9i(y) 9i(y) g 3 (y) 

*.'(*) V(*) V(*> 


5. Considering 



b c 

6 f\ 

h k\ 


as a function of the nine variables a, b, . . . , k, prove that 
(a) aD a + bD b + cD c = D, 
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A 

A 

A 

A 

A 

A 

A 

A 

A 


4 . The Total Differential of a Function and its 
Geometrical Meaning 

1. The Concept of Differentiability. 

In the case of functions of one variable the existence ot a 
derivative is intimately connected with the possibility of approxi¬ 
mating to the function r)=f(£) in the neighbourhood of the 
point x by means of a linear function rj = <f>(£). This linear func¬ 
tion is defined by the equation 

<£(£) =/(*)+ (I — x)f'(x). 

Geometrically (£ and rj being current co-ordinates), this represents 
the tangent to the curve 17 =/(£) at the point P with the co¬ 
ordinates £ = x and 17 = f(x); analytically, its characteristic 
feature is that it differs from the function/(£) in the neighbour¬ 
hood of P by a quantity o(A) of higher order than the abscissa 
A = £ — x (cf. p. 48). Hence 

m - m =/(£) - /(*) - (f - x)f(x) = o(h) 

or, otherwise, 

f(x + A) —f(x) — hf(x) = o(h) = eA, 

where € denotes a quantity which tends to zero as h does. The 
term hf f (x ), the “ linear part ” of the increment of f(x) corre¬ 
sponding to an increment of A in the independent variable, we 
have already (Vol. I, p. 107) called the differential of the function 
f(x) and have denoted it by 

dy = df(x) = hy f = hf(x) 

(or also by dy = y'dx, since for the function y=x the differential 
has the value dy = dx = 1 X A). We can now say that this 
differential is a function of the two independent variables 
x and A, and we need not restrict the variable A in any way. 
Of course this concept of differential is as a rule only used when 
h is small, so that the differential hf(x) forms an approximation 
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to the difference f(x + h)—f (x) which is accurate enough for 
the particular purpose. 

Conversely, instead of beginning with the notion of the deri¬ 
vative, we could have laid the emphasis on the requirement that 
it should be possible to approximate to the function 77 = /(£) in 
the neighbourhood of the point P by a linear function such that 
the difference between the function and the linear approximation 
function vanishes to a higher order than the increment h of the 
independent variable. In other words, we should require that 
for the function /(f) at the point i~x there should exist a 
quantity A , depending on x but not on /?, such that 

f(x + h) — f(x) = Ah + o(h) = Ah + eA, 

where e tends to 0 with h. This condition is equivalent to 
the requirement that f(x) shall be differentiable at the point x\ 
the quantity A must then be taken as the derivative/'(a?) at the 
point x. We see this immediately if we rewrite our condition in 
the form 

f(x+h) -f{x) + € 

h 


and then let h tend to 0. Differentiability of a function with 
respect to a variable and the possibility of approximating to a 
function by nieans of a linear function in this way are therefore 
equivalent properties. 

If we notice that A + € = a(x , h) is a function of h which 
tends to A(x) as h -> 0, we arrive at the equivalent definition: 
f(x) is said to be differentiable at the point x if f(x + h) — f(x) 
— h a(x , h), where the quantity a(x, h) is continuous, as a function 
of A, at h = 0. 

These ideas can be extended in a perfectly natural way to 
functions of two and more variables. 

We say that the function u — / (x, y) is differentiable at the 
point (; x , y) if it can be approximated to in the neighbourhood of 
this point by a linear function, that is, if it can be represented 
in the form 

f(x + h,y+ h) =/(a, y) + Ah + Bk + 

where A and B are independent of the variables h and k and 
where and e 2 tend to 0 as Ji and k do. In other words, the 
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difference between the function f(x + h, y + k) at the point 
(% + K y + k) and the function f(x , y) + Ah Bk which is 
linear in h and k must be of the order of magnitude* o(p), that is, 
must vanish as p -> 0 to a higher order than the distance 
p = V (* 2 + & 2 ) °f the point ( x + K y + &) from the point (#, y). 

If such an approximate representation is possible, it follows 
at once that the function f {x, y) can be partially differentiated 
with respect to x and to y at the point (x, y) and that 

fx = A and f y = B. 

For if we put k — 0 and divide by h we obtain the relation 

f(x+h, y)~f(x, y) __ 

- h - A + e v 

Since tends to zero with h , as we pass to the limit h ~> 0 the 
left-hand side has a limit, and that limit is A. Similarly, we 
obtain the equation j v (x, y) — B. 

Conversely, we shall prove that a function u = f(x, y) is 
differentiable in the sense just defined, that is, it can be approxi¬ 
mated to by a linear function, if it possesses continuous deriva¬ 
tives of the first order at the point in question. In fact, we can 
write the increment 

Au - f(x + h , y + k) —f(x, y) 
of the function in the form 

Am = {f(x + h,y + Jc) —f(x, y + k)}+ { f(x, y + h) — f(x. y)}. 

As before (p. 54), the two brackets can be expressed in the form 
Au = hf x (x + eji, y+k) + kf y {x , y + 0 2 k), 

using the ordinary mean value theorem of the differential 
calculus. Since by hypothesis the partial derivatives f x and f v 
are continuous at the point (x, y ), we can write 

f x {x + OJi, y+k) = f x (x, y) + c, 

* The equivalence of these two definitions follows from the following remark: 
the inequality | + c 2 k | g | € | V{h 2 4 - k 2 ) always holds, where e | c, J 

4 - | c 2 1 and tends to 0 as e x and * 2 do. Hence the second definition of differenti¬ 
ability follows from the first. Again, since | €V{h 2 + k 2 ) | ^ | e | (| h | 4 - | k |), 
if the second condition is fulfilled the difference between the function and the 
linear approximation is of the form 0c(| h\ 4- | fc|)» where —1 ^ + 1, 

'whence it follows that the requirements of the first definition are also fulfilled. 
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and f v (x, y + 6 2 k) — f v (x, y) + e 2 , 

where the numbers e x and e 2 tend to zero as h and k do. We thus 
obtain 

Am = hf x (x, y) + kf v (x, y) + eji + e 2 k 
= kf x (x, y) + kf y {x, y) + o£/h* + k 2 ), 

and this equation is the expression of the above statement.* 
We shall occasionally refer to a function with continuous first 
partial derivatives as a continuously differentiable function. If 
in addition all the second-order partial derivatives are continuous, 
we say that the function is twice continuously differentiable, 
and so on. 

As in the case of functions of one variable, the definition of 
differentiability can be replaced by the following equivalent 
definition: the function f(x, y) is said to be differentiable at the 
point (x, y) if 

f(x +h,y+ k)—f(x, y) = ah+ fik, 

where a and fi depend on h and k as well as on x and y y and are 
continuous as functions of h and k for h = 0, k = 0. 

No further discussion is required to show how these considera¬ 
tions can be extended to functions of three and more variables. 

2. Differentiation in a Given Direction. 

An important property of differentiable functions is that they 
not only possess partial derivatives with respect to x and y, or, 
as we also say, in the x- and ^-directions, but they also have 
partial derivatives in any other direction. By the derivative in 
the direction a we mean the following: 

We let the point (x -f A, y -f k) approach the point (x, y) in 
such a way that it is always on the straight line through (x, y) 
which makes the constant angle a with the positive a;-axis. In 
other words, h and k do not tend to 0 independently of one 
another, but satisfy the relations 

h = p cos a and k = p sin a, 

where p is the distance \/(h 2 + k 2 ) of the point (x + h, y + k) 

* If we assume the existence only, and not the continuity, of the derivatives 
* x and fy, the function is not necessarily differentiable (cf. p. 66 et seq.). 
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from the point (x, y) and tends to 0 as h and k do. If as usual 
we then form the difference f(x + \ y + k) — f(% , y) and divide 
by p, we call the limit of the fraction 

D M f(x, y) = lim f ±± p C -° 5a - ’ y - ± yj 

p->0 P 

the derivative of the function f(x , y) at the point (x, y) in the 
direction a, provided that the limit exists. In particular, when 
a = 0 we have k = 0 and h = p, and we obtain the partial 
derivative with respect to x\ when a = n /2 we have h = 0 and 
A = p, and we obtain the partial derivative with respect to y. 

If the function f(x , y) is differentiable, we have 

f{x + h,y + k) — f(x y y) = //* + kf y + ep 

= p(/t cos a+f y sin a + *)• 

As p tends to 0, so does €, and/or the derivative in the direction 
a we obtain the expression 

D( a) f(x, y) = fx 00s a + f v sin a; 

it is therefore a linear function of the derivatives f* and f y in the 
x- and y~directions, with the coefficients cos a and sin a. This result 
always holds good, provided that the derivatives f x and f y exist 
and are continuous at the point in question. 

Thus for the radius vector r = V(x 2 -f V 2 ) from the origin to the point 
(x, y) we have the partial derivatives 

x x y y 

r, = = - = cos0 and r = 77^==% = - = sin6, 

* Vx 2 + y 2 r + r 

where 0 denotes the angle which the radius vector makes with the x-axis. 
Consequently, in the direction a the function r has the derivative 

D( a )r = r x cosa 4* r y sina = cos0 cosa + sin0 8ina = cos(0 — a); 

in particular, in the direction of the radius vector itself this derivative has 
the value 1, while in the direction perpendicular to the radius vector it 
has the value 0. 

In the direction of the radius vector the function x has the derivative 
jD(*)(x) = cos0 and the function y has the derivative D {e) (y) = sin 0; in the 
direction perpendicular to the radius vector they have the derivatives 
D(e+nf 2 )* = —sin9 and D (e + n , 2 )y * oos0 raspectively. 

The derivative of a function /(x, y) in the direction of the 



*4 


FUNCTIONS OF SEVERAL VARIABLES [Chap. 


radius vector is in general denoted by 
the convenient relation 


y) 

dr 


Thus we have 


a , a ... a 

— cos v ~ -+- sin V —, 
cr cx dy 

where any differentiable function can be written after the symbols 

a a d 

dr dx 3 y 

It is also worth noting that we obtain the derivative of the 
function f(x, y) in tin' direction a if, instead of allowing the 
point Q with co-ordinates (x + h, y + k) to approach the point 
P with co-ordinates (x, y) along a straight line with the direction 
a, we let Q apj)roach P along an arbitrary curve whose tangent 
at P has the direction a. For then if the line PQ has the direction 
ft, we can write h = p cos ft , k = p sin ft, and in the formulae used 
in the above proof we have to replace a by ft. But since by 
hypothesis ft tends to a as p -> 0, we obtain the same expression 
for D (a) f(x, y). 

In the same way, a differentiable function f(x, y, z) of three 
independent variables can be differentiated in a given direction. 
We suppose that the direction is specified by the cosines of the' 
three angles which it forms with the co-ordinate axes. If we 
call these three angles a, ft, y, and if we consider two points 
(x, y, z) and (x + h, y 4- k, z + l), where 

h -- p cos a, 
k — p cos ft, 
l = p cos y , 

then just as above we obtain the expression 
fx cos a + fy cos ft + f z cos y 


for the derivative in the direction given by the angles (a, ft, y). 


3. Geometrical Interpretation. The Tangent Plane. 

For a function u=f(x, y) all these matters can easily be 
illustrated geometrically. We recall that the partial derivative 
with respect to x is the slope of the tangent to the curve in which 
the surface is intersected by a plane perpendicular to the a?y-plane 
and parallel to the ra-plane. In the same way, the derivative in 
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the direction a gives the slope of the tangent to the curve in which 
the surface is intersected by a plane perpendicular to the xy-plane 
and making the angle a with the $-axis. The formula D {a) f(x, y) 
= / aJ cosa-f/» sina now enables us to calculate the slopes of 
the tangents to all such curves, that is, of all tangents to 
the surface at a given point, from the slopes of two such 
tangents. 

We approximated to the differentiable function £=/(£, 77) 
in the neighbourhood of the point (x, y) by the linear function 

/(£ v) =/(*, y) + (£ — X )fx +(v — y)U 

where £ and 77 are the current co-ordinates. Geometrically this 
linear function represents a plane, which by analogy with the 
tangent line to a curve we shall call the tangent 'plane to the sur¬ 
face. The difference between this linear function and the function 
/(£, 77) tends to zero as f — x~ h and 77 — y~ k do, and in 
fact vanishes to a higher order than \/(h 2 + & 2 ). By the defi¬ 
nition of the tangent to a plane curve, however, this states 
that the intersection of the tangent plane with any plane per¬ 
pendicular to the a^-plane is the tangent to the corresponding 
curve of intersection. We thus see that all these tangent lines to 
the surface at the point (x, y, u) lie in one plane , the tangent 
plane. 

This property is the geometrical expression of the differen¬ 
tiability of the function at the point (x , y , u~f(x , y)). If 
(£> P, 0 are current co-ordinates, the equation of the tangent 
plane at the point (x, y, w = f(x, y)) is 

£ — u= (£—x)f x +(r,— y)f v . 

As has already been shown on p. 61 , the function is differen¬ 
tiable at a given point provided that the partial derivatives are 
continuous there. In contrast with the case w T here there is only 
one independent variable, the mere existence of the partial de¬ 
rivatives f x and f v is not sufficient to ensure the differentiability 
of the function. If the derivatives are not continuous at the 
point in question, the tangent plane to the surface at this point 
may fail to exist, or, analytically speaking, the difference between 
/(x + h, y+k) and the function f(x, y) + hf x (x, y) + kf y (x, y) 
which is linear in h and k may fail to vanish to a higher order 
than \/(h? -j- k 2 ). 

(E 912) 
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This is clearly shown by a simple example. We write 
f( x > y) = 0 if x = 0 or y = 0, 

f(x, y)= z \ x \ if ^ — 2/ — 0 or *4-2/ = 0. 

Between these lines we define the function in such a way that it is repre¬ 
sented geometrically by planes. The surface u = f(x, y) therefore consists 
of eight triangular pieces of planes, meeting in roof-like edges above the 
lines x — 0, y = 0 , y = x and y = — x. This surface obviously has no 
tangent plane at the origin, although the derivatives f x (Q, 0) and f y (0 , 0) 
both exist and have the value 0. The derivatives are not continuous at 
the origin, however; in fact, as we readily see, they do not even exist on 
the edges.* 

4. The Total Differential of a Function. 

As in the case of functions of one variable, it is often con¬ 
venient to have a special name and symbol for the linear part 
of the increment of a differentiable function u~f(x, y). We 
call this linear part the differential of the function, and write 

du = df{x, y) = fh + h = f dx + if dy. 

ox dy ex dy 

The differential, sometimes called the total differential, is a 
function of four independent variables, namely the co-ordinates 
x and y of the point under consideration and the increments h 

* Another example of a similar type is given by the function 

“ - M y) - -rr=ri=i if + a/* 4= o, 

Var‘ + y* 

« “ o ; if X -* 0 . V * 0 . 

If we introduce polar co-ordinates this becomes 

u * - sin 26 . 

The first derivatives with respect to x and to y exist everywhere in the neighbour** 
hood of the origin and have the value 0 at the origin itself. These derivatives, 
however, are not continuous at the origin, for 

it _ f /_1__ x z \ y* 

“* y Wi* + y* V(5*~F^z>V ~ 

If we approach the origin along the #*axis, u x tends to 0, while if we approach 
along the y-axis, u x tends to 1. This function is not differentiable at the origin; . 
at that point no tangent plane to the surface u = f(x, y) exists. For the 
equations f x (0 , 0) = f y {0 , 0) — 0 show that the tangent plane would have to 
coincide with the plane u « 0 . But at the points of the line 6 - tt/4 we have 
sin 20 ** 1 and u = r/2; thus the distance u of the point of the surface from 
the point of the plane does not, as must be the case with a tangent plane, 
vanish to a higher order than r. 
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and k, which are the differentials of the independent variables 
or independent differentials. We need scarcely emphasize once 
more that this has nothing to do with the vague concept of 
u infinitely small quantities ”. It simply means that du approxi¬ 
mates to A?/ — /(a? + h, y + k) — f(x, y), the increment of the 
function, with an error which is an arbitrarily small frac¬ 
tion of \/(h 2 + k 2 ) (itself arbitrarily small), provided that h 
and k are sufficiently small quantities. Incidentally, we thus 
collect the expressions for the different partial derivatives in one 
formula. For example, from the total differential we obtain the 

partial derivative ^ by putting dy = 0 and dx = 1. 

We again emphasize that to speak of the total differential of 
a function/(as, y) has no meaning unless the function is differen¬ 
tiable in the sense defined above (for which the continuity, but 
not the mere existence, of the two partial derivatives suffices). 

If the function f(x, y) also possesses continuous partial de¬ 
rivatives of higher order, we can form the differential of the 
differential df(x, y ), that is, we can multiply its partial deriva¬ 
tives with respect to x and y by h= dx and k~dy respectively 
and then add these products. In this differentiation we must 
regard h and k as constants, corresponding to the fact that the 
differential df = hf x + kf y is a function of the four independent 
variables x , y 9 h , and k. We thus obtain the second differential * 
of the function, 


d 2 f =■ d(df) 

= 3 2 / 

dx 2> 


d 

dx 


( 


a/, . a / 7 

ox oy 


)*+£ 


dy 


«*+?■>* 


'+ 2 p- Ms + » 

oxoy ay* 


°1 dx* + 2 dxdy + dy a . 

dx- oxoy dy* 


Similarly, we can form the higher differentials 
ffif=d(<Pf) 


dx? 




* We shall later see (p. 80 et seq.) that the differentials of higher order intro¬ 
duced formally here correspond exactly to the terms of the corresponding order 
in the increment of the function. 
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d ' f= Z '** + 4 m, ^ dy + 6 ^ 

+ 4 --^ eforfy 3 + ^ dy 4 , 

0*0^ y W 

and, as we can easily show by induction, in general 
d n f = d jl dx” + / W \ _ 3 ”/ + ... 

+ ( n \ dxdy n ~ l + d *f dy”. 

\n — 1/ dxdy 71 - 1 dy n 

The last expression can be expressed symbolically by the equation 
d n f = dx + d ldy^ = {f x dx + f v dyf n) 

where the expression on the right is first to be expanded formally 
by the binomial theorem, and then the expressions 

P- dx’, dx’-'dy, ...,P V 

dx n dx n ~*dy " dy n 

are to be substituted for the products and powers of the quan¬ 
tities f x dx and f y dy. 

For calculations with differentials the rule 
d(fg)^fdg + gdf 


holds good; this follows immediately from the rule for the 
differentiation of a product. 

In conclusion, we remark that the discussion in this sub¬ 
section can immediately be extended to functions of more than 
two independent variables. 


5. Application to the Calculus of Errors. 

The practical advantage of having the differential df = hf x -f kf v as a 
convenient approximation to the increment of the function f(x, y), A u = 
f(x-{- h 9 y + k) —/(a:, y ), as we pass from (x, y) to (x+ h, y-f k ) 9 is exhibited 
particularly well in the so-called “ calculus of errors ” (cf. Vol. I, p. 349 ). 
Suppose, for example, that we wish to find the possible error in the deter¬ 
mination of the density of a solid body by the method of displacement. 
If m is the weight of the body in air and m its weight in water, by Archi¬ 
medes’ principle the loss of weight (m — m) is the weight of the water 
displaced. If we are using the c.g.s. system of units, the weight of the 
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water displaced is numerically equal to its volume, and hence to the 
volume of the solid. The density a is thus given in terms of the inde¬ 
pendent variables m and m by the formula s = m/(m — m). The error 
in the measurement of the density s caused by an error dm in the measure¬ 
ment of m and an error dm in the measurement of m is given approximately 
by the total differential 

ds = dm + dm. 
dm dm 

By the quotient rule the partial derivatives are 

ds _ m ^ ds _ m 

dm \m — m) 2 dm (m — m) 2 * 

hence the differential is 

, — rn dm 4- mdm 

ds — - — - 

(m — m) 2 

Thus the error in s is greatest if, say, dm is negative and dm is positive; 
that is, if instead of m we measure too small an amount m -}- dm and 
instead of m too large an amount m + dm. For example, if a piece of brass 
weighs about 100 gm. in air, with a possible error of 5 mg., and in water 
weighs about 88 gm., with a possible error of 8 rag., the density is given 
by our formula to within an error of about 

88 . 5 . 10 ~ 8 -f 100 . 8 . 10 " 3 _ 1A 3 

-I- 9 . 10“3 

12 2 

or about one per cent. 


5. Functions of Functions (Compound Functions) and the 
Introduction of New Independent Variables 

1. General Remarks. The Chain Rule. 

It often happens that the function u of the independent 
variables x , y is stated in the form of a compound function 

«=/(& v> • • •) 

where the arguments 77, ... of the function / are themselves 
functions of x and y : 

£ = y ). v = «/)>•••• 

We then say that 

u=f(g,T),.. y), y),.. .) = F(x, y) 

is given as a compound function of x and y. 
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For example, the function 

u = e x * sin (a; + y) = F(ar, y) 

may be written as a compound function by means of the relations 
u = e* sinyj = /(£, ?)); 5 = ay. = a + y. 

Similarly, the function 

u = log (ar 4 + y 4 ). arc sin \/l — a ; 2 — y 2 = F(x , y) 

can be exnressed in the form 

r) arc sin£ = /(£, ^); 

5 = \/l — a ; 2 — y 2 , 7 ) = log(a^ + y 4 ). 

In order to make this concept more precise, we adopt the 
following assumption to begin with: the functions £ — <f>(x, y), 
77 = ip(x, y), . . . are defined in a certain region 2? of the inde¬ 
pendent variables x , y. As the argument point (x, y) varies 
within this region, the point with the co-ordinates (f, 77, . . .) 
always lies in a certain region $ of £r). . .-space, in which the 
function u=f(g, 77, . . .) is defined. The compound function 

u — f (<f>(x, y), #r, y), ...)== ^(x, y) 
is then defined in the region R. 

In many cases detailed examination of the regions R and 8 will be 
quite unnecessary, e.g. in the first example given above, in which the 
argument point (x, y) can traverse the whole of the ary-plane and the 
function u = sin 73 is defined throughout the ^-plane. On the other 
hand, the second example shows the need for considering the regions R 
and 8 in the definition of compound functions. For the functions 

£ = \/l — x 2 — y* and 73 = log (a ? 4 -f- y 4 ) 

are defined only in the region R consisting of the points 0 < x 2 + y 2 g 1, 
that is, the region consisting of the circle with unit radius and centre the 
origin, the centre being removed. Within this region | £ | < 1, while tj 
can have all negative values and the value 0. For the region 8 of points 
{ 73 ) defined by these relations the function tj arc sin £ is defined. 

A continuous function of continuous functions is itself con¬ 
tinuous. More precisely: 

If the function u — f(£, 77, . . .) is continuous in the region S, 
and the functions £ = </>(x, y), 77 = i/r(x, y), ... are continuous 
in the region R, then the compound function u = F(x, y) is con¬ 
tinuous in R. 
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The proof follows immediately from the definition of con¬ 
tinuity. Let (x 0 , y 0 ) be a point of R, and let f 0 , ij„> • • • be the 

corresponding values of rj . Then for any positive e the 

difference 

/(£, % • • •) —/(£0. ■>?(» • • •) 

is numerically less than c, provided only that the inequalities 

I £ — £01 < 8 > I v — Vo I < 8 > ■ ■ ■ 

are all satisfied, where 8 is a sufficiently small positive number. 
But by the continuity of cf)(x, y ), \jj(x , y),. . . these last inequalities 
are all satisfied if 

I * — *01 < y> I y — Vo I < y> 

where y is a sufficiently small positive quantity. This establishes 
the continuity of the compound function. 

Further, we shall prove that a differentiable function of 
differentiable functions is itself differentiable. This statement is 
formulated more precisely in the following theorem, which at the 
same time gives the rule for the differentiation of compound 
functions, or so-called chain rule : 

If £ = </>(x, y), rj = 0(x, y), ... are differentiable functions 
of x and y in the region B, and f(£, 77, . . .) is a differentiable 
function of f, 7?, . . . in the region S, then the compound function 

u=f(<Kx, y), 0(x, y), . . .) = F(x, y) 

is also a differentiable function of x and y, and partial deriva¬ 
tives are given by the formula ? 

= /*^ar + + * * • > 

Fy—f^y +f r} tft y + - - • , 

or, briefly , fey 

+ V?* + • • ., 

Uy = +- 

Thus in order to form the partial derivative with respect to x 
we must first differentiate the compound function with respect 
to all the functions 77, . . . which depend on x, multiply each 
of these derivatives by the derivative of the corresponding 
function with respect to x , and then add all the products thus 
formed. This is the generalization of the chain rule for 
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functions of one variable discussed in Vol. I, Chapter III 
(p. 153 ). 

Our statement can be written in a particularly simple and 
suggestive form if we use the notation of differentials, 
namely 

du = u x dx + u v dy = u^dt; + u v dr] + • • • 

= u ( (£ x dx + $ v dy) + u v (rj x dx + r h dy) + ... 

= (u t L + + • • •)dx + (u ( i v + + ■ ■ -)dy. 

This equation means that the linear part of the increment of the 
compound function w = /(£, rj, . . .) = F(x, y) can be found by 
first writing down this linear part as if £, rj, . . . were the inde¬ 
pendent variables and subsequently replacing dg, drj, . . . by the 
linear parts of the increments of the functions f = <f)(x, y), 
rj = i/j(x f y ),.... This fact exhibits the convenience and flexibility 
of the differential notation. 

In order to prove our statement we have merely to make use 
of the assumption that the functions concerned are differentiable. 
From this it follows that if we denote the increments of the 
independent variables x and y by Ax and Ay , the quantities £, 17,... 
change by the amounts 

Af = <f> x Ax + <f> v Ay + € x Ax + y x Ay, 

At] = Ip x Ax + ifjyAy + € 2 Ax + y 2 Ay, 


where the numbers e v c 2 , . . . , y v y 2 , • . . tend to 0 as Ax and Ay 
do, or as y/(Ax 2 + Ay 2 ) does. Moreover, if the quantities £, rj, . . . 
undergo changes Af, A 77, , the function w = /(£, 77, . . .) is 

subject to an increment of the form 

A u — fa Af + f n Arj + . . . + 8*A£ + S 2 At7 + • • • 9 

where the quantities 8 X , S 2 , . . . tend to 0 as A£, Arj , ... do, or 
as \/(Af 2 + Ary 2 + . . .) does (and may be taken as exactly zero 
when the corresponding increments A£, Arj vanish). 

If in the last expression we take the increments A£, A77, . . . 
as those due to a change of Ax in the value of x and a change of 
Ay in the value of y, as given above, we obtain 

Am = + • • OAx 

+ (Mv +fr,<Pv + • • -)&y + + v&y- 
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Here the quantities e and y have the values 

€==Z ft € 1 +/ n € 2 + • • • + <£*§1 + + CjSj + € 2 S 2 + • • •» 

y “/fVl +/,72 + • • • + + 01/^2 + Vi^l + y 2 ^2 + • • • • 

On the right we have a sum of products, each of which contains 
at least one of the quantities e 1 , e 2 , . . . , y v y 2 , . . . , S x , S 2 , ... . 
From this we see that € and y also tend to 0 as Ax and A y do. 
By the results of the preceding section, however, this expresses 
the statement asserted in our theorem. 

It is obvious that this result is quite independent of the 
number of independent variables x, y, ..., and remains valid e.g. 
if the quantities f, rj, ... depend on only one independent 
variable x, so that the quantity u is a compound function of the 
single independent variable x. 

If we wish to calculate the higher partial derivatives, we have 
only to differentiate the right-hand sides of our equations with 
respect to x and y, treating / f , f v , . . . as compound functions. 
Confining ourselves for the sake of simplicity to the case of three 
functions rj, and £, we thus obtain 

u xx=Jte%x 2 + f^Vx 2 +/&£x 2 + V^xVx + 2/^17 x £x + 

+ ft£xx + frtf XX " 4 “* f^XX' 

U X y v “h Iwhlv “t ~f$<£>xCv 4 “ j$y ] (£x r )v~\~ ^vVx) “f *'fitffrlxCv 4 “ Vv^x) 

+ ftt(£rZv + £vtx) +f^xv + frtfxv +/^L V> 

Uyv-ftttv* +fW + 2 f^vlv + + V'tMv 

+ ft€vv +fr, r ) vv +/ b 4 r 

2 . Examples.* 

1 . Let us consider the function 

m ___ g** Bin*y + 2xy «inx sin y + y* 

We put 

E, — x 2 sin 2 y, 7) = 2 xy sin a: sin?/, £ = y 2 

and obtain 

l x = 2a: sin 2 y, y\ x = 2y sina; siny -f 2 xy cosa; siny, = 0; 

5 V — 2a: 2 siny cosy, r) y ~ 2x sina; siny -f 2 xy sina; cosy, £„ — 2y; 
u$ = u v = 

* We would emphasize that the following differentiations can also be carried 
out directly, without using the chain rule. 
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Hence 

u x = 2e xtnin ' v 4 8lnv 4 *'* (x sin 2 y + y sin a: siny + xy cos a: siny) 

and 


u y = 2e** 8ia *" 4 2x7 Mln * 8lnv 41/1 (rr 2 siny cosy + x sin a: siny 

4- xu sin a: cosy -f y). 


2. In the case of the function 


u — sin ( x 2 + y 2 ) 


we put % = x 2 -j- y 2 , and obtain 

u x = 2a: cos (a: 2 + y 2 ), u v = 2y cos (a: 2 -f y 2 ), 

w** = ” 4 * 2 sin(a^ + y 2 ) + 2 cos (a? -f y 2 ), w*,, = —4*y sin(x 2 + y a ), 

u yy ~ —4y 2 sin (a: 2 -f y 2 ) + 2 cos (a: 2 4- y 2 ). 

3. In the case of the function 


the substitution 
leads to 


u — arc tan (a- 2 4- xy 4- y 2 ), 
i = x 2 , 7] = xy. l = y 2 

__ 2a: 4- y 

* l 4- (x 2 4- ary 4- y 2 ) 2 * 

« = g + _ 

* 1 4- (a: 2 4- a:y -f y 2 ) 2 


3 . Change of the Independent Variables. 

A particularly important application of the facts developed 
on pp. 69-74 occurs in the process of changing the independent 
variables. For example, let u = /(£, rj) be a function of the two 
independent variables £, 17, which we interpret as rectangular 
co-ordinates in the £ 77-plane. If we introduce new rectangular 
co-ordinates x } y in that plane (cf. p. 6) by the transformation 

£ = a r x + Ptf, X = a*£ + a 2 ^, 
v ^a 2 x+ y = fa£ + far), 

the function u =/(£, 17) is transformed into a new function of x 
and y, 

«* = /(£, ri)^F(x, y\ 

and this new function is formed from/(£, 77) by a process of com¬ 
pounding such as was described on p. 69 . We then say that 
new independent variables x and y have been introduced into the 
relation «/=/(£, 77) between the independent variables £ and 77 
and the dependent variable u. 
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The rules of differentiation given on p. 71 at once yield 

u x = u ( a x + «,a 2 , 
u y = + «„0 2 , 

where the symbols denote the partial derivatives of the 

function F(x , y), and the symbols u v denote the partial 
-derivatives of the function f(g, rj). 

Thus the partial derivatives of any function are transformed 
according to the same law as the independent variables when 
the co-ordinate axes are rotated. This is true for rotation of the 
axes in space also. 

Another important type of change of the independent variables 
is the change from rectangular co-ordinates (x, y) to polar 
co-ordinates (r, 0 ) which are connected with the rectangular 
co-ordinates by the equations 

x = r cos 6 , r = y/\ (x 2 + y 2 ), 

x y 

y — r sin 6 , 9 = arc cos -77-0--—= arc sin // » , —v v 

V (* 2 + y) V (* 2 + r) 

On introducing the polar co-ordinates we have 

u = /(x, y) —f(r cos 6 , r sin 0 ) = F{r, 9 ), 

and the quantity u appears as a compound function of the inde¬ 
pendent variables r and 9 . Hence by the chain rule we obtain 

. n x y n sin 6 

u x = u r r x + u 0 6 x = u r - — u e ? = u r cos 6 u B - -, 

r r l r 

, D y , £ • Q . cos# 

= u r r v + u e 9 y = u r - + u e -- = u r smv + u# -. 

r r 2 r 

These yield the equation 

W* 2 + M„ 2 = M r 2 + 1 U„ 2 , 

r 2 


which is frequently of use. By the chain rule the higher 
derivatives are given by 


u xx = w rf cos 2 0+ u m 


sin 2 0 0 cos 9 sin 8 , 

__ — 2u rd - + u r 

r £ r 


sin 2 9 
r 


, cos 8 sin 6 

+ 2 
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^ ^ cos 9 sin 9 . cos 2 9 — sin 2 9 

U xy = M,,* = W rr COS6 SUld — --- + U T0 - 


, sin 2 9 — cos 2 9 sin 9 cos 9 

+ 5 - u r -, 

r & r 

. o/i . cos 2 0 , n cos0sin0 . cos 2 0 

u yv = u rr sin 2 a + —-- + 2w r *- + u r - 

r l r r 


— 2 u f 


cos 9 sin 9 


This leads us to the following formula, giving the expression 
appearing in the well-known “ Laplace's ” or 44 potential ” equa¬ 
tion Au — 0 in terms of polar co-ordinates: 


Aw= u xx + u vv = u„ + u m 1 + u r - = 

r 1 r 


lid/ du\ 
r 2 [ dr \ dr) 


+ de 2 J‘ 


Of the formulae 

u r = u x X + Uy - = u x cos 9 -f- u y sin 9 , 
r r 

u e = -u x y-\- u y x— — Warsintf-f- u y rcos 9 , 


which express the rules for the differentiation of a function f(x, y) 
with respect to r and 0, the first is the expression for the 
derivative of f(x, y) in the direction of the radius vector r which 
we previously met with on p. 64 . 

In general, whenever we are given a series of relations defining 
a compound function, 

«=/(& V> ■ • •)> 

$ = <f>(x, y), 1? = y ),... 


we may regard it as an introduction of new independent variables 
x , y instead of £, rj, ... . Corresponding sets of values of the 
independent variables assign the same value to u 9 whether it is. 
regarded as a function of £, rj, ... or of x, y. 

In all cases involving the differentiation of compound functions 

«—/(£» ’?.•••) 


the following point must carefully be noted. We must distin¬ 
guish clearly between the dependent variable u and the func¬ 
tion /(£, rj ,. . .) which connects u with the independent variables 
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r ),... . The symbols of differentiation % ... have no mean¬ 

ing until the functional connexion between u and the indepen¬ 
dent variables is specified. When dealing with compound functions 
u —/(£, 7], .. .) = F(x, y), therefore, we really should not write 
U£, u v or u a u y , but should instead write f%, /, or F x , F y respec¬ 
tively. Yet for the sake of brevity the simpler symbols u v , 
u X) u y are often used when there is no risk that confusion will arise. 

The following example will serve to show that the result of differentiating 
a quantity depends on the nature of the functional connexion between 
it and the independent variables, that is, it depends on which of the 
independent variables are kept fixed during the differentiation. With the 
“ identical ” transformation £ = x, — y the function u — 2 c, -f- r\ 
becomes u = 2x + y> and we have u x = 2, u y — 1. If, however, we 
introduce the new independent variables £ = x (as before) and £ + tj = v, 
we find that u = z + v, so that u x — 1, u v — 1. That is, differentiation 
with respect to the same independent variable x gives different results in 
the two different cases. 

Examples 

1. Prove that the tangent plane to the quadric 

ax? + by 2 -f cz 2 = I 

at the point (x 0 , y Qy z 0 ) is 

axx 0 + byy 0 -f czz 0 = 1. 

2. If u = u(x t y) is the equation of a cone, then 

«x*“vv - “*v a = °- 

3. Prove that if a function f(x) is continuous and has a continuous 
derivative, then the derivative of the function 

m * i 

?(*)= /(*l) 1 

/(*2> *2 1 

vanishes for a certain value between x t and x 2 . 

4. Let f(x , y f z) be a function depending only on r = V (a? + y 2 + z 2 ), 
i.e. let f(x , y, z) = g (r). 

(a) Calculate f xx + f yy + f Z9 . 

(b) Prove that if f xx -f f yy -f- f zz — 0, it follows that/== - + b (where 

a and b are constants). r 

5. If f(x i, x 2f , xj = g(r) = g(Vfa* + x 2 2 + ... + % n 2 )), calculate 

fx x x 1 “b fx t x, “b • • • "b fx n x H 


(cf. Ex. 2, p. 58 ). 
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6 *. Find the expression for f xx -f f vv + f zz in three-dimensional polar 
co-ordinates, i.e. transform to the variables r 9 0 , 9 defined by 

x = r sin 0 cos 9 
y = r sin 0 sin 9 
z — r cosO. 

Compare with example 4(a). 

7. Prove that the expression 

fxx d" fyv 

is unchanged by rotation of the co-ordinate system. 

8 . Prove that with the linear transformation 

a? = a£ -f p?) 

V— T 5 4 - 8 r„ 

fxx( x > y)> fxy( x ' V)' fyy( x ’ y) are respectively transformed by the same law 
as the coefficients a, b , c of the polynomial 

ax 2 + 2 bxy -f- cy 2 . 


6 . The Mean Value Theorem and Taylor’s Theorem for 
Functions of Several Variables 

1. Statement of the Problem. Preliminary Remarks. 

We have already seen in Vol. I (Chapter VI, p. 320 et seq.) 
how a function of a single variable can be approximated to in the 
neighbourhood of a given point with an accuracy of order higher 
than the w-th, by means of a polynomial of degree n, the Taylor 
series, provided that the function possesses derivatives up to the 
(n + l)-th order. The approximation by means of the linear 
part of the function, as given by the differential, is only the first 
step towards this closer approximation. In the case of functions 
of several variables, e.g. of two independent variables, we may 
also seek for an approximate representation in the neighbourhood 
of a given point by means of a polynomial of degree n. In other 
words, we wish to approximate to f(x + h, y + k) by means of 
a “ Taylor expansion ” in terms of the differences h and k. 

By a very simple device this problem can be reduced to what 
we already know from the theory of functions of one variable. 
Instead of considering the function f(x + A, y + k), we introduce 
yet another variable t and regard the expression 

F(t)=f(x+ U , y + kt) 
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as a function of t, keeping x 9 y , h , and & fixed for the moment. 
As t varies between 0 and 1, the point with co-ordinates 
(x + lit, y + kt) traverses the line-segment joining ( x , y) and 
(x + h, y + k). 

We begin by calculating the derivatives of F(t). If we assume 
that all the derivatives of the function f(x, y) which we are about 
to write down are continuous in a region entirely containing 
the line-segment, the chain rule (section 5 , p. 71 ) at once gives 

F'(t) = hf x + kf v , 
F''(t)^h% x +2hkf xy +k*f yy , 


and, in general, we find by mathematical induction that the n-th 
derivative is given by the expression 

F ,n) (t) = h n U+ (j) h n ~ 1 Jcf x *~i v + Q + • • • + 

which, as on p. 68, can be written symbolically in the form 

F<”Ht) - m + kf v r\ 

In this last formula the bracket on the right is to be expanded by 
the binomial theorem and then the powers and products of the 

quantities ^ and ^ are to be replaced by the corresponding n-th 

d n f d n f 

derivatives - --, • .... In all these derivatives the argu- 

dx n ox n ~ l cy 

ments x + ht and y -f- kt are to be written in place of x and y. 


2 . The Mean Value Theorem. 


In forming our polynomial of approximation we start from 
a mean value theorem analogous to that which we already know 
for functions of one variable. This theorem gives a relation 
between the difference f(x -f h, y + k) — f(x, y) and the partial 
derivatives f x and f y . We expressly assume that these derivatives 
are continuous. On applying the ordinary mean value theorem 
to the function F(t) we obtain 


F(t) - F(0 ) 




t 
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where 0 is a number between 0 and 1, and from this it follows that 

/( ? _±fe > ,v+fa)-/(x 1 y) = hfx(x + m y + m) 

t 

+ kf v i x + Oht, y + Okt). 

If we put t = 1 in this, we obtain the required mean value theorem 
for functions of two variables in the form 

f(x + h,v+k) -~f(x, y) = hf x (x + Oh, y + Ok) + kf v (x + Oh, y+ Ok) 

= */*(£ y)+¥v(£> V)' 

That is, the difference between the values of the function at the 
points (x + h, y + k) and (x, y) is equal to the differential at an 
intermediate point (f, rj) on the line-segment joining the two points . 
It is worth noting that the same value of 0 occurs in both 
fx and f y . 

The following fact, the proof of which we leave to the reader, 
is a simple consequence of the mean value theorem. A function 
f(x, y) whose partial derivatives f x and f y exist and have the 
value 0 at every point of a region is a constant. 

3. Taylor’s Theorem for Several Independent Variables. 

If we apply Taylor’s formula with Lagrange’s form of the 
remainder (cf. Vol. I, Chapter VI, p. 324 ) to the function F(t) 
and finally put t = 1 , we obtain Taylor s theorem for functions of 
two independent variables, 

f(x + h,y+k) =f(x, y ) + {hf x (x, y) + kf v (x, y)} 

+ ~{h% x (x, y) + 2 hkf xv (x, y) + kj vv (x, y)}+ .. . 

+ i [h n f&(x, y) + ^ h^kfa «/)+... + *"/*•(*, y) ) 
+ Rn> 

where R» symbolizes the remainder term 

Rn = —p-ryi {hf x (x + 0 h, y+ 0 k) + kf y (x + 6 h, y + 0£)} ( " +1) , 
(n + I)! 

0 < 6 < 1. 


The homogeneous polynomials of degree i, 2, . . . , n, n + 1, 
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into which the increment f(x-\- h, y + k) — f(x, y) is thus split 
up, apart from the factors 

11 11 
1!’ 2!’ "•’»!’ (re+1)!’ 

arc respectively the first, second, . . . , w-th differentials 
df= hf x + kf y , 

<Pf= (¥* + ¥v) m = + m*v + k% y . 


d n f— (¥* + ¥v) (n) = h»-ikf x n- lv +... + k"U 

of f(x, y) at the point ( x , y) and the (n + l)-th differential 
d n f y at an intermediate point on the line-segment joining ( x , y) 
and (x + h , y k). Hence Taylor’s theorem can be written 
more compactly as 

f(x + h,y+k) =f(x, y) + df(x, y) -f i d 2 f(x, y) + ... 

+ d n f(x, y) + R n , 

where 

R n = 7 —r,., d n+x f(x + 6h,y+ 8k), 0 < 0 < 1. 

(re + 1)! 

In general the remainder Ii n vanishes to a higher order than the 
term d n f just before it; that is, as h 0 and k 0 we have 
R n = o{V(h 2 + 

In the case of Taylor’s theorem for functions of one variable 
the passage (n -> ) to infinite Taylor series played an im¬ 

portant part, leading us to the expansions of many functions in 
power series. With functions of several variables such a process 
is in general too complicated. Here to an even greater degree 
than in the case of functions of one variable we lay the stress 
rather on the fact that by means of Taylor’s theorem the incre¬ 
ment f(x + h , y- f A)—/(x, y) of a function is split up into 
increments df\ d 2 f, ... of different orders. 

Examples 

1 . Find the polynomial of the second degree which best approximates 
to the function sin x sin y in the neighbourhood of the origin. 

( E 912) 


7 
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2. If f(x, y) is a continuous function with continuous first and second 
derivatives, then 

f 0 h 2 

3. Prove that the function e~ vi * ikcv can be expanded in a series of the 
form 

£ — y n 

n-o n! 

which converges for all values of x and y and that 

(a) H n (x) is a polynomial of degree n (so-called Hermite polynomials). 

(b) Il' n (x) = 2nll n _ l {x). 

(c) -®n+i 2xH n 4- 2 w // n _ 1 = 0 . 

(d) H\ - 2xH' n + 2 nll n = 0 . 

4. Find the Taylor series for the following functions and indicate their 
range of validity: 

(a) - - - ; (b)e*+K 

1 — x — y 

7. The Application of Vector Methods 

Many facts and relationships in the differential and integral 
calculus of several independent variables take a decidedly 
clearer and simpler form if we apply the ideas and notation of 
vector analysis. We shall accordingly conclude this chapter with 
some discussion of the matter. 

1. Vector Fields and Families of Vectors. 

The step which connects vector analysis with the subjects 
just discussed is as follows. Instead of considering a single 
vector or a finite number of vectors, as in Chapter I (p. 3 ), we 
investigate a vector manifold depending on one or more con¬ 
tinuously varying parameters. 

If, for example, we consider a solid body occupying a portion 
of space and in a state of motion, then at a given instant each 
point of the solid will have a definite velocity, represented by a 
vector u. We say that these vectors form a vector field in the 
region in question. The three components of the field vector 
then appear as three functions 

Wifan % ^)> u 2(*h> x 2> x z)> z 2 , ^a) 
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of the three co-ordinates of position, which we here denote by 
(%, x 2 , x a ) instead of (x, y, z). 

A case of a velocity field is represented in fig. 8, which shows 



y 


in* 




Fig. 8.—The velocity field in a rotation 

the velocity field of a solid body rotating about an axis with 
constant angular velocity. 

The forces acting on the points of a moving solid body likewise 
form a vector field. As an example of a force field we consider 
the attractive force per unit mass exerted by a heavy particle, 
according to Newton’s law of gravitation. By Newton’s law 
all the vectors of this field of force are directed towards the 
attracting particle, and their lengths are inversely proportional 
to the square of the distance from the particle. 

If we pass to a new rectangular co-ordinate system by rotation 
of axes, all the vectors of the field will have new components with 
respect to the new system of axes. If the two co-ordinate systems 
are connected by equations of the form (Chapter I, section 1, p. 0) 

£1 ~ + 7 i^ 3 

£2 = a 2 X l + p2 X 2 + 72^3 

£3 = + P ' 3 X 2 + 73^3 

®i = CLi^i + a 2 £ 2 + <*36* 

X 2 ~ $ 2^2 ~t“ ^3^3 

X Z = 7l£l + 72^2 + 73^3 


or 
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respectively, then the relations between the components u^, u 2 , u 3 
with respect to the z-system and the components £ 2 , 

%2> &)> £3) respect to the new f-systein are 

given by the equations of transformation 

o>i = cqtq + fttfu 2 + y x ii 3 
oj 2 = a 2 u x + P 2 u 2 -f y 2 u 3 
n>3 — a 3 u x + fi‘s u 2 “I" 7 z u z 

and 

U x = cqcoj + a 2 co 2 + ct^ 

^2 — p 2 w 2 + &^3 

^3 = ri^i + y 2 ^2 + 73^3 

respectively. (Cf. Chap. I, p. 6.) The components <o v co 2 , o> 3 
in the new system thus arise from the introduction of the new 
variables and the simultaneous transformation of the functions 
representing the components in the old system. 

When in physical applications each point of a portion of space 
has assigned to it a definite value of a function u =/(z 1 , z 2 , z 3 ), 
such as the density at the point, and we wish to emphasize that 
the property is not a component of a vector, but on the contrary 
is a property which retains the same value although the co¬ 
ordinate system is altered, we say that the function is a scalar 
function or scalar, or, if we wish to emphasize the association 
between the values of the function and the points of the portion 
of space, we speak of a scalar field. Thus for every vector field u 
the quantity | u | 2 = uf 2 -f u 2 2 + u 3 2 is a scalar; for it represents 
the square of the length of the vector and therefore retains the 
same value independently of the co-ordinate system to which 
the components of the vector are referred. 

In the examples above the vector field u is given us to begin 
with, and its components with respect to any system of rect¬ 
angular co-ordinates are therefore determined. If, conversely, 
in a definite co-ordinate system, say an z-system, there are given 
three functions z 2 , z 3 ), u 2 (x v z 2 , z 3 ), u 3 (x v z 2 , z 3 ), these three 
functions define a vector field with respect to that system, the 
components of the field being given by the three functions. To 
obtain the expressions for the components oj v oj 2 , o> 3 in any 
other system we have only to apply the equations of transfoi 
mation deduced above. 
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In addition to vector fields, we also consider manifolds of 
vectors called families of vectors , which do not correspond to each 
point of a region in space, but are functions of a parameter L We 
express this by writing u — u(t). If we think of u as a position 
vector measured from the origin of co-ordinates in ^ 2 w 3 -space, 
then as t varies the final point of this vector describes a curve 
in space given by three parametric equations, 

Ui ~ <£(£), u 2 == ^3 ~ x(0- 

Vectors which depend on a parameter t in this way can be 
differentiated with respect to t. By the derivative of a vector 
u(t) we mean the vector u'(t) which is obtained by the passage 
to the limit 

l im + h) — u{t) 
h 0 h 


and which accordingly has the components 





We see at once that the fundamental rules of differentiation 
hold for vectors . Firstly, it is obvious that if 


then 


w = u + v 
w' = u' + v'. 


Further, the product rule applied to the scahr product 
of two vectors u and v, uv — u 1 v 1 + u 2 v 2 + u 3 v 3 (cf. p. 7 ), 
gives 


d 


(uv) 

dt 


= uv' + u'v. 


In the same way we obtain the rule 

d = [uv'] + [u'v] 
dt 


for the vector product. 
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2. Application to the Theory of Curves in Space. Resolution of a 
Motion into Tangential and Normal Components. 

We shall now make some simple applications of these ideas. 
If x{t) is a position vector in a^a^-space which depends on a 
parameter t, and therefore defines a curve in space, the vector 
x'(t) will be in the direction of the tangent to the curve at the 
point corresponding to t. For the vector x(t + h) — x(t) is in the 
direction of the line-segment joining the points (t) and (t + h) 

(cf. fig. 9 ); therefore so is the vector which differs 

h 

from it only in the factor 1/A. As h -> 0 the direction of 

this chord approaches the direc¬ 
tion of the tangent. If instead of 
t we introduce as parameter the 
length of the arc of the curve meas¬ 
ured from a definite starting-point, 
and denote differentiation with 
respect to s by means of a dot, we 
can prove that 

Xj 2 + x 2 + x 2 == 1; 
this may also be written in the form 

Fig. g. —Differentiation of the position XX = X 2 = 1 . 

vector of a curve 

The proof follows exactly the same 
lines as the corresponding proof for plane curves (cf. Vol. I, 
Chap. V, p. 280 ). The vector x is therefore of unit length. If 
we again differentiate both sides of the equation xx = 1 with 
respect to s, we obtain 

xx = 0. 

This equation states that the vector x with components 
x 2 (s), x 3 (s) is perpendicular to the tangent. This vector we call the 
curvature vector or principal normal vector , and its absolute value, 
that is, its length 

& = - = VW + *2 2 + *8 2 ). 

P 

we call the curvature of the curve at the corresponding point. 
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The reciprocal p = 1 /k of the curvature we call the radius of 
curvature , as before. The point obtained by measuring from the 
point on the curve a length p in the direction of the principal 
normal vector is called the centre of curvature . 

We shall show that this definition of the curvature agrees 
with that given in Vol. I, Chap. V (pp. 280 - 3 ). For x is a vector 
of unit length. If we think of the vectors x(s + h) and x(s) as 
measured from a fixed origin, then the difference x(s -f* h) — x(s) 
will be represented, as in fig. 9 , by the vector joining the final 
points of the vectors x(s) and x(s + h). If a is the angle between 
the vectors x(s) and x(s + h), the length of the vector joining 
their final points is 2 sin a/2, since #(«) and x(s + A) are both of 
unit length. Hence if we divide the length of this vector by a 
and let h -> 0, the quotient tends to the limit 1. Consequently 

lim a = lim 1 -\/{(*i(» + h) — x^s)) 2 + (x 2 (s + h) — x 2 (s)) 2 

h~> o h h —>o ri 

+ (4( s + A) — z 3 (s)) 2 }. 

Here the limit on the right is exactly \/(^i 2 + ^2 + ^3 2 )- 
But a/h is the ratio of the angle between the directions of 
the tangents at two points of the curve and the length of arc 
between those points, and the limit of that ratio is what we have 
previously defined as the curvature of the curve. 

The curvature vector plays an important part in mechanics. 
We suppose that a particle of unit mass moves along a curve* 
x(t), where t is the time. The velocity of the motion is then 
given both in magnitude and in direction by the vector x'(t) y 
where the dash denotes differentiation with respect to t. Similarly, 
the acceleration is given by the vector x'\t). By the chain rule 
we have 


(where the dot denotes differentiation with respect to 5), and also 

• d 2 s . .. / ds\ 2 


dc 4 - 

aU 2 


•• MY 

x \j) 

\dt / 


In view of what we already know about the lengths of x and 
x, this equation expresses the following facts: 

The “ acceleration vector ” of the motion is the sum of two 
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vectors. One of these is directed along the tangent to the curve, 

cPs 

and its length is equal to that is, to the acceleration of the 

ftp 

point in its path (the tangential acceleration). The other is directed 
towards the centre of curvature, and its length is equal to the 
square of the velocity multiplied by the curvature (the normal 
acceleration ). 

3. The Gradient of a Scalar. 

We now return to the consideration of vector fields and shall 
give a brief discussion of certain concepts which frequently arise 
in connexion with them. 

Let u = f(x v x 2 , x 3 ) be any function defined in a region of 
x i^2' T 3“ s P ace ; that is, according to the terminology previously 
adopted, u is a scalar quantity. We may now regard the three 
partial derivatives 

=/„> «2=/*,> W3=/ x , 

in the ^-system as forming the three components of a vector u. 
If we now pass to a new system of rectangular co-ordinates, the 
^-system, by rotation of axes, the new components of the vector 
u are given according to the formulas of p. 6 by the equations 

<*>1 = a l^l + Pl U 2 + 7l^3 
oj 2 = a 2 u 1 + fi 2 u 2 + y 2 u 3 
w 3 = a$x x + fi 3 u 2 + y 2 u 3 . 

On the other hand, if we introduce the rectangular co-ordinatos 
£ v £2, £3 as new independent variables in the function f(x v x 2 , x z ), 
the chain rule gives 

fh = fx 1 a 1 + fx t P 1 + f x y 1 

fu — f Xl a 2 + fxfi 2 + f x y 2 

f(, == fx l a S +fx t P 3 +fx,7S' 

Hence 

^1 =/f 1 » ^2 =/f # » ^3 =fu> 

and we thus see that in the new co-ordinate system also the 
components of the vector u are given by the partial derivatives 
of the function / with respect to the three co-ordinates. Thus 
to every function / in three-dimensional space there corresponds 
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a definite vector, whose components in any rectangular co¬ 
ordinate system are given by the three partial derivatives with 
respect to the co-ordinates. We call this vector the gradient of 
the function, and denote it by 

u = grad /. 

For a function of three variables the gradient is an analogue 
of the derivative for functions of one variable. 

In order to form a graphical idea of the meaning of the 
gradient, we shall form the derivative of the function in the 
direction (a 1? a 2 , a 3 ), where a l5 a 2 , a 3 are the three angles which 
this direction makes with the axes, so that cos 2 aj + cos 2 Og 
-)- cos 2 a 3 = 1 . For this derivative we have already obtained the 
expression 

D (n) f = fx, COS aj + f Xt COS 02 + fx, cos o 3 . 

If we think of a vector e of unit length in the direction (a 1? a 2 , a 3 ), 
this vector will have components e 1 = cos a v e 2 = cos a 2 , e 3 — cos a 3 . 
Thus for the derivative of the function in the direction (a v a 2 , a 3 ) 
we obtain the expression 

D (a) f= egrad/, 

the scalar product of the gradient and the unit vector in the 
direction (a v a 2 , a 3 ), i.e. the projection of the gradient on that 
vector (cf. Chap. I, p. 7 ). 

It is this fact that accounts for the importance of the concept 
of gradient. If, for example, we wish to find the direction in 
which the value of the function increases or decreases most 
rapidly, we must choose the direction in which the above expres¬ 
sion has the greatest or least value. This clearly occurs when 
the direction of e is the same as that of the gradient or is exactly 
opposite to it. 

Thus the direction of the gradient is the direction in which the 
function increases most rapidly , while the direction opposite to that 
of the gradient is that in which the function decreases most rapidly; 
the magnitude of the gradient gives the rate of increase or decrease. 

We shall return to the geometrical interpretation of the 
gradient in Chapter III (p. 124 ). We can, however, immedi¬ 
ately give an intuitive idea of the direction of the gradient. If 
in the first instance we confine ourselves to vectors in two dimen- 
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sions, we have to consider the gradient of a function/(x, y). We 
shall suppose that this function is represented by its contour 
lines (or level lines) 

f(x, y) = c 

in the xy-plane. Then the derivative of the function/(x, y) in the 
direction (cf. p. 62) of these level lines is obviously zero. For if 
P and Q are two points on the same level line, the equation 
f(P) ~f(Q) = 0 holds (the meaning of the symbols is obvious), 
and the equation will still hold if we divide both sides by h , the 
distance between P and Q, and then let h tend to 0. The projec¬ 
tion of the gradient in the direction of the tangent to the level 
line is therefore zero, and hence at every point the gradient is 
perpendicular to the level line through that point. An exactly 
analogous statement holds for the gradient in three dimensions. 
If we represent the function/(Xj, x 2 , x 3 ) by its level surfaces 

f( x 1? ~ c > 

the gradient has the component zero in every direction tangent 
to a level surface, and is therefore perpendicular to the level 
surface. 

In applications we frequently meet with vector fields which 
represent the gradient of a scalar function. The gravitational 
field of force may be taken as an example. 

If we denote the co-ordinates of the attracting particle by (£i, £ 2 , £ 3 ), 
those of the attracted particle by (x v x 2 , x 3 ), and their masses by m and 
M, the components of the force of attraction are given by the expressions 

Q _ 5l X 1 _ 

V«5i - *i) 2 + (5. - *2> a + (5a - x z n 

- s 2 

- *i) 2 + (5a - 

a _k=_5>_ 

° V«5i “ x i) 2 + (5> - * 2 ) 2 + (5, — i s )*}» 

Here C is a oonstant with the value ymM , where y is the “ gravitational 
constant ”. (The factors 

_ Z t-*i _______ . 

\7{(5i - *i)‘ + «. - *,)* + (5,- *,)*}' ’ 

are the cosines of the angles which the line through the two points makes 
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with the axes.) By differentiation we see at once that these components 
are the derivatives of the function 

G 

Vitti - *i) a + (5. - *s)* + (5s - 

with respect to the co-ordinates x v x 2 , x 3 respectively. The force vector 
apart from a constant factor is therefore the gradient of the function 

1 = _1_ 

r VttZl — *t) 2 + (%2 ~~ *2> 2 + X*) 2 } 

If a field of force is obtained from a scalar function by forming 
the gradient, this scalar function is often called the potential 
function of the field. We shall consider this concept from a 
more general point of view in the study of work and energy 
{Chapter V, p. .350, and Chapter VI, pp. 415, 468-81). 


4. The Divergence and Curl of a Vector Field. 


By differentiation we have assigned to every function or 
scalar a vector field, the gradient. Similarly, by differentiation 
we can assign to every vector field a certain scalar, known as the 
divergence of the vector field. Given a specific co-ordinate system, 
the x-system, we define the divergence of the vector u as the 
function 


div u — 


dx 1 dx 2 dxf 


i.e. the sum of the partial derivatives of the three components 
with respect to the corresponding co-ordinates. Suppose now 
that we change the co-ordinate system to the ^-system. If the 
divergence is really to be a scalar function associated with the 
vector field and independent of the particular co-ordinate system, 
we must have 


div u = 


, 3^2 i 
% % 


da) 3 


die 


where a> v o) 2 , co 3 are the components of u in the ^-system. In 
fact, the truth of the equation 

du^ du 2 , du^ _ dw 1 dw 2 , dco 3 
dx 1 + dx 2 + dx 3 d} 2 3f s 


can be verified immediately by applying the chain rule and the 
transformation formulae of p. 84. 
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Here we content ourselves with the formal definition of the 
divergence; its physico-geometrical interpretation will be dis¬ 
cussed later (Chapter V, section 5, p. 388). 

We shall adopt the same procedure for the so-called curl* 
of a vector field. The curl is itself a vector 

r — curl u 


whose components r v r 2 , r 3 are defined by the equations 

_ du 3 du 2 __ dui — du 3 _ du 2 __ 3 u x 

1 dx 2 8 x 3 ’ Tq dx 3 dx 1 i 3 dx x dx 2 

In order to show that our definition actually gives a vector 
independent of the particular co-ordinate system, we could verify 
by direct differentiation that the quantities 

_ dco 3 dcu 2 _ 8co 1 da) 3 _3o> 2 Sa) x 

pi ~df 2 ~df a ’ P 2 ~w 3 ~dZi’ 


which define the curl in terms of the new co-ordinates, are con¬ 
nected with the quantities r v r 2 , r 3 by the equations of transfor¬ 
mation for vector components. Here, however, we shall omit 
these computations, since in Chapter VI, section 6 (p. 396) we 
shall give a physical interpretation of the curl which clearly 
brings out its vectorial character. 

The three concepts of gradient, divergence, and curl can all 
be related to one another if we use a symbolic vector with the 
3 3 3 

components —, —, —. This symbolic vector is often called 
oXj 3x 2 3x 3 


nabla | and is denoted by the symbol V. The gradient of a scalar 
field f(x l5 x 2 , x 3 ), grad /, is the product V/ of the scalar quantity 
f and the symbolic vector V, that is, it is a vector with the com¬ 
ponents 


3/ 

dx,’ 


3/ 

Sx 2 ’ 


9x,‘ 


The curl of a vector field u(x ,, x 2 , x 3 ), curl u, is the vector product 
[V#] of the vector u and the symbolic vector V; finally, the 
divergence is the scalar product 

div„=v« = 

dx 1 dx 2 dx 3 

• Often called rotation (with the abbreviation rot), 
f After a Hebrew stringed instrument of similar shape. 
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In conclusion we mention a few relations which constantly 
Tecur. The curl of a gradient is zero; in symbols 

curl grad / = 0. 

As we easily see, this relation follows from the reversibility of 
the order of differentiation. 

The divergence of a curl is zero; in symbols 

div curl u = 0. 


This also follows directly from the reversibility of the order of 
differentiation. 

The divergence of a gradient is an extremely important expres¬ 
sion frequently occurring in analysis, notably in the well-known 
“ Laplace’s ” or “ potential equation It is the sum of the 
three “ principal ” second-order partial derivatives of a function; 
in symbols 


div grad/= A/ = 


i 2 /, 

dx x 2 



dy 

dx? 


where A/ is written as an abbreviation for the expression on the 
right.* The symbol 

a a 2 , a 2 , a 2 

dxi 2 dx 2 2 dx 3 2 

is called the Laplacian operator. 

Finally, we may mention that the terminology of vector 
analysis is often used in connexion with more than three inde¬ 
pendent variables; thus a system of n functions of n independent 
variables is sometimes called a vector field in n-dimensional 
space. The concepts of scalar multiplication and of the gradient 
then retain their meanings, but in other respects the state of 
affairs is more complicated than in the case of three dimensions. 


Examples 

1. Find the equation of the so-called osculating plane of a curve 
x = f(t), y = g(t) t z — h(t) at the point i.e. the limit of the planes passing 
through three points of the curve as these points approach the point with 
parameter t 0 . 

2. Show that the curvature vector and the tangent vector both lie in 
the osculating plane. 


* The notation V 2 / is also used. 
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3*. Let x — x (s) be an arbitrary curve in space, such that the vector 
x(s) is three times continuously differentiable (s is the length of arc). 
Find the centre of the sphere of closest contact with the curve at the 
point s. 

4. If G is a continuously differentiable closed curve and A a point 
not on G, there is a point B on G which has a shorter distance from A 
than any other point on G. Prove that the line AB is normal to the 
curve. 

5. If x = x(s) is a curve on a sphere of unit radius, the equation 

x 2 ( x l — ic 4 ) = ([xx}ic) 2 

holds. 

6. If x = x(t) is any parametric representation of a curve, then the 
(Px 

vector — with initial point x lies in the osculating plane at x . 

(tl 

7. The limit of the ratio of the angle between the osculating planes 
at two neighbouring points of a curve and the length of arc between 
these two points, i.e. the derivative of the unit normal vector with 
respect to the arc (s), is called the torsion of the curve. Let 5i(*)» % 2 ( s ) 
denote the unit vectors along the tangent and the curvature vector of the 
curve *(«); by 5 3 (6*) we mean the unit vector orthogonal to ^ and £ 2 
(the so-called binormal vector), which is given by [SjSJ* Prove Frenet’s 
formulae 

^1 = ^2 / P > 

?2 ~ —5l/P + ^3 h* 

?3 == “?2 / T > 

where 1 /p = h is the curvature and 1 /t the torsion of x(s). 

8. Using the vectors % v ? 2 , 5s of Ex. 7 as co-ordinate vectors, find 
expressions for (a) the vector x, (b) the vector from the point x to the 
centre of the sphere of closest contact at x. 

9. Show that a curve of zero torsion is a plane curve. 

10 # . Prove that if 2 = u(z, y) represents the surface formed by the 
tangents of an arbitrary curve, then (a) every osculating plane of the curve 
is a tangent plane to the surface; ( b) u(x, y) satisfies the equation 

~ u xy z = 0 . 

11. Prove that 

curl curl u = grad div u — Aw. 
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Appendix to Chapter II 

1. The Principle of the Point of Accumulation in Several 
Dimensions and its Applications 

If we wish to refine the concepts of the theory of functions 
of several variables and to establish it on a firm basis, without 
reference to intuition, we proceed in exactly the same way as in 
the case of functions of one variable. It is sufficient to discuss 
these matters in the case of two variables only, since the methods 
are essentially the same for functions of more than two inde¬ 
pendent variables. 

1. The Principle of the Point of Accumulation. 

We again base our discussion on Bolzano and Weierstrass’s 
principle of the point of accumulation. A pair of numbers ( x , y) 
will be called a point P in space of two dimensions, and may be 
represented in the usual way by means of a point with the rect¬ 
angular co-ordinates x and y in an cry-plane. We now consider 
a bounded infinite set of such points P(x, y); that is, the set 
is to contain an infinite number of points, and all the points are 
to lie in a bounded part of the plane, so that | x | < C and | y | < C, 
where C is a constant. The principle of the point of accumulation 
can then be stated as follows: every bounded infinite set of 'points 
has at least one point of accumulation. That is, there exists a point 
Q with co-ordinates (f, 77 ) such that an infinite number of points 
of the given set lie in every neighbourhood of the point Q , say 
in every region 

| x — f | < 8 , | y — ^ 7 1 < S 

where S is any positive number. Or, in other words, out of the 
infinite set of points we can choose a sequence Pi,p 2 ,r 3 ,-. . in such 
a way that these points approach a limit point Q. 

This principle of the point of accumulation is just as intuitively 
clear for several dimensions as it is for one dimension. It can be 
proved analytically by the method used in the corresponding 
proof in Vol. I (p. 58), merely by substituting rectangular regions 
for the intervals used there. An easier proof can be constructed, 
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however, by using the principle of the point of accumulation 
for one dimension. To do this we notice that by hypothesis every 
point P(x, y) of the set has an abscissa x for which the inequality 
j x | < C holds. Either there is an x = x 0 which is the abscissa 
of an infinite number of points P (which therefore lie vertically 
above one another) or else each x belongs only to a finite number 
of points P. In the first case, we fix upon x Q and consider the 
infinite number of values of y such that (sc 0 , y) belongs to our 
set. These values of y have a point of accumulation rj 0i by the 
principle of the point of accumulation for one dimension. Hence 
we can find a sequence of values of y, say y v y 2 , . . . , such that 
y n -* Vo> from which it follows that the points (x 0 , y n ) of the set 
tend to the limit point ( x 0 , r] Q ), which is thus a point of accumu¬ 
lation of the set. In the second case, there must be an infinite 
number of distinct values of x which are the abscissae of points 
of the set, and we can choose a sequence x v x 2 , . . . of these 
abscissae tending to a unique limit f. For each x n let P n (x n , y n ) 
be a point of the set with abscissa x n . The numbers y n are an 
infinite bounded set of numbers; hence we can choose a sub¬ 
sequence jy Wj , y n% , . . . tending to a limit 77 . The corresponding 
sub-sequence of abscissae x ni , x n% ,... still tends to the limit £; hence 
the points P Wt , P nj , . . . tend to the limit point (£, 77 ). In either 
case, therefore, we can find a sequence of points of the set tending 
to a limit point, and the theorem is proved. 

A first and important consequence of the principle of the 
point of accumulation is Cauchy’s convergence test , which can be 
expressed as follows: 

A sequence of'points P x , P 2 , P 3 , . . . with the co-ordinates (x l5 y x ), 
(x 2 , y 2 ), (x 3 , y 3 ), . . . tends to a limit point if ‘ and only if, for every 
e > 0 there is a suffix N — N(e) such that the distance between 
the points P n and P m , v / (x n — x m ) 2 +"(y n — y m ) 2 , is less than 
€ whenever both n and m are greater than N. 

2. Some Concepts of the Theory of Sets of Points. 

The general concept of a limit point is fundamental in many 
of the more refined investigations of the foundations of analysis 
based on the theory of sets of points. Although these matters 
are not essential for most of the purposes of this book, we shall 
mention some of them here for the sake of completeness. 

A bounded set of points, consisting of an infinite number of 
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points, is said to be closed if it contains all its limit points; that 
is, limit points of sequences of points of the set are again points 
of the set. For example, all the points lying on a closed curve 
or surface form a closed set. For functions defined in closed sets 
we can state the two following fundamental theorems: 

A function which is continuous in a bounded closed set of 
points assumes a greatest and a least value in that set . 

A function which is continuous in a bounded closed set is 
uniformly continuous in that set . 

The proofs of these theorems are so like the corresponding 
proofs for functions of one variable that we shall omit them. 

The least upper bound of the distance between the points P 1 
and P 2 for all pairs of points P v P 2 , where both points belong to a 
set, is called the diameter of that set. If the set is closed, this 
upper bound will actually be assumed for a pair of points of the 
set. The student will be able to prove this easily, remembering 
that the distance between two points is a continuous function 
of the co-ordinates of the points. 

By using the theorem that a continuous function on a bounded 
closed set does assume its least value, we can readily establish 
the following fact: if a point P does not belong to a closed set M , 
a positive least distance, from P to M exists) that is, a point Q of 
M exists such that no point of M has a smaller distance from P 
than Q has. This enables us to show that the closed regions 
defined in section 1 (p. 41) are actually closed sets according 
to the definition here. For let C be a closed curve, and let R be 
the closed region consisting of all points interior to C or on C; 
we have to show that all the limit points of R belong to R. We 
assume the contrary, i.e. that there is a point P not belonging to 
R which is a limit point of R. Then, in particular, P does not lie 
on C; hence by the theorem above it has a positive least distance 
from C (C being a closed set). We can therefore describe a circle 
about P as centre, so small that no point of C lies in the circle; 
we have only to make the radius of the circle less than the 
least distance from P to C. The point P is outside C, since 
otherwise it would belong to R; and since every point in the 
small circle can be joined to P by a line-segment which does 
not cross the curve C, every point of the circle lies outside C, 
and so no point of the circle belongs to R. But we assumed that 
P is a limit point of R , which requires that the circle should 

(E 912) 8 
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contain an infinite number of points of R. Hence the assumption 
that there is a limit point of R which does not itself belong to R 
leads to a contradiction, and our assertion is proved. The extension 
to closed regions R bounded by several closed curves is obvious. 

A useful property of closed sets is contained in the theorem 
on shrinking sequences of closed sets: 

If the sets M*, M 2 , M s , . . . are all closed , and each set is con¬ 
tained in the preceding one, then there is a point (£, 77) which, belongs 
to all the sets. 

In each of the sets M n let us choose a point P n . The sequence 
P n must either contain an infinite number of repetitions of some 
one point, or else an infinite number of distinct points. If 
one point P is repeated an infinite number of times, then it 
belongs to all the sets; for if M n is any one of the sets, P belongs 
to a set HI n , where rq > n, and M Ui is contained in M n . If 
there are an infinite number of distinct points P n . then by the 
principle of the point of accumulation they possess a point of 
accumulation (£, 77). This point belongs to each M n . For when¬ 
ever m > n the point P m belongs to M n , since it is a point of 
M m which is contained in M n . Hence (£, 77) is a limit point of 
points P m of M n> and since M n is closed, (£, 77) is a point of M n . 
Thus in either case there exists a point common to all the sets 
M n , and the theorem is proved.* 

A set is said to be open if for every point of the set we can find 
a circle about the point as centre which belongs completely to 
the set. An open set is connected if every pair of points A and B 
of the set can be joined by a broken (polygonal) line which 
lies entirely in the set. 

The word “ domain ” is often used with the restricted 
meaning of a connected open set. As examples we have the. 
interior of a closed curve, or the interior of a circle with the 
points of a radius removed. The points of accumulation of 
a domain which do not themselves belong to the domain are 
called the boundary points. The boundary B of a domain D is a 
closed set. Here we shall sketch the proof of this statement. 

* The assumption that the sets M n are closed is essential, as the following 
example shows. Let M n be the set 0 < x < Each set is contained in the 
preceding, but no point belongs to all the sets. For ii x — 0 the point belongs 
to no set, ‘While if x > 0 it belongs to no set M n for which ~ < as. 
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A point P which is a limit point of B does not belong to D, 
for every point of D lies in a circle composed only of points of 
D and hence devoid of points of B . It is also a limit point of Z), 
for arbitrarily close to P we can find a point Q of B, and arbi¬ 
trarily close to Q we can find points of I). Hence P belongs 
to B. 

If to a domain D we add its boundary points B , we obtain a 
closed set. For every limit point of the combined set is either 
a limit point of B and belongs to B, or is a limit point of D 
and belongs either to D or to B. Such sets are called closed 
regions , and are particularly useful for our purposes. 

Finally, we define a neighbourhood of a point P as any open 
set containing P. If we denote the co-ordinates of P by (£, rj ), 
tin 1 two simplest examples of neighbourhoods of P are the circular 
neighbourhood, consisting of all points ( x , y) such that 

(x — I) 2 + (y— T)f < 8 2 , 

and the square neighbourhood, consisting of all points (x, y) such 
that 

| x — £ | < S and | y — 77 1 < 8. 

3 . The Heine-Borel Covering Theorem. 

A further consequence of the principle of the point of accumu¬ 
lation, which is useful in many proofs and refined investigations, 
is the Hevne-Borel covering theorem , which runs as follows: 

If corresponding to every point of a bounded dosed set M a 
neighbourhood of the point , say a square or a circle , is assigned , 
it is possible to choose a finite number of these neighbourhoods in 
such a way that they completely cover M. The last statement of 
course means that every point of M belongs to at least one of 
the finite number of selected neighbourhoods. 

By an indirect method the proof can be derived almost im¬ 
mediately from the theorem on shrinking closed sets. We suppose 
that the theorem is false. The set M % being bounded, lies in a 
square Q. This square we subdivide into four equal squares. 
For at least one of these four squares, the part of M lying in or 
on the boundary of that square cannot be covered by a finite 
number of the neighbourhoods; for if each of the four parts of 
M could be covered in this way, M itself would be covered. 
This part of M we call M v and we see at once that M x is closed. 



100 


FUNCTIONS OF SEVERAL VARIABLES [Chap. 


We now subdivide the square containing M x into four equal 
squares. By the same argument, the part M 2 of M 1 lying in or on 
the boundary of one of these squares cannot be covered by a 
finite number of the neighbourhoods. Continuing the process, 
we obtain a sequence of closed sets M v M 2 , M s , . . . , each en¬ 
closed in the preceding; each of these is contained in a square 
whose side tends to zero, and none of them can be covered by a 
finite number of the neighbourhoods. By the theorem on shrink¬ 
ing sequences of closed sets we know that there is a point (£, rj) 
which belongs to all these sets, and hence a fortiori belongs 
to M. To the point (f, 77 ) there accordingly corresponds one of 
the neighbourhoods, containing a small square about (f, 77 ). 
But since each M n contains (f, 77 ) and is itself contained in a 
square whose side tends to 0 as 1 jn does, each M n after a certain 
n is completely contained in the small square about (£, 77), and 
is therefore covered by one neighbourhood of the set. The assump¬ 
tion that the theorem is false 4 has therefore led to a contradiction, 
and the theorem is proved. 


Examples 

1. A convex region R may he defined as a bounded and closed region 
with the property that if A, B are any two points belonging to R, all 
points of the segment AB belong to R. Prove the following state¬ 
ments: 

(a) * If A is a point not belonging to R , there is a straight line 
passing through A which has no point in common with R. 

(b) * Through every point P on the boundary of R there is a straight 
line l (a so-called “line of support”) such that all points of R lie on one 
and the same side of l or on l itself. 

(c) If a point A lies on the same side of every line of support as the 
points of R, then A is also a point of R. 

(d) The centre of mass of R is a point of R. 

(e) A closed curve forms the boundary of a convex region, provided 
that it has not more than two points in common with any straight line. 

(/)* A closed curve forms the boundary of a convex region, provided 
that its curvature is everywhere positive. (It is assumed that if the 
whole curve is traversed the tangent makes one complete revolution.) 

2. (a) If S is an arbitrary closed and bounded set, there is one “ least 
convex envelope ” E of 8, i.e. a set which 

(1) contains all points of 8, 

(2) is contained in all convex sets containing 8, 

(3) is convex. 
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(b) E may also be described in the following way: 

A point P is in E if, and only if, for every straight line which leaves 
all points of 8 on one and the same side, P is also on this side. 

(c) The centre of mass of 8 is a point of E. 


2. The Concept of Limit for Functions of 
Several Variables 

We shall find it useful to refine our conceptions of the various 
limiting processes connected with several variables and to consider 
them from a single point of view. Here we again restrict our¬ 
selves to the typical case of two variables. 

1. Double Sequences and their Limits. 

In the case of one variable we began with the study of se¬ 
quences of numbers a n , where the suffix n could be any integer. 
Here double sequences have a corresponding importance. These 
are sets of numbers a nm with two suffixes, where the suffixes m 
and n run through the sequence of all the integers independently 
of one another, so that we have e.g. the numbers 

®12’ ®13> ^22’ fl 31> ^14? **23> * • • • 


Examples of such sequences are the sets of numbers 


^nrn ~ 5 

n + m 


n 2 + nr 


n + m 


We now make the following statement: 

The double sequence a nm converges as n -> oo and m -> oo to 
a limit, or more precisely a “ double limit ”, l if the absolute 
difference | a nm — 1 1 is less than an arbitrarily small pre-assigneA 
positive number e whenever n and m are both sufficiently large , that 
is , whenever they are both larger than a certain number N depend¬ 
ing only on e. We then write 

lira a nm = l. 

n —> so 
m—><3o 


lim -_L_ 
n-~> oo n -f- m 


= 0 


Thus, for example, 
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m + n 2 
lmi - 
7 _>c/ mn 1 


= lim 

n —v -/• 
w —>■ x 



-0. 


Following Cauchy, we can determine, without referring to the 
limit, whether the sequence converges or not, by using the 
following criterion: 

The sequence a nm converges if, and only if for every e > 0 
a number N — N(e) exists such that | a nm — a nW | < € whenever 
the four suffixes n, m, n', m' are all greater than N. 

Many problems in analysis involving several variables depend 
on the resolution of these double limiting processes into two 
successive ordinary limiting processes. In other words, instead 
of allowing n and m to increase simultaneously beyond all bounds, 
we first attempt to keep one of the suffixes, say m, fixed, and let 
n alone tend to oo . The limit thus found (if it exists) will in 
general depend on m; let us say that it has the value l m . We 
now let m tend to oo . The question now arises whether, and 
if so when, the limit of l m is identical with the original double 
limit, and also the question whether we obtain the same result, 
no matter which variable we first allow to increase; that is, 
whether we could have first formed the limit lim a nm = A n and 

m—>cc 

then the limit lim A„ and still have obtained the same result. 

n— 


We shall begin by gaining a general idea of the position from a 

few examples. In the case of the double sequence a nm = .* , when 

n -}- w 

m is fixed we obviously obtain the result lim a nni l m = 0, and therefore 

«—>-x 

lim l m = 0; the same result is obtained if we perform the passages to the 

W—• 


limit in the reverse order. For the sequence 


1 



however, we obtain 


lira a nm — l m — l 

n—y 


and consequently 


lim l m — 1; 

n —>■* 


while on performing the passages to the limit in the reverse order we first 
obtain 
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lim a„„, = X„ = 0 

and then 

litn = 0. 

In this case, then, the result of the successive limiting processes is not 
independent of their order: 

lim (lim a nm ) * lim (lim a„ m ). 

m —>-x n —>■=» n — m — 

In addition, if we let n and m increase beyond all bounds simultaneously, 
we llnd that the double limit fails to exist.* 

Another example is given by the sequence 

sin n 

a «m ~ 

Here the double limit lim a nm exists and lias the value 0, since the nu¬ 


merator of the fraction can never exceed 1 in absolute value, while the denomi¬ 
nator increases beyond all bounds. We obtain the same limit if we first let w 
tend to oo; we find that lim a nm = \ = 0, so that lim = 0. If, how- 

m —> v. n —> x 

ever, we wish to perform the passages to the limit in the reverse order, keeping 
m fixed and letting n increase beyond all bounds, we encounter the difficulty 
that lim sinw does not exist. Hence the resolution of the double limiting 

71 -> X 

process into two ordinary limiting processes cannot be carried out in both 
ways. 

The position can be summarized by means of two theorems. 
The first of these is as follows: 

If the double limit lim a nm — l exists, and the simple limit 

n —>■ x 
m —> <x 

lim a nm = l m exists for every value of m, then the limit lim l m 

n —> ce m —y 

also exists, and lim l m = Z. Again, if the double limit exists and 

m —y 00 

has the value Z, and the limit lim a nm = A n exists for every value 

m—>00 

of n, then lim A n also exists and has the value Z. In symbols: 

n —> «c 

l = lim a nm = lim (lim a nm ) = lim (lim a nm ); 

n —y oo m —y 00 n —y x v —> x w —> x 

m—>oc 


* For if such a limit existed it would necessarily have the value 0, since 
we can make a nm arbitrarily close to 0 by choosing n large enough and choosing 
m — n a . On the other hand, a nm $ whenever n * m, no matter how large 
n is. These two facts contradict the assumption that the double limit exists. 
But even when lim (lim a nm ) = lim (lim a nm ) the double limit lim a nm may 

m — van w — >or » — >ac m — n — 


(» — m) “f A' 


fail to exist, as is shown by the example a nm = 
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the double limit can be resolved into simple limiting processes 
and this resolution is independent of the order of the simple 
limiting processes. 

The proof follows almost at once from the definition of the 
double limit. In virtue of the existence of lim a nm = Z, for every 

w—> qo 
m—> co 

positive € there is an A =■ A 7 (e) such that the relation | a nm — Z | < e 
holds whenever n and m are both larger than N . If we now 
keep m fixed and let n increase beyond all bounds, we find 
that | lim a nm — 1 1 = | l m — ■ 1 1 €. This inequality holds for 

n—> v; 

any positive € provided only that m is larger than N(e); in 
other words, it is equivalent to the statement lim (lim a nm ) — Z. 

m —> oo n —> co 

The other part of the theorem can be proved in a similar 
way. 

The second theorem is in some respects a converse of the 
first. It gives a sufficient condition for the equivalence of a 
repeated limiting process and a double limit. This theorem 
is based on the concept of uniform convergence, which we define 
as follows: 

The sequence a nm converges as n -> oo to the limit l m uniformly 
in m, 'provided that the limit lim a nm = l m exists for every m and in 

n— 

addition for every positive e it is possible to find an N = N(e), 
depending on e but not on m, such that | l m — a^ | < € 'whenever 
22 >N. 


For example, the sequence a n 


uniformly to the limit l n 


m(n + m) rn n -f- m 


converges 


—, as we see immediately from the estimate 
rn 


a rm “ 
m 


1 1 

.. < 

n -f- m n 


we have only to put N On the other hand, the condition for uniform 

e 

convergence does not hold in the case of the sequence a nm = — 7 ^~~-. For 

m -f* n 

fixed values of m the equation lim a nm = l m ■= 0 is always true; but the 

n —> ao 

convergence is not uniform. For if any particular value, say 1 /KK), is 
assigned to e, then no matter how large a value of n we choose there are 
always values of m for which | a nm — l m | = a nm exceeds e. We have 
only to take m = 2n to obtain a nm = 5, which is a value differing from 
the limit 0 by more than 1/100. 
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We now have the following theorem: 

If the limit lim a nm = l m exists uniformly with respect to m, 

n —> x> 

and if further the limit lim l m — l exists , then the double limit lim a nm 

m —>qo n—>» 

exists and has the value l: m->» 

lim (lim a nm ) = lim a nm . 

m —> 00 n —> m n —> oo 

m —> co 

We can then reverse the order of the passages to the limit , provided 
that lim a nm — A n exists. 

m—> 00 

By making use of the inequality 

I a nm ^1^1 a nm | + | I'm H 

the proof can be carried out just as for the previous theorem, 
and we accordingly leave it to the reader. 

2. Double Limits in the Case of Continuous Variables. 

In many cases limiting processes occur in which certain suffixes, 
e.g. w, are integers and increase beyond all bounds, while at the 
same time one or more continuous variables x, y, . . . , tend to 
limiting values £, rj, . . . . Other processes involve continuous 
variables only and not suffixes. Our previous discussions apply 
to such cases without essential modification. We point out in the 
first instance that the concept of the limit of a sequence of func¬ 
tions f n (x) or f n (x, y) as n -> 00 can be classified as one of these 
limiting processes. We have already seen (Vol. I, Chap. VIII, 
p. 393 —the definition and proofs can be applied unaltered to 
functions of several variables) that if the convergence of the 
sequence f n (x) is uniform the limit function f(x) is continuous, 
provided that the functions f n (x) are continuous. This continuity 
gives the equations 

/(!)= lim /( x)= lim (lim f n (x}) = lim /„(£)= lim (lim /„( x)), 

x —>£ n—>ao n->oo n—>00 jc—>£ 

which express the reversibility of the order of the passages to the 
limit ft -> 00 and x -> 

Further examples of the part played by the question of the reversibility 
of the order of passages to the limit have already occurred, e.g. in the 
theorem on the order of partial differentiation, and we shall meet with 
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other examples later. Here we mention only the case of the function 


/(*. y) = 


^- y* 

x 2 -f y 2 


For fixed non-zero values of y we obtain the limit lim f(x, y)= — ], while 

*—>0 

for fixed non-zero values of x we have lim f(x, y) = -J-1. Thus 

*-><) 

lim (lim/(a;, y)) 4= lim (lhnf(x f y)) t 

y —>0 X — >0 X —>0 y —>0 

and the order of the passages to the limit is not immaterial. This is of 
course connected with the discontinuity of the function at the origin. 

In conclusion we remark that for continuous variables the 
resolution of a double limit into successive ordinary limiting pro¬ 
cesses and. the reversibility of the order of the passages to the limit 
are controlled by theorems which correspond exactly to those estab¬ 
lished on p. 103 for double sequences . 


3. Dini’s Theorem on the Uniform Convergence of Monotonic 
Sequences of Functions. 

In many refined analytical investigations it is useful to be 
able to apply a certain general theorem on uniform convergence, 
which we shall state and prove here. We already know (Vol. I, 
p. 387 et seq.) that a sequence of functions may converge to a 
continuous limit function, even though the convergence is not 
uniform. In an important special case, however, we can conclude 
from the continuity of the limit that the convergence is uniform. 
This is the case in which the sequence of functions is monotonic, 
that is, when for all fixed values of x the value of the function 
f n (x) either increases steadily or decreases steadily as n increases. 
Without loss of generality we may assume that the values increase , 
or do not decrease, monotonically; we can then state the follow¬ 
ing theorem: 

If in the closed region R the sequence of continuous functions 
f n (x, y) converges to the continuous limit function f(x, y), and if 
at each point (x, y) of the region the inequality 

f n +i(*> y) = fn{%> y) 

holds , then the convergence is uniform in R. 

The proof is indirect, and is a typical example of the use 
of the principle of the point of accumulation. If the convergence 
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is not uniform, a positive number a will exist such that for arbi¬ 
trarily large values of n —say for all the values of n belonging 
to the infinite set n v n 2 , . . .—the value of the function at a 
point P n in the region, / n (P n ), differs from/(P n ) by more than a. 
If we let n rim through the sequence of values n v n 2 , ... , the 
points P Wl , P Wjj , . . . will have at least one point of accumulation 
Q ; and since R is closed, Q will belong to R. Now for every point 
P in R and every whole number /z we have 

f(P) ^/ M (P) + fi M (P), 

where/ M (P) and the “ remainder ” P M (P) are continuous functions 
of the point P. In addition, 

K(P) ^ Rn(P), 

whenever n > fx , as we assumed that the sequence increases 
monotonically. In particular, for n > /z the inequality 

R^(P n ) ^ R n (P n ) ^ a 

will hold. If we consider the sub-sequence P Wi , P n ^ P n , . . . 
of the sequence which tends to the limit point Q , on account of 
the continuity of R t for fixed values of /x we also have R IX (Q) r5 a. 
Since in this limiting process the suffix n increases beyond all 
bounds, we may take the index /z as large as we please, for the 
above inequality holds whenever n > p,, and in the sequence of 
points P n tending to Q there are an infinite number of values 
of the suffix ft, hence an infinite number of values of n greater 
than jjL. But the relation RJiQ) ^ a for all values of fx contradicts 
the fact that R^Q) tends to 0 as g increases. Thus the assump¬ 
tion that the convergence is non-uniform leads to contradiction, 
and the theorem is proved. 


Examples 

1. State whether the following limits exist: 

(a) Jim 

n —> cr (log ft) 2 -f (log /ft) 3 

m —> ao 


(6) 



tan ft + tan ft* 

1 — tan^ tanm’ 
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2 . Prove that a function f(x , y) is continuous, if 
(«) when y is fixed / is a continuous function in x; 

(b) when x is fixed / is uniformly continuous in y, in the sense that 
for every e there is a 8 , independent of x and y, such that 

I J(*> Vi) - f(x> V) l^e 

when 

3. Prove that f(x , y) is continuous at x = 0, y = 0, if the function 
9 ) — f(t cos 9 , t sin 9 ) is 

(fz) a continuous function of t w^hen 9 is fixed; 

(b) uniformly continuous in 9 when t is fixed, so that for every e there 
is a 8 , independent of t and 9 , such that 

?,)- «>(<, 9)1 

when 

19i - 9 I ^ 

4. Prove that the complementary set of a closed set S (i.e. the set of 
all points not in 8) is an open set. 


3. Homogeneous Functions 

We finally touch on one other special point, the theory of 
homogeneous functions. The simplest homogeneous functions 
occurring in analysis and its applications are the homogeneous 
polynomials in several variables. We say that a function of the 
form ax -f~ by is a homogeneous function of the first degree in 
x and y , that a function of the form ax 2 + bxy -f- cy 2 is a homo¬ 
geneous function of the second degree, and in general that a 
polynomial in x and y (or in a greater number of variables) is a 
homogeneous function of degree h if in each term the sum of the 
indices of the independent variables is equal to h, that is, if the 
terms (apart from constant coefficients) are of the form x h , 
x h ~ l y , x h ~ 2 y 2 , . . . , y h . These homogeneous polynomials have the 
property that the equation 

f(tx, ty) = t h f(x, y) 

holds for every value of t. We now say in general that a 
function f(x, y, . . .) is homogeneous of degree h if it satisfies 
the equation 

f(tx , ty , . . .) = t h f(x, y , . . .). 
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Examples of homogeneous functions which are not polynomials are 
tan^, (h = 0), 


r 2 sin* -f y's/• # 2 4 - V 2 log * —-, (h ■-= 


2 ). 


y x 

Another example is the cosine of the angle between two vectors with the 
respective components x, y, z and u y v, w: 


xu -j- yv 4- zw 


\/x 2 + y 2 4 - z 2 y/u z -f v 2 4* w2 ’ 
The length of the vector with components x, y, z, 

V* 2 4 - y 2 + z 2 > 


(h = 0 ). 


is an example of a function which is positively homogeneous and of the 
first degree; that is, the equation defining homogeneous functions does 
not hold for this function unless t is positive or zero. 


Homogeneous functions which are also differentiable satisfy 
the characteristic Eider's relation 

xfx + yfv+ zfz+ ■ ■ • = hf(x, y,z, . . .)■ 


To prove this we differentiate both sides of the equation. 
f{tx, ty , ...)== t h f(x, y , . . .) with respect to t\ this is per¬ 
missible, since the equation is an identity in t. Applying the 
chain rule to the function on the left, we obtain 

xf x {tx, ty, . . .) + yfvitx, ty, = ht h ~ l f (x, y, . . .)• 


If we substitute t = 1 in this, the statement follows. 

Conversely, it is easy to show that not only is the validity of 
Euler’s relation merely a consequence of the homogeneity of the 
function f(x, y , . . .), but also the homogeneity of the function 
is a consequence of Euler’s relation, so that Euler's relation is 
a necessary and sufficient condition' for the homogeneity of the 
function . The fact that a function is homogeneous of degree h 
can also be expressed by saying that the value of the function 
divided by x h depends only on the ratios yjx , z/x, ... . It is 
therefore sufficient to show that it follows from the Euler 

relation that if new variables £ = x, r) = ~, £ = are 

introduced, the function 
1 


1 
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no longer depends on the variable i.e. that the equation =- 0 
is an identity. In order to prove this we use the chain rule: 

9 c = (fx -f Vfv + • • •) — ^ +1 / 

= (*/« + af,+ •••) A -A/, 

The expression on the right vanishes in virtue of Euler’s relation, 
and our statement is proved. 

This last statement can also be proved in a more elegant but 
less direct way. We wish to show that from Euler’s relation it 
follows that the function 

g(t) = t h f(x, y, . . .) ty, . . .) 

has the value 0 for all values of t. It is obvious that #(1) = 0. 
Again, 

: ht h ' VC*, y, • • •) ™ ty, ...) — yf v (tx, ty, . . 

On applying Euler’s relation to the arguments tx , ty, . . . we 
find that 

h 

jf x (tx, ty, . . .) + yfvitx, ty, ty, .. .), 

and thus g(t) satisfies the differential equation 

g'(t) = g(t) 

7 

If we write g(t) — y(t)t h we obtain g'(t) = g(t) + i h y{t ), so that 
y(t) satisfies the differential equation * 

*V(0 = 

which has the unique solution y = const;. = c. Since for £ =■ 1 
it is obvious that y(t) = 0, the constant c is 0, and so #(£) =■ 0 
for all values of t, as was to be proved. 

Examples 

1 . Prove that if /(#, y, z,...) is a homogeneous function of degree h % 
any k -th derivative of / is a homogeneous function of degree h — k. 

2 . Prove that for a homogeneous function / of the first degree 

fxx + fvv + fzz + • . • 4- 2fxv 4 Zfxz +•••■= 0. 




CHAPTER III 


Developments and Applications of the 
Differential Calculus 

1. Implicit Functions 


1. General Remarks. 

In analytical geometry it frequently happens that the equation 
of a curve is given, not in the form y =/(#), but in the form 
F(x, y) = 0. Accordingly, a straight line may be represented 
by the equation ax + by + c = 0, or an ellipse by the equation 
r 2 1 a 2 + y 2 /b 2 = 1. To obtain the equation of the curve in the 
form y = f(x) we must “ solve ” the equation F(x, y) —- 0 for y 

Again, in Vol. I we considered the problem of finding the 
inverse function of a function y~f(x ), in other words, the 
problem of solving the equation F(x , y) ~ y —f(x) = 0 for the 
variable x. These examples suggest the importance of studying 
the notion of solving an equation F(x , y) — 0 for x or for y. 
We shall now proceed to this investigation, and in section 3 
(p. 153 ) we shall extend the results to functions of several variables. 

In the simplest cases, such as the equations mentioned above, 
the solution can readily be found in terms of elementary func¬ 
tions. In other cases the solution can be approximated to as 
closely as we desire. For many purposes, however, it is preferable 
not to work with the solved form of the equation or with these 
approximations, but instead to draw conclusions about the 
solution by studying the function F(x , y) itself, in which neither 
of the variables x, y is given preference over the other. 

The idea that every function F(x , y) yields a function y =^f(x) 
or x = <f>(y) given implicitly by means of the equation F(x, y) = 0 
is erroneous. On the contrary, it is easy to give examples of 
functions F(x , y) which, when equated to zero, permit of uo 

m 
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solution in terms of functions of one variable. Thus, for example, 
the equation x 2 + y 2 = 0 is satisfied by the single pair of values 
x = 0, y = 0 only, while the equation x 2 + y 2 + 1 = 0 is satis¬ 
fied by no (real) values at all. It is therefore necessary to in¬ 
vestigate the matter more closely in order to find out whether 
an equation F(x, y) = 0 defines a function y = /(&), and what 
are the properties of this function. 

2. Geometrical Interpretation.* 

In order to clarify the situation we think of the function 
u — F(x, y) as represented by a surface in three-dimensional 

space. The solutions of the 
equation F(x , y) = 0 are the 
same as the simultaneous 
solutions of the two equa¬ 
tions u — F(x , y) and u — 0. 
Geometrically, our problem 
is to find whether curves 
V — f( x ) or x — j>(y) exist in 
which the surface u = F(x, y) 
intersects the a?y-plane. (How 
far such a curve of inter¬ 
section may extend does not 
concern us here.) 

A first possibility is that 
the surface and the plane 
may have no point in com¬ 
mon. For example, the paraboloid u — F(x, y) = x 2 + y 2 + 1 
lies entirely above the xy- plane. In such a case there is 
obviously no curve of intersection. We therefore need only 
consider cases in which there is a point ( x 0 , ?/ 0 ) at which 
&( x o> Vq) = 0; the values x 0 , y 0 are called an “ initial solution 
If an initial solution exists, two possibilities remain. Either 
the tangent plane at the point (x 0 , y 0 ) is horizontal or it is not. 
If it is, we can readily show by means of examples that the 
solution y = f(x) or x = <j>(y) may fail to exist. For example, 
the paraboloid u = x 2 + y 2 has the initial solution x == 0, y = 0, 
but has no other point in the xy- plane. Again, the surface 
u = xy has the initial solution x = 0, y = 0, and in fact 
* Cf. also Vol. I, Chap. X, section 5 (pp. 481-5). 
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intersects the 2 ey-plane along the lines x = 0 and y = 0 (cf. 
figs. 1, 2). But in no neighbourhood of the origin can we represent 
the whole intersection by a function y = f(x) or by a function 
x — </>(y). On the other hand, it is quite possible for the equation 
F(x, y) = 0 to have a solution, even when the tangent plane at 
the initial solution is horizontal, as, for example, in the case 
(y — a?) 4 — 0. In the (exceptional) case of a horizontal tangent 
plane, therefore, no definite general statement can be made. 

The remaining possibility is that at the initial solution the 
tangent plane is not horizontal. Then intuition tells us, roughly 
speaking, that the surface u = F(x, y) cannot bend fast enough 



to avoid cutting the ccy-plane near (x 0 , y 0 ) in a single well-defined 
curve of intersection, and that a portion of the curve near the 
initial solution can be represented by the equation y~f{x) or 
x — <f>(y). The statement that the tangent plane is not horizontal 
is the same as the statement that F x (x 0 , y 0 ) and F y (x 0 , y 0 ) are 
not both zero. This is the case which we shall discuss analytically 
in the next sub-section. 

3. The Theorem of Implicit Functions. 

The general theorem which states sufficient conditions for the 
existence of implicit functions and at the same time gives a rule 
for differentiating them is as follows: 

(E 912) 


9 
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If F(x, y) has continuous derivatives F x and F y , and if at the 
point (x 0 , y 0 ) within its region of definition the equation F(x 0 , y 0 ) = 0 
is satisfied , while F y (x 0 , y 0 ) is not zero , then we can mark off about 
the point (x 0 , y 0 ) a rectangle x 2 ^ x ^ x 2 , y t ^ y g y 2 such that 
for every x in the interval x 1 ^ x ^ x 2 the equation F(x, y) = 0 
determines exactly one value y = f(x) lying in the interval y t ^ y 
g y 2 . This function satisfies the equation y 0 — f(x 0 ), and for 
every x in the interval the equation 

F(x,f(x)) = 0 

is satisfied. The function f(x) is continuous and differentiable , 
and its derivative and differential are given by the equations 

y' =/'(*) = — F J and dy = df(x) = — F *dx 

x y r y 

respectively. 

We shall assume for the present that the first part of the 
theorem, relating to the existence and continuity of the implicitly- 
defined function, is already proved, and shall confine ourselves to 
proving the differentiability of the fimction and the differentiation 
formulae; the proof of the existence and continuity of the solution 
we shall postpone to sub-section 6 (p. 119). 

If we could differentiate the terms of the equation F(x , f{x)) =■ 0 
by the chain rule, the above equation would follow at once.* 
Since, however, the differentiability oif(x) must first be proved, 
we must consider the matter in somewhat greater detail. 

As the derivatives F x and F v have been assumed continuous, 
the function F(x, y) is differentiable. We can therefore write 

F(x+ h, y+ k )= F(x, y) + hF x (x> y) + kF v (x 9 y) + efi + e 2 k , 

w T here e 1 and e 2 are two quantities which tend to zero as h and lc 
do or as p = +\/(h 2 + k 2 ) does. We now confine our attention to 
pairs of values ( x , y) and (x + h, y + k) for which both x and 
x -J- A lie in the interval x x x x 2 and for which y = f(x) and 
y -|- k~f(x + h). For such pairs of values we have F(x , y) = 0 
and F(x + A, y + k) = 0, so that the preceding equation reduces 

to 0 = hF x + kFy + € x h + € 2 /c. 

We assume that f(x) has been proved continuous. Hence as h 

* Cf. Vol. I, p. 483. 
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tends to 0, so does Jc, and with them and e 2 also tend to 0. If 
we divide by hF v (which by hypothesis is not zero), the last 
equation gives 


( 1+ A)‘ + £ 


+ 1 = o, 

F„ 


and on performing the passage to the limit h -> 0 we have 

t k , F.. n 
hm + / = 0. 
h -> o n r y 

But 

k _ f( x + *) — /(*). 

% h 

this proves the differentiability of f(x) and gives the required rule 
for differentiation, 

1 = Km /(« + . *)-/W „ liu) <• = 

h —>• o h h —>• 0 ft F y 


We can also w r rite this rule in the form 
F x + F v y'^ 0 


rtf 1 — < 7 ;/; -}- — 0. 


This last equation states that in virtue of the equation F(x , y) = 0 
the differentials rfx and dy cannot be chosen independently of 
one another. 

An implicit function can usually be differentiated more easily 
by using this rule than by first writing down the explicit form of the 
function. The rule can be used whenever the explicit representation 
of the function is theoretically possible according to the theorem 
of implicit functions, even in cases where the practical solution 
in terms of the ordinary functions (rational functions, trigono¬ 
metric functions, &c.) is extremely complicated or impossible. 
Suppose that the second order partial derivatives of F(x , ij) 

F 

exist and are continuous. In the equation y' = — *, whose 

Fy 

right-hand side is a compound function of x , we can differentiate 
according to the chain rule and then substitute for y' its value 
F 

— * This gives 

Fy 
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>. _ F xx F y * - 2 F XV F X F V + Fy V F* 

y F v s 

as the formula for the second derivative of y = f(x). 

In the same way we can obtain the higher derivatives of 
f(x) by repeated differentiation. 


4. Examples. 

1. For the function y — f{x) obtained from the equation of the circle 
F(x, y) = x 2 + ty 2 — 1 = 0 

we obtain the derivative 



This can easily be verified directly. If we solve for y, the equation 
of the circle gives either the function y = V(1 -- x 2 ) or the function 
y — — V(1 — x 2 ), representing the upper and lower semicircles respec¬ 
tively. In the first case dilferentiation gives 


and in the second case 


Thus in both cases y' 

2. In the case of the lemniscate (Vol. I, p. 72) 

F(x, y) = (x 2 -f t/ 2 ) 2 — 2a 2 (x 2 — y 2 ) = 0 

it is not easy to solve for y. For x = 0, y = 0 we obtain F = 0, F x = 0, 
F v = 0. Here our theorem fails, as might be expected from the fact that 
two different branches of the lemniscate pass through the origin. For all 
points of the curve for which y #= 0, however, our rule applies, and the 
derivative of the function y = f(x) is given by 

, F x 4x(x 2 + y 2 ) — 4a 2 x 

V F v Ay(x 2 + y 2 ) + 4a 2 y 


' _ X 
V ~~ V(1 - X 2 )' 

- X 
y ~ \7C - *) 

X 

y 


We can obtain important information about the curve from this equation, 
without bringing in the explicit expression for y. For example, maxima 
or minima may occur where y' = 0, that is, for x = 0 or for x 2 -f y 2 — « 2 . 
From the equation of the lemniscate, y = 0 when x — 0; but at the origin 


there is no extreme value (cf. fig. 26, Vol. I, p. 72). The two equations 
therefore give the four points V3, as the maxima and minima. 
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3. In the case of the folium of Descartes 

F(x, y) = x 9 -1- y 3 — 3 axy = 0 

(cf. fig. 3), the explicit solution would be exceedingly inconvenient. At the 



origin, where the curve intersects itself, our rule again fails, since at that 
point F = F x = F v — 0. For all points at which y 2 =}= ax we have 

v > = _ F x = _ x 2 -ay 
t\ f - ax' 

Accordingly, there is a zero of the derivative when x 2 — ay — 0, or, if we 
use the equation of the curve, when 

x—ay/\ 2 , y~ay/4. 


5. The Theorem of Implicit Functions for more than Two Inde¬ 
pendent Variables. 

The general theorem of implicit functions can be extended to 
the case of several independent variables as follows: 

Let F(x, y, . . ., z, u) be a continuous function of the independent 
variables x, y, . . . , z, 11 , and let it possess continuous partial 
derivatives F x , F y ,. . ., F z , F u . For the system of values x 0 , y 0 ,. . . , 
z 0 , u 0 corresponding to an interior point of the region of definition 
of F, let F(x 0J y 0 > . . . , z 0 , u o) = 0 and 

Fu( x 0 > 2/05 • • * > z o> w o) ^ 

Then we can mark off an interval u* g 11 ^ u 2 about u 0 and a 
region R containing (x 0 , y 0 , . . . , z 0 ) m its interior such that for 
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every (x, y, . . . , z) in R the equation F(x, y, . . . , z, u) = 0 is 
satisfied by exactly one value of u in the interval u 2 . 

For this value of u, which we denote by u = f(x, y, ... t z), the 
equation 

F(x, y, .. ., zj(x , y ,..., z)) = 0 
holds identically in R; in addition , 

u o =/(»<» >*<>)• 

The function i is a continuous function of the independent variables 
x, y, . . . , z, and possesses continuous partial derivatives given by 
the equations 

F x + F u f x = 0, 

Fy + F u fy — 0, 


F'+F u f,= 0. 

For the proof of the existence and continuity of f(x, y, ... , 2 ) 
we refer the reader to the next sub-section (p. 121). The formula* 
of differentiation follow from those for the case of one independent 
variable, since we can e.g. let y, . . . , z remain constant and thus 
find the formula for f x . 

If we wish, we can combine our differentiation formulae in 
the single equation 

F x dx -j- F y dy -j- ... -f- h Z dz -f- F u du 0. 

In words: 

If in a function F(x, y, . . . , z, u) the variables are not inde¬ 
pendent of one another , but are subject to the condition F = 0, 
then the linear parts of the increments of these variables are likewise 
not independent of one another , but are connected by the condition 
dF = 0, that is , by the linear equation 

I X dx -f- I y dy -f- . . . -f- F z dz -f- F u du = 0. 

If we here replace du by the expression u x dx+ u y dy+ . . . 
-f- u z dz and then equate the coefficient of each of the mutually 
independent differentials dx, dy, . . . , dz to zero, we again obtain 
the above differentiation formulae. 

Incidentally, the concept of implicit functions enables us 
to give a general definition of the concept of an algebraic function. 
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We say that u = /(x, y, . . .) is an algebraic function of the inde¬ 
pendent variables x, y, ... if u can be defined implicitly by an 
equation F(x , y, . . . , u) = 0, where F is a polynomial in the 
arguments x } y, ... , u\ briefly, if u “ satisfies an algebraic 
equation All functions which do not satisfy an algebraic 
equation are called transcendental . 

As an example of our differentiation formulae we consider the equation 
of the sphere, 

-f y 2 4- u 2 — 1 = 0. 

For the partial derivatives we obtain 

and by further differentiation 

1 , z 

u xx — “ d" ~o u x 

u u 2 


y 

u 

x 2 4- u 2 


x 


XI) 

u 3 ’ 


u vv =-' - ;; + Zi u v = 


y 2 -f u 2 
4/3 # 


6. Proof of the Existence and Continuity of the Implicit Functions. 

Although in many special cases the existence and continuity 
of implicit functions follows from the fact that the equation 
F(x. y) = 0 can actually be solved in terms of the usual functions 
by means of some special device, yet it is still necessary to give 
a general analytical proof of the existence theorem stated above. 

As a first step we mark out a rectangle x x x fg x 2 , y x y y 2 
in which the equation F(x, y) = 0 determines a unique function 
y = f(x). We shall make no attempt to find the largest rectangle 
of this type; we only wish to show that such a rectangle exists. 

Since F v (x, y) is continuous and F v (x 0 , y 0 ) 4= 0, we can find 
a rectangle R, with the point P(x 0 , y 0 ) as centre, so small that in 
the whole of R the function F y remains different from zero and 
thus is always of the same sign. Without loss of generality w r e 
can assume that this sign is positive, so that F v is positive every¬ 
where in R; otherwise, we should merely have to replace the 
function F by —P, which leaves the equation F(x, y) ™ 0 un¬ 
altered. Since F y > 0 on every line-segment x = const, parallel 
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to ttie y-axis and lying in 72, the function F(x, y), considered as a 
function of y alone, is monotonic increasing. But F(x Q , y 0 ) = 0; 
hence if A is a point of R with co-ordinates x 0 and y x (y x < y 0 ) 
on the vertical line through P (cf. fig. 4), the value of the 
function at A , F(x 0 , yj), is negative, while at the point B with co¬ 
ordinates x 0 and y 2 (y 2 > y 0 ) the value of the function, F(x 0 , y 2 ), 
» is positive. Owing to the con¬ 

tinuity of F(x y y), it follows 
>;>/////.\ y\ that F(x, y) has negative values 

y? —r —R ‘5 along a certain horizontal line- 

xjo segment y = y 1 through J and 

^ ? x lying in 72, and has positive 

values along a line-segment 

ol- ^ ^-j. - - jr - y = y 2 through £ and lying in 

«. ‘ 72. We can therefore mark off 

4 

an interval x 2 about 

x v so small that for values of x in that interval the function 
F(x, y) remains negative along the horizontal through A and 
positive along the horizontal through B. In other words, 
lor x 1 ^x^x 2 the inequalities F(x, yj < 0 and F(x , y 2 ) > 0 
hold. 

We now suppose that x is fixed at any value in the interval 
x 1 <£ x ^ x 2 , and let y increase from y 1 to y 2 . The point (x, y) 
then remains in the rectangle 

Xj^x^Xjs, yi -£y^y 2 . 


which we assume to be completely within 72. Since F y (x, y)> 0, 
the value of the function F(x , y) increases monotonically and 
continuously from a negative to a positive value, and can never 
have the same value for two points with the same abscissa. 
Hence for each value of x in the interval x 1 ^ x ^ x 2 there is a 
uniquely determined * value of y for which the equation F(x, y) — 0 
is satisfied. This value of y is thus a function of x\ we have 
accordingly proved the existence and the uniqueness of the 
solution of the equation F(x , y) = 0. At the same time the part 
played by the condition F y =j= 0 has been clearly brought out. 


* If the restriction y% is omitted, this will not necessarily remain 

true. For example, let F be x 2 + y 2 - 1 and let x 0 « 0, y 0 — 1. Then for 
i there is just one solution, y = f{x), in the interval 0 y 5J 2; but 
if y is unrestricted, there are two solutions, y — v (1 - x 2 ) and y *= — V(I - x 2 ). 
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If this condition were not fulfilled, the values of the function at A 
and at B might not have opposite signs, so that F{x , y) need not 
pass through zero on vertical line-segments. Or, if the signs 
at A and at B were different, the derivative F y could change 
sign, so that for a fixed value of x the function F(x , y) would 
not increase monotonically with y and might assume the value 
zero more than once, thus destroying the uniqueness of the 
solution. 

This proof merely tells us that the function y — f(x) exists. 
It is a typical case of a pure “ existence theorem ”, in which the 
practical possibility of calculating the solution does not come 
under consideration at all.* 

The continuity of the function f(x) follows almost at once from 
the above considerations. Let R{x x ^ x gj x 2 , y x <5 y y 2 ) 
be a rectangle lying entirely within the rectangle x x ^x^ x 2 , 
lh =. V SS Vi found above. For this smaller rectangle we can 
carry out exactly the same process as before in order to obtain 
a solution y—f(x) of the equation F(x, y)~ 0. In the, larger 
rectangle, however, this solution was uniquely determined; hence 
the newly-found function f(x) is the same as the old one. If we 
now wish e.g. to prove the continuity of the function f(x) at the 
point x = # 0 , we must show that for any small positive number e 
|/(z)— /(*o)| < e, provided only that x lies sufficiently near the 
point x Q . For this purpose we put 

yi = y 0 + e and y* = yo — «> 

and for these values y x and y 2 we determine the corresponding 
x-interval x/ x ^ x 2 '. Then by the above construction, for 
each x in this interval the corresponding f(x) lies between the 
bounds y x and y 2 ', and therefore differs from y 0 by less than e. 
This expresses the continuity of f(x) at the point x 0 . Since wi k 
can apply the above argument to any point x in the interval 
x x ^ x we have proved that the function is continuous at 
each point of this interval. 

The proof of the general theorem for F(x, y, . . . , z, u), 
a function with a greater number of independent variables, 
follows exactly the same lines as the proof just completed, 
and offers no further difficulties. 

* The sacrifice of the statement of such practical methods in a general proof 
is sometimes an essential step towards the simplification of proofs. 
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Examples 

1. Prove that the following equations have unique solutions for y near 
the points indicated: 

(a) x 2 + xy + y 2 = 7 (2, 1). 

(b) x cos xy =0 (I, 7t/2). 

(c) xy + log xy = 1 (1, 1). 

(d) *» + *■ +ay =3 (Ll). 

2. Find the first derivatives of the solutions in Ex. I, 

3. Find the second derivatives of the solutions in Ex. 1. 

4. Find the maximum and minimum values of the function y = f(x) 
defined by the equation x 2 -f- X V ~r y 2 ~ 27. 

5. Show that the equation x y+ 2= sin ocyz can be solved for z 
near (0, 0, 0). Find the partial derivatives of the solution. 


2. Curves and Surfaces in Implicit Form 

1. Plane Curves in Implicit Form. 

We have previously expressed plane curves in the form 
y — f(x), which is unsymmetrical, giving the preference to one 
of the co-ordinates. The tangent and the normal to the curve 
are found to be given by the equations 

to — y) — (I — *)/'(*) = o 

and 

iv — y)f'{x) + (! — *) = o 

respectively, where ( and rj are the current co-ordinates of the 
tangent and the normal, and x and y are the co-ordinates of 
the point of the curve. We have also found an expression for 
the curvature, and criteria for points of inflection (Vol. I, 
Chap. V). We shall now obtain the corresponding formula? 
for curves which are represented implicitly by equations of the 
type F(x, y) — 0. We do this under the assumption that at 
the point in question F x and F v are not both zero, so that 
F* + F* 4= 0. 

If we suppose that F y 4 = 0 , say, we can substitute for y f in 
the equation of the tangent at the point (x } y) of the curve its 
value —F x /F v , and at once obtain the equation of the tangent 
in the form 


(£- x )F x +( v -y)F y = 0. 
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Similarly, for the normal we have 

{i ■— x)F(v ~~ y)F * — 0. 

Without going out of our way to use the explicit form of the 
equation of the curve, we can also obtain the equation of the 
tangent directly in the following way. If a and b are any two 
constants, the equation 

— x) + b(rj — y) -= 0 


with current co-ordinates £ and rj represents a straight line 
passing through the point P(x, y). If now P is any point of the 
curve, i.e. if F(x, y) = 0, we wish to find the line through P with 
the property that if P x is a point of the curve with co-ordinates 
x 1 = x + h and y^ = y + k, the distance from the line to P x 
tends to zero to a higher order than p = y"(A 2 + k 2 ). In virtue 
of the differentiability of the function F we can write 

F(x + h, y + k) = F(x , y) + hF x + kF y -f e/>. 


where p tends to 0 as e does. Since the two points P and I\ 
both lie on the curve, this equation reduces to hF x -}- kF y = — ep. 
As we have assumed that F 2 + F 2 4 = 0, we can write this last 
in the form 


h _ _ 4- k _ ^ v _ 

V(FS + lr) VWt f 2 ) 


= € ip> 


where e 1 ~ — 


also tends to zero as p does. If we 


V(F X *+F v 2 ) 

write a — a.ud 6= -- . the left-hand 

V\*x -pF v ) V \~ oc ~h*v) 

side of this equation may be regarded as the expression obtained 
when we substitute the co-ordinates of the point (a^ = x + h, 
y ± = y 4 - k) for £ and rj in the canonical form of the equation 
of the line, a(£ — x) + b(rj — y) = 0 . This is the distance of 
the point P x from the line. Thus the distance of P x from the 
line is numerically equal to | e x p |, which vanishes as p does to 
a higher order than p. The equation 


vW+*7) 


{£ — x) + 


F. u 


vW + *7) 


(v - y) = o 


or 


F x {£-x) + F v {r ] -y)^ 0 
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is the same as the equation of the tangent found in the preceding 
paragraph. We can therefore regard the tangent at P as that 
line * whose distance from neighbouring points P l of the curve 
vanishes to a higher order than the distance PP V 

The direction cosines of the normal to the curve are given by 
the two equations 


F x F y 

cos a =---, sm a = ---, 

V(F X 2 +F*y vw+W 


which represent the components of a unit vector in the direction 
of the normal; that is, of a vector with length 1 in the direction 
of the normal at the point P ( x , y) of the curve. 

The direction cosines of the tangent at the point P(x, y) are 
given by 


cos/3 




vW + W l Y 


sin/3 = — 


F x 


VW + Ff) 


More generally, if instead of the curve F(x, y) = 0 we 
consider the curve 

F(x, y) = c, 


where c is any constant, everything in the above discussion 
remains unchanged. We have only to replace the function 
F(x, y) by F(x, y) — c, which has the same derivatives as 
the original function. Thus for these curves the equation 
of the tangent and the normal have exactly the same forms 
as above. 

The class of all the curves which we obtain when we allow 
c to range through all the values in an interval is called & family 
of curves. The plane vector with components F x and F y , which 
is the gradient of the function F(x , y), is at each point of the plane 
perpendicular to the curve of the family passing through that point , 
as we have already seen on p. 90. This again yields the equation 
of the tangent. For the vector with components {£ — x) and 
(rj — y) in the direction of the tangent must be perpendicular to 
the gradient, so that the scalar product 

(£ — x)F x + (rj — y)F„ 

must vanish. 


* The reader will find it easy to prove for himself that two such lines can¬ 
not exist, so that our condition determines the tangent uniquely. 
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While we have taken the positive sign for the square root 
occurring in the above formulae, we could equally well have 
taken the negative root. This arbitrariness corresponds to the 
fact that we can call the direction towards either side of the 
curve the positive direction at will. We shall continue to choose 
the positive square root and thereby fix a definite direction of the 
normal. It is, however, to be observed that if we replace the 
function F(x , y) by — F(x , y) this direction is reversed, although 
the geometrical nature of the curve is unaffected. (As regards 
the sign of the normal, cf. Chap. V, section 2 (pp. 363-4)). 

We have already seen (Vol. I, p. 159) that for a curve ex¬ 
plicitly represented in the form y = f(x) the condition f"(x) ~ 0 
is a necessary condition for the occurrence of a point of inflection . 
If we replace this expression by its equivalent, 


__ F v 2 — ~F TV F x F y + F„F* 

J i X ) — Fy Z 

we obtain the equation 

F xx F y 2 ~ 2 F xv F x F y + F yv F* = 0 


as a necessary condition for the occurrence of a point of inflec¬ 
tion. In this condition there is no longer any preference given 
to either of the two variables x , y. It has a completely sym¬ 
metrical character and no longer depends on the assumption 
that 1^4=0. 

If we substitute for y and y" in the formula for the curvature 
found previously (Vol. I, p. 281) 

k== _ y'L _ 

V(i + y’ 2 f 

we obtain the formula 

F F 2 — o F F F 4- F F 2 

1 A _ x xx M y a’v x x M v i x vy x x 


which is likewise perfectly symmetrical.* For the co-ordinates 
(£, 7]) of the centre of curvature we obtain the expressions 



* For the sign of the curvature cf. Vol. I, p. 282. 
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where 


y+ p 


V(F X 2 + F y 2 ) 




1 

t" 


If the two curves F(x , y) = 0 and (?(£, y) = 0 intersect one 
another at the point with co-ordinates x, y, the angle between 
the curves is defined as the angle co formed by their tangents (or 
normals) at the point of intersection. If we recall the ex¬ 
pressions given above for the direction cosines of the normals 
and the formula for the scalar product (Chap. I, section 1, 
p. 8), we obtain the expression 

F X G X F y Gy 

COSO) = --- ~ - 

V(F X 2 +F*W(G X *+G*) 


for the cosine of tliis angle. Since we have taken the positive 
square roots here, the cosine is uniquely determined; this corre¬ 
sponds to the fact that we have thereby chosen definite directions 
for the normals and have thus determined the angle between 
them uniquely. 

By putting co = 7t/ 2 in the last formula we obtain the 
condition for orthogonality , i.e. that the curves intersect at right 
angles, 

F a ,G X -f- FyGy = 0. 


If the curves are to touch one another, the ratio of the dif¬ 
ferentials, dy : dx, must be the same for the two curves. That 
is, the condition 

dy : dx = — F x : F y ~ — G x : G v 
must be fulfilled. This may also be written in the form 
F X G V — F y G x = 0. 

As an example we consider the parabolas 

’/ _ 2 p (x + £) = 0 

(cf. fig. 9, p. 137), all of which have the origin as focus (“ confocal ” 
parabolas). If Pi > 0 and p 2 < 0, the two parabolas 

F s y* — 2p, (x + — 0 and G — y 2 — 2/), (x H- — 0 
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intersect one another, and at the intersection they are at right angles to 
one another, for 


since 


F x G m + F V G V = 4p, p 2 + 4y 2 = 4^- -= 0, 

P‘2 - Pi 

F — 0 — 0, p 2 —• p x =*= 0. 


As a second example we consider the ellipse 


x 2 

a 2 


+ 



1 . 


The equation of the tangent at the point ( x , y) is 

(5 - X) x + (fi-y) l = 0 
d 2 b 2 



as we know from analytical geometry. 
We find that the curvature is 


a 4 b 4 

(ffV“T^ : 2pa‘ 


tf a > 6, this has its greatest value ajb 2 at the vertices y = 0, x = 
[ts least value b/a 2 occurs at the other vertices x — 0, y — 


2. Singular Points of Curves. 

We now add a few remarks on the singular points of a curve. 
Here we shall content ourselves with giving a number of typical 
examples; for a more thorough investigation we refer the rentier 
to the appendix to this chapter (p. 209). 

In the formulae obtained above the expression F 2 + F 2 
frequently occurs in the denominator. Accordingly we may 
expect something unusual to happen when this quantity vanishes, 
i.e. when F x = 0 and F v = 0 at a point of the curve. This is 
especially brought out by the fact that at such a point the ex¬ 
pression y' = —F x /F y for the slope of the tangent to the curve 
loses its meaning. 

We say that a point of a curve is a regular point if in the neigh¬ 
bourhood of this point either the co-ordinate y can be represented 
as a continuously differentiable function of x , or else x can be 
represented as a continuously differentiable function of y. In 
either case the curve has a tangent, and in the neighbourhood of 
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the point in question the curve differs but little from that 
tangent. All other points of a curve are called singular points 


From the theory of implicit functions we know that a point 
of the curve F(x, y) = 0 is regular if at that point F y 4 = 0, since 
we can then solve the equation so as to obtain a unique dif¬ 
ferentiable solution y~f(x). Similarly, the point is regular if 
F x =j= 0. The singular points of the curve are accordingly to be 
sought for among those points of the curve at which the equations 

F x = 0, F v = 0 


are satisfied in addition to the equation of the curve. 

An important type of singularity is a multiple point , that is, 
a point through which two or more branches of the curve pass. 
For example, the origin is a multiple point of the lemniscate 

(x 2 + y 2 ) 2 - 2 a 2 (x 2 ~ y 2 ) = 0. 


In the neighbourhood of such a point it is impossible to express 
the equation of the curve uniquely in the form y—f(x) or 

x = 



The truth of the rela¬ 
tions F x = 0 and F y = 0 
is a necessary, but by no 
means a sufficient, condi¬ 
tion for a multiple point; 
on the contrary, quite a 
different type of singularity 
may occur, such as a cusp . 

As an example we consider 
the curve 


S/ 3 - 0 


<cf. fig. 5), which has a cusp at the origin. At that point both the first 
partial derivatives of F vanish. 


Moreover, cases may occur in which F x and F v both vanish, 
and yet there is no striking peculiarity of the curve at the point, 
the curve being regular there. 


This is exemplified by the curve 

y % — a4 — 0 
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or, in explicit form, 

y = * 4/3 . 

From the equations (— x) m = x 4/3 , y' = f x 1/3 we see at once that the curve 
is symmetrical with respect to the y-axis and touches the x-axis at the 
origin, like a parabola. Yet the origin is a somewhat special point on the 
curve, since the second derivative is infinite there. The curvature is there¬ 
fore infinite, while the direction of the tangent exhibits no peculiarity. 
Another example is the curve (y — x) 2 — 0, which is a straight line and 
therefore regular throughout, even though F x — 0 and F y = 0 for every 
point of the line. 

As a result of this discussion we see that in the investigation 
and discussion of singular points of a curve it is not enough to 
verify that the two equations F x = 0 and F y = 0 are satisfied; 
on the contrary, each case must be studied specially (cf. Appendix, 
section 2, p. 209). 

3. Implicit Representation of Surfaces. 

Hitherto we have usually represented a function z = f(x, y) 
(here we write z instead of the symbol u employed above) by 
means of a surface in xyz- space. If, however, we are originally 
given not the function, but a surface in space, the preference 
which this form of expression gives to the co-ordinate z may prove 
inconvenient, just as in the case of the expression of plane curves 
in the form y~f(x). It is more natural and more general to 
represent surfaces in space by equations of the form F(x, y, z) = 0 
or F(x y y , 2 ) = const., e.g. to represent the sphere by the equation 
x 2 “f~ y^ ~f~ 2^2 — 7*2 = 0 , and not by z = i V( r2 — x 2 — y 2 ). The 
form z—f(x, y) = 0 can then be treated as a special case. 

In order to establish the equation of the tangent plane to 
the surface F(x , y, z) — 0 at the point (x, y , z), we first make the 
assumption * that at that point F 2 + F y 2 + F z 2 4 = 0; i.e. that 
at least one of the partial derivatives, say F z , is not zero. Then 
from the equation of the surface we can determine z—f(x , y) 
explicitly as a function of x and y. If in the equation of the 
tangent plane 

C — z=(£ — x)z x + (7? — y)z v 

we substitute for the derivatives z x and z v their values 


* The vanishing of this expression indicates the possibility that certain singu¬ 
larities may occur; this, however, we shall not discuss. 

( E 012 ) 
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z x = —F x /F z and z v = ~F y /F z , we obtain the equation of the 
tangent plane in the form 

u - X)F X +(rj- y)F y + (C - *)*. = 0, 


where £, 77 , £ are current co-ordinates. 

As in the case of the tangent to a plane curve, we can derive 
this equation directly from the implicit representation of the 
surface, by setting ourselves the problem of finding a plane 
through the point ( x , y, z) of the surface with the property that 
the distance from the plane to the point (x + A, y + k, z + l) 
of the surface vanishes as p = \/{h 2 + h 2 + l 2 ) does, to a higher 
order than p. 

Elementary theorems of analytical geometry (cf. Chap. 1, 
section 1, p. 9) show that the direction cosines of the normal to 
the surface , that is, of the normal to the tangent plane, are given 
by the expressions 

F F 

V(F* + F 2 + F 2 )’ P V(^V + F v 2 + F z 2 ) 


cosy = 


F, 

V(4 2 + F.;- r F*)‘ 


In taking the positive square root in the denominator we 
have assigned a definite sense of direction to the normal 
(cf. p. 125). 

If two surfaces F(x, y, z) = 0 and G(x , y, z) = 0 intersect one' 
another at a point, the angle tu between the surfaces is defined as 
the angle between their tangent planes, or, what is the same 
thing, the angle between their normals. This is given by 


COS oj = 


F X G X -f- F v G y + F Z G Z 
VC K 2 +F y *+ F'*WW+G*+'G*y 


In particular, the condition for perpendicularity (orthogonality) is 
F X G X + F v Gy + F Z G Z = 0. 


Instead of the single surface F(z, y, z) = 0 we may consider 
the whole family of surfaces F(x, y, z) = c, where c is a constant 
different for each surface of the family. Here we assume that 
through each point of space, or at least through every point of a 
certain region of space, there passes one and only one surface 
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of the family; or, as we say, that the family covers the region 
simply . The individual surfaces are then called the level surfaces 
of the function F(x , y , z). In Chap. II, section 7 (p. 88) we con¬ 
sidered the gradient of this function, that is, the vector with 
the components F x , F Vi F s . We see that these components have 
the same ratios as the direction cosines of the normal; hence 
we conclude that the gradient at the point with the* co-ordinates 
(#, y, z) is perpendicular to the level surface passing through that 
point. (If we accept this fact as already proved in Chap. II, 
section 7 (p. 90), we at once have a new and simple method for 
deriving the equation of the tangent plane, just like that given 
above (p. 124) for the equation of the tangent line.) 

As an example we consider the sphere 

x 2 + y 2 z 2 — t * 2 = 0 . 

At the point ( x , y , z) the tangent plane is 

(l — x)2x -f (f) - y)2y + (t — z)2z = 0 

or 

lx -f r\y + £z — r 2 = 0. 

The direction cosines of the normal are proportional to x, y, z ; that is, the 
normal coincides with the radius vector drawn from the origin to the point 

(x, y, z). 

For the most general ellipsoid with the co-ordinate axes as principal 
axes, 



the equation of the tangent plane is 



Examples 

1. Find the tangent plane 

(а) of the surface 

a; 3 4- 2xy 2 - lz 2 + 3y + 1 =* 0 

at the point (1, 1, 1); 

(б) of the surface 

( x 2 + y 2 ) 2 + x? — y 2 -f 7 xy + 3x 4- z 4 — 2 = 14 


at the point (1, 1, 1); 
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(c) of the surface 

sin 2 a; -f cos(y + z) = f 

at the point 0^. 

2. Calculate the curvature of the curve 
sin# + cos y =1 

at the origin. 

3*. Find the curvature at the origin of each of the two branches of the 
curve 

y(ax + by) = c# 8 + ex 2 y + fxy 2 + gy 8 . 

4. Find the curvature of a curve which is given in polar co-ordinates 
by the equation f(r, 0) = 0. 

5. Prove that the three surfaces of the family of surfaces 

= w, <y/(x 2 -f z 2 ) + y/(y 2 + z 2 ) = v, -y/(ar 2 -f- z 2 ) — \/(y 2 + z 2 ) = w 

which pass through a single point are orthogonal to one another. 

6. The points A and B move uniformly with the same velocity, A 
starting from the origin and moving along the z-axis, B starting from 
the point (a, 0, 0) and moving parallel to the y-axis. Find the surface 
enveloped by the straight lines joining them. 

7. Prove that the intersections of the curve 

(# -f y — a) 8 -b 21axy = 0 

with the line x + y = a are inflections of the curve. 

8. Discuss the singular points of the following curves: 

(а) F(x , y) — ax 3 -f by 3 — cart/ — 0; 

(б) F(x, y) = (y* - 2#*) 2 - #•* = 0; 

(c) F(x, y) = (1 + e Vx )y — x = 0; 

(d) F(x, y) — y 2 (2a — x) — x* — 0; 

(e) Fix, y) = (y- 2x) 2 - #* - 0. 

9. Let (x, y) be a double point of the curve F(x, y) = 0. Calculate the 
angle <p between the two tangents at ( x , y), assuming that not all the 
second derivatives of F vanish at (#, y). 

Find the angle between the tangents at the double point (a) of the 
lemniscate, (6) of the folium of Descartes (cf. p. 116). 

10. Determine a and b so that the conics 

4a 8 -j- 4 xy + y 2 — 10# — 10?/ + 11 = 0 
ly + bx — l — 6)2 _ a{6 y — #-fl — 6) — 0 

cut one another orthogonally at the point (1,1) and have the same curva¬ 
ture at this point. 
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11. If F(x, y, 2 ) = 1 is the equation of a surface, F being a homo¬ 
geneous function of degree h, then the tangent plane at the point (x, y 9 z) 
is given by 

Wr + 7)F v + KF S - h. 

12. Let K' and K" be two circles having two points A and B in com¬ 
mon. If a circle K is orthogonal to K' and K'\ then it is also orthogonal 
to every circle passing through A and B. 

13. Let z be defined as a function of x and y by the equation 

X s + y 3 + z 8 — 3 xyz = 0. 

Express z x and z y as functions of x t y> z. 

3. Systems of Functions, Transformations, and Mappings 

1. General Remarks. 

The results we have obtained for implicit functions now enable 
us to consider systems of functions, that is, to discuss several 
functions simultaneously. In this section we shall consider the 
particularly important case of systems where the number of 
functions is the same as the number of independent variables. 
We begin by investigating the meaning of such systems in the 
case of two independent variables. If the two functions 

i = <f>(x, y) and g = ip(x, y) 

are both differentiable in a region R of the soy-plane, we can inter¬ 
pret this system of functions in two different ways. The first 
interpretation (the second will be given in sub-section 2, p. 138) 
is by means of a mapping or transformation. To the point P with 
co-ordinates (x, y) in the xy-plane there corresponds the image 
point IT with the co-ordinates (£, g) in the ^ 77 -plane. 

An example of such a mapping is the affine mapping or trans¬ 
formation „ , 

£ = ax + by 

7] = cx + dy 

of Chapter I (p. 28), where a, 6 , c , d are constants. 

Frequently (x, y) and (£, 77 ) are interpreted as points of one 
and the same plane. In this case we speak of a mapping of the 
xy-plane on itself ’ or a transformation of the xy-plane into itself * 

* It is also possible to interpret a single function £ = f(x) of a single vari¬ 
able as a mapping, if we think of a point with co-ordinate x on an ar-axis as 
being brought by means of the function into correspondence with a point £ 

[Continued overleaf 
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The fundamental problem connected with a mapping is that 
of its inversion; that is, the question whether and how x and y 
can in virtue of the equations f = <f>(x, y) and rj = ifj(x, y) be 
regarded as functions of f and 77 , and how these inverse functions 
are to be differentiated. 

If when the point (x, y) ranges over the region R its image 
point (£, 77 ) ranges over a region B of the ^ 77 -plane, we call B 
the image region of R. If two different points of R always correspond 
to turn different points of B, then for each point of B we can always 
find a single point of R of which it is the image. Thus to each point 
of B we can assign the point of R of which it is the image. 
(This point of R is sometimes called the “ model ”, as opposed 
to the “ image ”.) That is, we can invert the mapping uniquely, 
or determine x and y uniquely as functions 

x = g{£,v)> y=H£,y) 

of f and 77, which are defined in B. We then say that the original 
mapping can be uniquely inverted , or has a unique inverse , or is 
a one-to-one * mapping , and we call x — g(£, 77), y=h{£, 77) 
the transformation inverse to the original transformation or 
mapping. 

If in this mapping the point P with co-ordinates ( x , y) de¬ 
scribes a curve in the region R, its image point will likewise 
describe a curve in the region B, which is called the image curve 
of the first. For example, the curve x = c, which is parallel to 
the y-axis, corresponds to a curve in the ^ 77 -plane which is given 
in parametric form by the equations 

£ = <t >( c . y)> v = <A(c, y), 

where y is the parameter. Again, to the curve y = k there corre¬ 
sponds the curve 

£ = tf>(x, k), r/ = ifi(x, k). 

If to c and k we assign sequences of neighbouring values c v c 2 , 
c 3 , . . . and k v k 2 , k 3 , , then the rectangular “ co-ordinate 

on a £-axis. By this point-to-point correspondence the whole or a part of the 
#-axis is mapped on the whole or a part of the f-axis. A uniform “ scale ” of 
equidistant z-values on the z-axis will in general be expanded or contracted 
into a non-uniform scale of f-values on the f-axis. The f-scale may be regarded 
as a representation of the function £ — f(x). Such a point of view is frequently 
found useful in applications (e.g. in nomography). 

* Often written (1,1). 
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net ” consisting of the lines x = const, and y = const, (e.g. 
the network of lines on ordinary graph paper) usually gives rise 
to a corresponding curvilinear net of curves in the ^-plane 



{figs. 6 , 7). The two families of curves composing this net of 
curves can be written in implicit form. If we represent the inverse 
mapping by the equations 

x — *?)> y = y), 


the equations of the curves are simply 

y(€> y) — c and /t(£, 17) = k 

respectively. 

In the same way, the two families of lines | = y and 7 ? = k 
in the ^ 17 -plane correspond to the two families of curves 

<£(®> y) = y, y) = * 

in the xy- plane. 

As ah example we consider inversion , or the mapping by reciprocal 
radii or reflection in the unit circle. This transformation is given by the 
equations 

i = * T = _ v_ 


To the point P with co-ordinates (x, y) there corresponds the point II 
with co-ordinates (5, ?)) lying on the same line OP and satisfying the 

equation £ a -f rf = —— or Oil = —-, so that the radius vector to F 

x? -f y 2 OP 

is the reciprocal of the radius vector to II. Points inside the unit circle 
are mapped on points outside the circle and vice versa. 


From the relation 
mation is 


;* 4- 7 ) a = .. — we find that the inverse transfer - 

x 2 + y 2 
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P+V’ P + Tp’ 

which is again inversion . 

For the region R we may take the whole ary-plane with the exception 
of the origin, and for the region B we may take the whole £ 7 )-plane with 
the exception of the origin. The lines 5 = c and 7 ) = k in the gig-plane 

correspond to the circles x 2 -f y 2 — - x = 0 and a ? 2 -f y 2 — ~ y = 0 in 

c A; 

the ay-plane respectively; at the origin these circles touch the y-axis 
and the ar-axis respectively. In the same way, the rectilinear co-ordinate 
net in the ary-plane corresponds to the two families of circles touching the 
5 -axis and the rj-axis respectively at the origin. 



Fig. 8.—Orthogonal families of rectangular hyperbolas 


As a further example we consider the mapping 
5 = x 2 — y 2 , 7 ] — 2 xy. 

The curves 5 = const, give rise in the ary-plane to the rectangular hyper¬ 
bolas ar 2 — y 2 = const., whose asymptotes are the lines ar ~ y and x = —y; 
the lines 7 ) = const, also correspond to a family of rectangular hyperbolas, 
having the co-ordinate axes as asymptotes. The hyperbolas of each family 
cut those of the other family at right angles (cf. fig. 8 ). The lines parallel 
to the axes in the ary-plane correspond to two families of parabolas in the 
5 73 -plane, the parabolas 7) 2 = 4c 2 (c 2 — 5) corresponding to the lines x — c 
and the parabolas rf = 4 c 2 (c 2 -f 5) corresponding to the lines y — c. 
All these parabolas have the origin as focus and the 5-axis as axis (a 
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family of confocal and coaxial parabolas; cf. fig. 9). For systems of 
confocal ellipses and hyperbolas of. Ex. 5, p. 158. 



Fig. 0.—Orthogonal families of confocal parabolas 


One-to-one transformations have an important interpretation 
and application in the representation of deformations or motions 
of continuously-distributed substances, such as fluids. If we think 
of such a substance as spread out at a given time over a region 
R and then deformed by a motion, the substance originally 
spread over R will in general cover a region B different from 
R. Each particle of the substance can be distinguished at the 
beginning of the motion by its co-ordinates (x, y) in R, and at the 
end of the motion by its co-ordinates (f, 77 ) in B. The one-to-one 
character of the transformation obtained by bringing (x, y) into 
correspondence w T ith (£, 77 ) is simply the mathematical expression 
of the physically obvious fact that the separate particles must 
remain recognizable after the motion, i.e. that separate particles 
remain separate. 

2. Introduction of New Curvilinear Co-ordinates. 

Closely connected with the first interpretation (as a mapping) 
which we can give to a system of equations £ = <f>(x, y ), rj = \jt(x , y) 
is the second interpretation, as a transformation of co-ordinates in 
the plane. If the functions <f> and if) happen not to be linear, this 
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is no longer an “ affine ” transformation, but a transformation 
to general curvilinear co-ordinates. 

We again assume that when (x , y) ranges over a region R of 
the ay-plane the corresponding point (£, 77) ranges over a region 
B of the f^-plane, and also that for each point of B the corre¬ 
sponding ( x , y) in R can be uniquely determined; in other words, 
that the transformation is one-to-one. The inverse transforma¬ 
tion we again denote by a — y ( f, 77), y = h(£, 77). 

By the co-ordinates of a 'point P in a region R we can mean 
any number-pair which serves to specify the position of the point 
P in R uniquely. Rectangular co-ordinates are the simplest case 
of co-ordinates which extend over the whole plane. Another 
typical case is the system of polar co-ordinates in the ay-plane, 
introduced by the equations 

£ = r = \'{x 2 + y 2 ), 

77 = 0 = arc tan (y/x) (0 ^ 0 < 27 r). 

When we are given a system of functions f = <£(a, y), 
rj = y) as above, we can in general assign to each point P 
(a, y) the corresponding values (£, 77) as new co-ordinates. For 
each pair of values (£, 77) belonging to the region B uniquely 
determines the pair ( x, y), and thus uniquely determines the 
position of the point P in R ; this entitles us to call 77 the co¬ 
ordinates of the point P. The “ co-ordinate lines ” £ = const, 
and 77 = const, are then represented in the xy -plane by two 
families of curves, which are defined implicitly by the equations 
<f)(x } y) = const, and i/j(x, y) = const, respectively. These co¬ 
ordinate curves cover the region R with a co-ordinate net (usually 
curved), for which reason the co-ordinates (£, 77) are also called 
curvilinear co-ordinates in R. 

We shall once again point out how closely these two inter¬ 
pretations of our system of equations are interrelated. The 
curves in the ^77-plane which in the mapping correspond to 
straight lines parallel to the axes in the xy- plane can be directly 
regarded as the co-ordinate curves for the curvilinear co-ordinates 
x~g(g, 77), y = h(tj, 77) in the ^77-plane; conversely, the co¬ 
ordinate curves of the curvilinear co-ordinate system £ = cf>(x, y), 
77 = xfj(x, y) in the ay-plane in the mapping are the images of the 
straight lines parallel to the axes in the ^77-plane. Even in the 
interpretation of (f, 77) as curvilinear co-ordinates in the ay-plane 
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we must consider a ^-plane and a region B of that plane in which 
the point with the co-ordinates (£, 77) can vary, if we wish to keep 
the situation clear. The difference is mainly in the point of view.* 
If we are chiefly interested in the region R of the xy- plane, we 
regard 77 simply as a new means of locating points in the* 
region R , the region B of the frj-plane being then merely sub¬ 
sidiary; while if we are equally interested in the two regions 
R and B in the xy-plane and the f^-plane respectively, it is 
preferable to regard the system of equations as specifying a cor¬ 
respondence between the two regions, that is, a mapping of one 
on the other. It is, however, always desirable to keep the two 
interpretations, mapping and transformation of co-ordinates, 
both in mind at the same time. 

If, for example, we introduce polar co-ordinates (r, 0 ) and interpret r 
and 0 as rectangular co-ordinates in an r0-plane, the circles r — const, 
and the lines 0 — const, are mapped on straight lines parallel to the axes 
in the rO-plane. If the region JR of the #?/-plane is the circle x 2 -f- y 2 ^ I, 
the point (r f 0 ) of the rO-plane will range over a rectangle 0 < r ^ 1 , 
0 < 0 < 2tt, where corresponding points of the sides 0—0 and 0 — 
are associated with one and the same point of Ii and the whole side r = 0 
is the image of the origin x — 0, y — 0. 

Another example of a curvilinear co-ordinate system is the system of 
parabolic co-ordinates. We arrive at these by considering the family of 
confocal parabolas in the xy-plane (cf. also p. 126 and fig. 9 ) 

y a = (x + !)• 

all of which have the origin as focus and the #-axis as axis. 
Through each point of the plane there pass two parabolas of the family, 
one corresponding to a positive parameter value p = E, and the other to 
a negative parameter value p — r\. We obtain these two values by solving 
for p the quadratic equation which results when in the equation 
?/ 2 = 2 p(x + p/2) we substitute the values of x and y corresponding to the 
point; this gives 

5 = *4.^(3*+ y a ), 7 ) = — x — yV* + y a )- 

These two quantities may be introduced as curvilinear co-ordinates in the 
:ry-plane, the confocal parabolas then becoming the co-ordinate curves. 
These are indicated in fig. 9 , if we imagine the symbols (x t y) and (£, 75) 
interchanged. 

* There is, however, a real difference, in that the equations always define 
.a mapping , no matter how many points (x f y) correspond to one point (£, 17), 
while they define a transformation of co-ordinates only when the correspondence 
is one-to-one. 
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In introducing parabolic co-ordinates (£, tq) we must bear in mind that 
the one pair of values (£, *)) corresponds to the two points (x, y) and (x, —y) 
which are the two intersections of the corresponding parabolas. Hence 
in order to obtain a one-to-one correspondence between the pair (a;, y) and 
the pair (£, t\) we must restrict ourselves to the half-plane y 2> 0, say. 
Then every region B in this half-plane is in a one-to-one correspondence 
wdth a region B of the 5 r r plane, and the rectangular co-ordinates ( 5 , tq) 
of each point in this region B are exactly the same as the parabolic co¬ 
ordinates of the corresponding point in the region B. 

3. Extension to More than Two Independent Variables. 

In the case of three or more independent variables the state 
of affairs is analogous. Thus a system of three continuously- 
differentiable functions 

£ = y, z), v = 2/. z )» £ = x ( x - z )> 

defined in a region R of space, maybe regarded as the mapping 
of the region R on a region B of ^r^-space. If we assume that 
this mapping of R on B is one-to-one, so that for each image 
point (|, rj, £) of B the co-ordinates (x, y , z) of the corresponding 
point (“ model 55 point) in R can be uniquely calculated by means 
of functions 

x — g(£, -q, £), y — h(£, t], £), z—l(£, t], £), 

then (£, rj, £) may also be regarded as general co-ordinates of 
the point P in the region R. The surfaces £ = const., tj = const., 
£ = const., or, in other symbols, 

y , z) = const., i/j(x, y , z) = const., x( x > V> z ) — const. 

then form a system of three families of surfaces which cover 
the region R and may be called curvilinear co-ordinate sur¬ 
faces. 

Just as in the case of two independent variables, we can in¬ 
terpret one-to-one transformations in three dimensions as de¬ 
formations of a substance spread continuously throughout a 
region of space. 

A very important case of transformation of co-ordinates is 
given by polar co-ordinates in space. These specify the position 
of a point P in space by three numbers: (1) the distance 
r = \/{x 2 + y 2 + z 2 ) from the origin, (2) the geographical longi¬ 
tude <f>, that is, the angle between the rz-plane and the plane 
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determined by P and the 2-axis, and ( 3 ) the polar distance 6 , 

that is, the angle between 

the radius vector OP and 

the positive 2-axis. As we N. 

see from fig. 10, the three y 

polar co-ordinates r, </>, 6 are / 

related to the rectangular y 

co-ordinates by the equations y 

of transformation >4—-_ 


x — r cos<£sin0, 
y = r sin</) sin 9 , 
z=z r cos 6 , 


Fig. to.—Three-dimensional polar co-ordinates 


from which wc obtain the inverse relations 


r = -v/(x 2 + y 2 + z 2 ), 


<j> — arc cos 


V(* 2 + y 2 ) 


v^ 2 + ?y 2 )’ 

VC* 2 + y~) 

■pn am v ' ' %/ r 


6 = arc cos —— ---- = arc sin - - ■ — . 

V( x + y+z 2 ) V( x + y+ z ) 

For polar co-ordinates in the plane the origin is an exceptional 
point, at which the one-to- 
one correspondence fails, since 
the angle is indeterminate 
there. In the same way, foi 
polar co-ordinates in space the 
whole of the 2-axis is an ex¬ 
ception, since the longitude <f> 
is indeterminate there. At the 
origin itself the polar distance 
6 is also indeterminate. 

The co-ordinate surfaces 
for three-dimensional polar co¬ 
ordinates are as follows: (1) for Fig - I . I .“ Co "O rd 1 ina t. e surfac * s f ° r three ‘ 
constant values of r, the con¬ 
centric spheres about the origin; (2) for constant values of </>, 
the family of half-planes through the 2-axis; ( 3 ) for constant 
values of 8 , the circular cones with the 2-axis as axis and the 
origin as vertex (fig. 11). 
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Another co-ordinate system which is often used is the system 
of cylindrical co-ordinates . These are obtained by introducing 
polar co-ordinates p , <j> in the scy-plane and retaining 2 as the 
third co-ordinate. Then the formulae of transformation from 
rectangular co-ordinates to cylindrical co-ordinates are 

x~p cos (/>, 
y = psin<£, 

3=2 


and the inverse transformation is 

P = V (* 2 + y% 


t- 


arc cos 


V ( x2 + y 2 ) 


arc sm 


V ( x2 + y 2 ) 


2=2 


The co-ordinate surfaces p = const, are the vertical circular 
cylinders which intersect the a;y-plane in concentric circles with 
the origin as centre; the surfaces cf> — const, are the half-planes 
through the 2-axis, and the surfaces z = const, are the planes 
parallel to the ay-plane. 


4 . Differentiation Formulae for the Inverse Functions. 

In many cases of practical importance it is possible to solve 
the given system of equations directly, as in the above examples, 
and thus to recognize that the inverse functions are continuous 
and possess continuous derivatives. For the time being, there¬ 
fore, let us assume the existence and differentiability of the 
inverse functions. Then without actually solving the equations 
explicitly we can calculate the derivatives of the inverse functions 
in the following way. We substitute the inverse functions 
z~g(g, rj ), y=h(£, rj) in the given equations £ = cf>(x, y), 
rj — tfj(x , y ). On the right we obtain the compound functions 
<f>(g(£, g), h(i, 77 )) and rj), h(£, rj)) of £ and 77 ; but these 

must be equal to £ and 77 respectively. We now differentiate 
each of the equations 

v)> 

v = v), Hi, >?)) 

with respect to £ and to 7 j, regarding f and 77 as independent 
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variables.* If on the right we apply the chain rule for the dif¬ 
ferentiation of compound functions, we obtain the system of 
equations 

1 ~ frx9$ + fry^^ 0 = <frx.gr, + <frvK> 

0 = + frvK 1 = frx 9r, + frvK 


Solving these equations, we obtain 




fry 

If 


9 v = 




or 


1 

D 


tv 

D’ 





tx 

D’ 


i.e. the partial derivatives of the inverse functions x = g(£, rj) 
and y~ k(£, rj) with respect to £ and rj y expressed in terms of 
the derivatives of the original functions <f>(x, y) and ifj(x , y) with 
respect to x and y . For brevity we have here written 


D — txVv tv^lx — 


|0f 

dx cy 

or) drj 
dx dy 


This expression D , which we assume is not zero at the point in 
question, is called the Jacobian or f unctional determinant of the 
functions £ = <f>{x , y) and rj — \/j(x, y) with respect to the variables 
x and y. 

In the above, as occasionally elsewhere, we have used the 
shorter notation £(x, y) instead of the more detailed notation 
£ = cj)(x, y), which distinguishes between the quantity £ and 
its functional expression (f>(x, y). We shall often use similar 
abbreviations in the future when there is no risk of confusion. 


For polar co-ordinates in the plane expressed in terms of rectangular 
co-ordinates, 

5 = r = \/(x 2 + y 2 ) and r\ = 0 = arc tan 
v x 

* These equations hold for all values of £ and t? under consideration; as 
we say, they hold identically , in contrast to equations between variables which 
are satisfied only for some of the values of these variables. Such identical 
equations or identities , when differentiated with respect to any of the variables 
occurring in them, again yield identities, as follows immediately from the 
definition. 
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for example, the partial derivatives are 

r=— = y = y 
* Vi * 2 + y 2 ) *•’ v Vi * 2 + v 2 ) r ' 

y y xx 

~~ x 2 -f y 2 r 2 ’ x 2 + y 2 r 2 ' 


Hence the Jacobian has the value 

x x 


D = 


r r z 



1 

r 


and the partial derivatives of the inverse functions (rectangular co¬ 
ordinates expressed in terms of polar co-ordinates) are 

x y 

x r = -> ** = y r = y ^ 


as we could have found more easily by direct differentiation of the inverse 
formulae x = r cos 0, y = r sin 0. 


The Jacobian occurs so frequently that a special symbol is 
often used for it: 

D = v \ 

y) ’ 


The appropriateness of this abbreviation will soon be obvious. 
From the formulae 


x t 



X r,= 


D’ 


yt=- 


v* 

D’ 




L 

D 


for the derivatives of the inverse functions we find that the 
Jacobian of the functions x=x{£, tj) and y—y(£, g) with 
respect to £ and rj is given by the expression 


d(x, y) 
d(& v) 


= x tfv 


x „yt = 


£ vVx 

D* 


1 

D 


1 


mjn) 

d(x, y) 


That is, the Jacobian of the inverse system of functions is the recip¬ 
rocal of the Jacobian of the original system. 

In the same way we can also express the second derivatives 
of the inverse functions in terms of the first and second derivatives 
of the given functions. We have only to differentiate the linear 
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equations given above with respect to £ and to rj by means of 
the chain rule. (We assume, of course, that the given function 
possesses continuous derivatives of the second order.) We then 
obtain linear equations from which the required derivatives can 
readily be calculated. 

For example, to calculate the derivatives 




d 2 y 


— h x 


we differentiate the two equations 

1 = + ZvVs 

0 = rf x x^ + ri,y ( 


once again with respect to f and by the chain rule obtain 

o ^ “f" 

o = VxxX $ 2 4- 2 r) xv x $ y ( + r) vv y $ 2 + t) x x $( + rj v y H . 


If we solve this system of linear equations, regarding the quantities 
Xtf and y^ as unknowns (the determinant of the system is again D, 
and therefore, by hypothesis, not zero) and then replace and y t 
by the values already known for them, a brief calculation gives 

£XxVv 2 ^^XvVxVv £vvVx* £v 

VxxVv* ^VxuVxVv VvvVx^ Vv 

and 

^xxVv* ^^xvVxVv ^vvVx* 

VxxVi? ^VxvVxVv VwVx* Vx 


1 

Vtt 2>3 


1 

Xtt — — 

“ 2>3 


The third and higher derivatives can be obtained in the same 
way, by repeated differentiation of the linear system of equations; 
at each stage we obtain a system of linear equations with the 
(non-vanishing) determinant D . 


5. Resolution and Combination of Mappings and Transformations. 

In Chapter I we saw that every affine transformation can be 
analysed into simple or, as we say, primitive transformations, the 
first of which deforms the plane in one direction only and the 
second deforms the already deformed plane again in another 
direction. In each of these transformations there is really only 
one new variable introduced. 

( e 912) 


1 
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We can now do exactly the same thing for transformations 
in general. 

We begin with some remarks on the combination of trans¬ 
formations. If the transformation 

£ = <Kz, y), v = y) 

gives a one-to-one mapping of the point (x, «/), which ranges over 
a region R , on the point (£, 77) of the region B in the f 17-plane, 
and if the equations 

U—Q>(g, rj), V = 'F(^, •>?) 

give a one-to-one mapping of the region B on a region R' in the 
uv-plane, then a one-to-one mapping of R on R! simultaneously 
occurs. This mapping we naturally call the resultant mapping or 
resultant transformation , and say that it is obtained by combining 
the two given mappings. The resultant transformation is given 
by the equations 

u = Q(4(z, y), >p(x, y)), V = ¥(#*, y), i p(x, y))-, 

from the definition it follows at once that this mapping is one-to- 
one. 

By the rules for differentiating compound functions we obtain 
| = (D f ^ + 0,«A v , 


dv 

cy 




On comparing this with the law for the multiplication of deter¬ 
minants (cf. p. 36 ) we find * that the Jacobian of u and v with 
respect to x and y is 


du dv 
dx dy 




* The same result can of course be obtained by straightforward multipli¬ 
cation. 
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In words: 

The Jacobian of the resultant transformation is equal to the 
product of the Jacobians of the individual transformations . 

In symbols: 

d( u s v) ^ d(u, v) d(i,rj) 
d(x, y) d(£, 7 ]) d(x, y) 

This equation brings out the appropriateness of our symbol for 
the Jacobian. When transformations are combined ., the Jacobians 
behave in the same way as the derivatives behave when functions of 
one variable are combined. The Jacobian of the resultant transfor¬ 
mation differs from zero, provided the same is true for the in¬ 
dividual (or component) transformations. 

If, in particular, the second transformation 

U ~ <!>(£, 7)), !?=-= Y(f, rj) 

is the inverse of the first, 

£ V )> V = y)> 

and if both transformations are differentiable, the resultant 
transformation will simply be the identical transformation, that 
is, u~ x, y. The Jacobian of this last transformation is 
obviously 1 , so that we again obtain the relation of p. 144 , 

d(£>v) d( x ’ y)_ j 
y) d (i> v) 

From this, incidentally, it follows that neither of the two Jacobians 
can vanish. 

Before we take up the question of the resolution of an 
arbitrary transformation into primitive transformations, we 
shall consider the following primitive transformation: 

£ = #c, y)> v = y- 

We assume that the Jacobian D = <f> T of this transformation 
differs from zero throughout the region R , i.e. we assume that 
<f> x > 0, say, in the region. The transformation deforms the 
region R into a region B ; and we may imagine that the effect 
of the transformation is to move each point in the direction of 
the #-axis, since the ordinate is unchanged. After deformation 
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the point ( x , y) has a new abscissa which depends on both x 
and y. The condition <f> x > 0 means that when y is fixed 
£ varies monotonically with x. This ensures the one-to-one 
correspondence of the points on a line y = const, before and 

y* 



Fig. 12.—Transformation in which the sense of rotation is preserved 


after the transformation; in fact, two points P(x 1 , y) and Q(x 2i y) 
with the same ordinate y and x 2 > x 1 are transformed into two 
points P r and Q' which again have the same ordinate and whose 
abscissae satisfy the inequality > £* (cf. fig 12). This fact also 



Fig. 13.—Transformation in which the sense of rotation is reversed 


shows that after the transformation the sense of rotation is the 
same as that in the seaplane. 

If </) x were negative, the two points P and Q would corre¬ 
spond to points with the same ordinate and with abscissae 
and f 2 , but this time we should have & > £ 2 (cf. fig. 13). The sense 
of rotation would therefore be reversed, as we have already seen 
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in Chapter I (p. 35 ) for the simple case of affine transforma¬ 
tions. 

If the 'primitive transformation 

£ = 4>(x> y), v = y 

is continuously differentiable , and its Jacobian <f) x differs from 
zero at a point P(x 0 , y 0 ), then in a neighbourhood of P the trans¬ 
formation has a unique inverse, and this inverse is also a primitive 
transformation of the same type. In virtue of the hypothesis 
(f> x 4= 0 we can apply the theorem on implicit functions given in 
section 1, No. 3 (p. 114 ), and thus find that in a neighbourhood 
of (x Q , y 0 ) the equation £ = y) determines the quantity x 
uniquely as a continuously differentiable function x = </(£, y) of 
£ and y* The two formulae 

* = g{£, v)> y = v 

therefore givo us the inverse transformation, whose determinant 
is g ( =- ll<f> x #= 0. 

If we now think of the region B in the f^-plane as itself 
mapped on a region R in the wv-plane by means of a primitive 
transformation 

u = & v = Y(£, v ), 

where we assume that Y^ is positive, the state of affairs is just as 
above, except that the deformation takes place in the direction 
of the other co-ordinate. This transformation likewise preserves 
the sense of rotation (or reverses it if the relation Y^ < 0 holds 
instead of Y n > 0). 

By combining the two primitive transformations we obtain 
the transformation 


u = <f>(x, y ), 

t? = Y y), y)= ifs(x, y), 


and from the theorem on Jacobians we see that 

— <f) x T y 

o(x, y) 


* Here we use the fact that a function with two continuous derivatives is 
differentiable. 
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We now assert that an arbitrary one-to-one continuously 
differentiable transformation 

u = <f>(x , y), v = y) 

of the region 12 in the ay-plane on a region i?' in the m^-plane 
can be resolved in the neighbourhood of any point interior to R 
into continuously differentiable primitive transformations, pro¬ 
vided that throughout the whole region R the Jacobian 

v) , . . 

Start = *■*--**• 

differs from zero. 

From the non-vanishing of the Jacobian it follows that at 
no point can we have both <f> x = 0 and <f> y — 0. We consider a 
point with co-ordinates (x 0 , y 0 ) and assume that at that point 
(f) x 4 = 0. Then by the main theorem of section I, No. 5 (p. 117 ) 
we can mark off intervals x x ^ x <1 x 2> y x <^y y 2 , ^ u 5 ^ 

about a 0 , y 0 , and w 0 = m(x 0 , y 0 ) respectively, in such a way that 
within these bounds the equation u — </>(a, y) can be solved 
uniquely for a and defines x = y(w, y) as a continuously differen¬ 
tiable function of u and y. If we substitute this expression in 
v = j/f(a, y), we obtain v = 0 (y(w, y), y) = T(w, y). Hence in 
any neighbourhood of the point (x 0 , y 0 ) we may regard the given 
transformation as composed of the two primitive transformations 

£ = y), r) = y 

and 

M = £, « = T(£ T)). 

Similarly, in a neighbourhood of a point (a 0 , y 0 ) at which 
<j> y =|= 0 we can resolve the given transformation into two primi¬ 
tive transformations of the form 

£ = *> v= ^ y ) 

« = i7. » = ( = <A{®> y( M > *)})• 

This pair of transformations is not exactly identical in form with 
the pairs considered above, each of which leaves one of the co¬ 
ordinate directions unaltered. It can easily be brought into 
that form, however, by interchanging the letters u and v (this 
interchange is itself the resultant of three very simple primitive 
transformations (cf. the footnote on p. 31 )). For the purposes of 
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the present chapter, however, it is more convenient not to carry 
out this resolution; instead, we write the last set of equations in 
the form 

i=x, r)= 4 >(x, y), 
u — —Y i(£, 77), v— r), 
u~v, v = — u. 

These last represent two primitive transformations, each affecting 
one co-ordinate direction only, and also a rotation of the axes 
in the wv-plane through an angle of 90 °. The rotation is so easy 
to deal with that it need not be split up into primitive trans¬ 
formations. 

It is not to be expected that we can resolve a transformation 
into primitive transformations in one and the same way through¬ 
out the whole region. Since, however, one of the two types of 
resolution can be carried out for every interior point of R, every 
closed region interior to R can be subdivided into a finite number 
of sub-regions* in such a way that in each sub-region one of the 
resolutions is possible. 

From the possibility of this resolution into primitive trans¬ 
formations we can draw an interesting conclusion. We have seen 
that in the case of a primitive transformation the sense of rotation 
is reversed or preserved according as the Jacobian is negative or 
positive. From this it follows that in the case of general trans¬ 
formations the sense of rotation is reversed or preserved according 
as the sign of the Jacobian is negative or positive . For if the sign 
of the Jacobian is positive, when the resolution into primitive 
transformations is carried out the Jacobians of the primitive 
transformations will either be both positive or both negative, (The 
rotation of the u~ and v-axes through 90 °, required in some cases, 
has +1 for its Jacobian and leaves the sense of rotation un¬ 
changed, and accordingly does not affect the discussion at all.) In 
the first case it is obvious that the sense of rotation is preserved; 
in the second case this follows from the fact that two reversals 
of the sense bring us back to the original sense. If the Jacobian 
is negative, however, one, and only one, of the primitive trans¬ 
formations will have a negative Jacobian and will therefore 
reverse the sense, while the other will not affect it. 


* This follows from the covering theorem (cf. p. 99 ). 
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6. General Theorem on the Inversion of Transformations and 
Systems of Implicit Functions. 

The possibility of inverting a transformation depends on the 
following general theorem: 

If in the neighbourhood of a point (x 0 , y 0 ) the functions </>(x, y) 
and ifj(x , y) are continuously differentiable * and u 0 = </>(x 0 , y 0 ), 
v 0 ~ 0 (x o , y 0 ), and if in addition the Jacobian D = — (f> y ip x 

is not zero at (x 0 , y 0 ), then in a neighbourhood of the point 
(x 0 , y 0 ) the system of equations u == <f>(x, y), v = 0(x, y) has a 
unique inverse ; that is, there is a uniquely determined pair of 
functions x = g(u , v) } y = h(u, v) such that x 0 = g(u 0i v 0 ) and 
y Q = A(^ 0 , v 0 ) and also the equations 

w = <£(#(w, v ), A(w, v)) and u = ift{g(u , v), /*(w, v)) 

hold in some neighbourhood of the point (w 0 , t? 0 ). 

In the neighbourhood of (u 0 , v 0 ) the so-called inverse functions 
x = g(u, v), y = h(u, v) possess continuous derivatives which are 
given by the expressions 


dx 

1 dv 

dx 

1 du 

du 

Ddy 

dv 

Ddy' 

dy_ 

1 dv 


1 du 

du 

Ddx’ 

dv 

D dx 


The proof follows from the discussions in No. 5 (p. 149 ). For 
in a sufficiently small neighbourhood of the point (x 0 , y 0 ) we can 
resolve the transformation w=<£(x, y), v~i(j(x, y) into continu¬ 
ously differentiable primitive transformations,possibly with a rota¬ 
tion of the u - and t;-axes through 90 ° in addition. Each of these 
has a unique inverse, which is itself a continuously differentiable 
transformation. The combination of these inverse transformations 
at once gives us the transformation which is the inverse of the given 
one. This, being a combination of continuously differentiable trans¬ 
formations, is itself continuously differentiable. It then follows 
from No. 4 (p. 143 ) that the differentiation formulae hold as stated. 

This inversion theorem is a special case of a more general 
theorem which may be regarded as an extension of the theorem 
of implicit functions to systems of functions. The theorem of 


* I.e. are continuous and possess continuous derivatives. 
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implicit functions (section 1, p. 117 ) applies to the solution of one 
equation for one of the variables. The general theorem is as 
follows: 

If <£(x, y, u, v, . . . , w) and ifi(x, y, u, v, . . . , w) are con¬ 
tinuously differentiable functions of x, y, u, v, . . . , w, and the 
equations 


<f)(x, y, u, v, . . . , w) = 0 and y, u, v, . . . , w) = 0 

are satisfied by a certain set of values x 0 , y 0 , u 0 , v 0 , . . . , w 0 , and 
if in addition the Jacobian of </> and ifj with respect to x and y differs 
from zero at that point (that is , D = <f> x if* y — <f> y if* x 4 = 0 ), then in 
the neighbourhood of that point the equations <j>— 0 and 0=0 
can be solved in one, and only one . way for x and y, and this solution 
gives x and y as continuously differentiable functions of u, v,. . ., w. 

The proof of this theorem is similar to that of the inversion 
theorem above. From the assumption that D 4= 0 we can conclude' 
without loss of generality that at the point in question <j> x 4= 0. 
Then by the main theorem of section 1 (p. 117 ), if we restrict 
x , y, u, v, . . . , w to sufficiently small intervals about x 0 , y 0> u 0 , 
?•„. . . . , Wq respectively, the equation cf>(x, y, u, v, . . . , w) can be 
solved in exactly one way for x as a function of the other variables, 
and this solution x = g(y, u, v, . . . , w) is a continuously differ¬ 
entiable function of its arguments, and has the partial derivative 
g y -- ^~ ( j }y j ( f )x . If we substitute this function x = g(y, u 9 v ,. .., w) 
in i fj(x, y, u, v, . . . , w) y we obtain a function ip(x, y, u, v,.. . f w) 
= w, v, . . . , w) } and 


<Px <Px 


Hence in virtue of the assumption that Z) =)= 0 we see that the 
derivative is not zero. Thus if we restrict y, u, v, . . . , w to 
intervals about y 0 , u Qy v 0 , ... 9 w 0 (which we take to be smaller 
than the intervals to which they were previously restricted), we 
can solve the equation = 0 in exactly one way for y as a 
function of u, v, . . . , w, and this solution is continuously dif¬ 
ferentiable. Substituting this expression for y in the equation 
x = g(y 9 u, v, . .. , w) now gives # as a function of u 9 v, ... , w. 
and this solution is continuously differentiable and unique, 
subject to the restriction of x, y, u, v, . . . , w to sufficiently small 
intervals about x 09 y 0 , u 09 v 0 , . . . , w 0 respectively. 
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7. Non-independent Functions. 

It is worth mentioning that if the Jacobian D vanishes at a 
point (x 0 , y 0 ), no general statement can be made about the 
possibility of solving the equations in the neighbourhood of 
that point. Even if the inverse functions do happen to exist, 
however, they cannot be differentiable, for then the product 

would vanish, while by p. 147 it must be equal 

V) 3(£ v) 

to 1. 

For example, the equations 

u — x 3 , v ~ y 

can be solved uniquely, the solutions being 

X = \/ U. U — V, 

although the Jacobian vanishes at the origin; but the function \/u is not 
differentiable at the origin. 

On the other hand, the equations 

u — x l — y 2 , v — 2 xy 

cannot be solved uniquely in the neighbourhood of the origin, since the 
two points {x, y) and (— x, — y) of the ^-plane both correspond to the 
same point of the ww-plane. 

If, however, the Jacobian vanishes identically , that is, not 
merely at the single point ( x f y), but at every point in a whole 
neighbourhood of the point (x, y), then the transformation is of 
the type called degenerate. In this case we say that the functions 
u = <f>(x, y) and v -- ifj(x , y) are dependent. We first consider 
the special, almost trivial, case in which the equations <f> x = 0 
and <{) y — 0 hold everywhere, so that the function <f>(x , y) is a 
constant. 

We then see that while the point ( x , y) ranges over a whole 
region its image (u, v) always remains on the line u = const. 
That is, our region is mapped only on a line, instead of on a 
region, so that there is no possibility here of speaking of a one- 
to-one mapping of two two-dimensional regions on one another. 
A similar situation arises in the general case in which at least 
one of the derivatives <f> x or <f> y does not vanish, but the Jacobian 
D is still zero. We suppose that at a point (x 0 , y 0 ) of the region 
• nder consideration we have <^4=0. It is then possible to 
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resolve our transformation into two primitive transformations 
£ = (f)(x, y), 77 = y and £, v = $(£, 77) just as in No. 5 
(p. 150 ), for there we made use only of the assumption <f> x 4= 0 . 
In virtue of the equation D = <f> x if; v = 0 , however, 1/^ must 
be identically zero in the region whero <f> x 4 = 0 ; that is, the 
quantity i/j = v does not depend on 77 at all, and v is a function 
of f = u alone. Our result is therefore as follows: 

If the Jacobian of the transformation vanishes identically , a 
region of the xy-plane is mapped by the transformation on a curve 
in the nv-plane instead of on a region , since in a certain interval 
of values of u only one value of v corresponds to each value 
of u. Thus if the Jacobian vanishes identically the functions are 
not independent , i.e. a relation 

m , 0 = 0 

exists which is satisfied, for all systems of values (x, y) in the above- 
mentioned region. For if F(u, v) = 0 is the equation of the curve 
in the wv-plane on which the region of the 4?/-plane is mapped, 
then for all points of this region the equation 

y), i/j(x , y)) = 0 

is satisfied, i.e. this equation is an identity in x and y. 

The exceptional case discussed separately at the beginning 
is obviously included in this general statement. The curve in 
question is then just the curve u = const., which is a parallel to 
the v-axis. 

An example of a degenerate transformation is 

S = * 4 y, yf. 

According to this transformation all the points of the a^-plane are mapped 
on the points of the parabola tq = Z? in the E^-plane. An inversion of the 
transformation is out of the question, for all the points of the line x 4 y 
= const, are mapped on a single point (£, 75). As we can easily verify, the 
value of the Jacobian is zero. The relation between the functions 5 and 7), 
in accordance with the general theorem, is given by the equation 
77)- 

8. Concluding Remarks. 

The generalization of the theory for three or more independent 
variables offers no particular difficulties. The chief difference 
is that instead of the two-rowed determinant D we have deter- 
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minants with three or more rows. In the case of transformations 
with three independent variables, 

$ = 4>(x. y, z), r, = y, z), £ == x( x > 2 )> 

x = ih 0, y = *?> £)> 2 = *(£> v> £)> 


the Jacobian is given by the equation 


D _ 7 k jsj 

d(x, y, z) 


<f>r 4>x Xx 

<f> V 4 >v Xv • 

<f>z Xz 


In the same way, for transformations 


*®2 » * * • j ®n) 
%'i == 9i(£ 1 > ^ 2 ’ * * * ? £n) 


with '/i independent variables the Jacobian is 




\Hi 

Hi 

Hn 



\cx l ’ 

a*,’ 


^2’ * • 

L) 

Hi 

Hz 

Hn 

o(x v x 2 , .. 

• > *^n) 

dx 2 ’ 

axj,* 




Hi 

Hi 




^ ' ? 
ox n 

dx n ’ 



n 


For more than two independent variables it is still true that 
when transformations are combined the Jacobians are multiplied 
together. In symbols, 

£2* • • • 3 £n ) d (yy 1 ?2? * * * l Vn ) ___ ^(£y ^2> * 9 £n) 

d(Vl> V2> ••• 9 Vn) d(Xi, x 2 , . • . , #n) t %2’ • * • > ®«) 

In particular, the Jacobian of the inverse transformation is the 
reciprocal of the Jacobian of the original transformation. 

The theorems on the resolution and combination of trans¬ 
formations, on the inversion of a transformation, and on the 
dependence of transformations remain valid for three and more 
independent variables. The proofs are similar to those for the 
case n = 2; to avoid unnecessary repetition we shall omit them 
here. 

In the preceding section we have seen that the behaviour of 
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a general transformation in many ways resembles that of an 
affine transformation, and that the Jacobian plays the same part 
as the determinant does in the case of affine transformations. 
The following remark makes this even clearer. Since the functions 
£ = y) and 77 = y) are differentiable in the neighbour¬ 
hood of ( x 0 , y 0 ), we can express them in the form 

£ — £ 0 = — a-o) M* 0 , y 0 ) + (y— y 0 ) <t> v ( x 0 > Vo) 

+ eV(x— a :,,) 2 + (y — y 0 f, 

V ~ Vo = ( x ~ ^) tf, x {x 0 , y 0 ) + (y — y n ) 4 > y (x 0 , y 0 ) 

+ 8 V(x — x 0 ) 2 -f (y — y 0 ) 2 , 

where e and 8 tend to zero with \/{{x — x 0 ) 2 + (y — y 0 ) 2 }. 
This shows that for sufficiently small values of | x — x 0 | and 
| y — y 0 1 the transformation may be regarded, to a first approxi¬ 
mation, as affine, since it can be represented approximately by 
the affine transformation 

£ = £ 0 + (* — x o)M x o> Vo) + (y — y 0 )4>v( x o> y 0 )> 

V — Vo + (X— x 0 )i/i r (x 0 , y 0 ) + (y — y 0 )if> v (x 0 , y 0 ), 
whose determinant is the Jacobian of the origmal transformation. 

Examples 

1. If /( x ) is a continuously differentiable function, then the transformation 

u = f(x) y v — —y -f xf(x) 

has a single inverse in every region of the a^-plane in which f'(x) 4 = 0. 
The inverse transformation has the form 

x = 0(w), y = — v + ug(u). 

2 . A transformation is said to be “ conformal ” (see p. 166 ) if the 
angle between any two curves is preserved. 

(a) Prove that the inversion 

£ ^ = _y_ 

z 2 + 2/ 2 ’ ** + y* 

is a conformal transformation. 

(b) Prove that the inverse of any circle is another circle or a straight 
line. 

(c) Find the Jacobian of the inversion. 

3 . Prove that in a curvilinear triangle which is formed by three circles 
passing through one point 0, the sum of the angles is iz. 
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4 . A transformation of the plane 

u = <p(x, y), v = y) 

is conformal if the functions 9 and <|* satisfy the identities 

= 4v 9„ = — fe* 


5 . The equation 


+ . , = 1 <«>*> 


determines two values of U depending on x and y: 

h = X(z, y), 
h = V )• 

(a) Prove that the curves t t = const, and t 2 = const, arc ellipses and 
hyperbolas all having the same foci (confocal conics). 

(b) Prove that the curves t A — const, and l 2 = const, are orthogonal. 

(c) and f 2 may be used as curvilinear co-ordinates (so-called “focal” 
co-ordinates). Express x and y in terms of these co-ordinates. 

(d) Express the Jacobian in terms of x and y. 

c(x< y) 

(e) Find the condition that two curves, which are represented para¬ 
metrically in the system of focal co-ordinates by the equations 

*1 = AW* h = AM aad h = h — 


are orthogonal to one another. 

6. (a) Prove that the equation in t 


x 1 


a — l 


+ 


y 2 


b — 


f c — < 


(a > b > c) 


has three distinct real roots t v t 2 , which lie respectively in the intervals 
— ao < < c, c < t < b, b < t < a, 


provided that the point ( x , y, z) does not lie on a co-ordinate plane. 

(b) Prove that the three surfaces t x = const., t 2 = const., f 3 = const, 
passing through an arbitrary point are orthogonal to one another. 

(c) Express x , y, z in terms of the “ focal co-ordinates ” t 3 . 

7 . Prove that the transformation of the icy-plane given by the equations 


*“*(* +ST?)* 71= i("-x» + ,*) 

(а) is conformal; 

(б) transforms straight lines through the origin and circles with the- 
origin as centre in the icy-plane into confocal conics t = const, given by 
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8. Inversion in three dimensions is defined by the formulae 

E ^ _ y t = _ i _ 

X*+y*+Z*’ n **+p2 + 2 2’ * tf a -f-y 2 + * 2 ' 

Prove that 

(a) the angle between any two surfaces is unchanged; 

(b) spheres are transformed either into spheres or into planes. 

9 . Prove that if all the normals of a surface z = u(x , y) meet the 
«-axis. then the surface is a surface of revolution. 

4. Applications 

1. Applications to the Theory of Surfaces. 

In the study of surfaces, as in that of curves, parametric * 
representation is frequently to be preferred to other types of 
representation. Here we need two parameters instead of one: 
we denote them by u and v. A parametric representation may be 
expressed in the form 

x = v), y = v), z = x (u, v), 

where <j >, 0, and x are given functions of the parameters u and v 
and the point (u, v ) ranges over a given region R in the wv-plane. 
The corresponding point with the three rectangular co-ordinates 
( x , y, z) then ranges over a configuration in xyz- space. In general 
this configuration is a surface, which can be represented in the 
form 2 = f(x, y)< say. For w T e can seek to solve two of our three 
equations for u and v in terms of the two corresponding rect¬ 
angular co-ordinates. If we substitute the expressions thus found 
for u and v in the third equation, we obtain an unsymmetrical 
representation of the surface, z = f(x , y ), say.* Hence in order 
to ensure that the equations really do represent a surface, we 
have only to assume that the three Jacobians 


| 4>v 



4>v 


Xu Xv 

l 

y 

Xu 

Xv\ 

’ i 

<f>u 


do not all vanish at once; in a single formula, that 

(<f>u4>v — <f>v'/'u) 2 + (•I'nXv — </» vXu) 2 + (Xu4>v — Xv4>uf > 0. 

Then in some neighbourhood of each point in space represented 

* This is actually a special case of the parametric form, as we see by putting 
x - u and y — v. 
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by our three equations it is certainly possible to express one of 
the three co-ordinates uniquely in terms of the other two. 

A simple example of parametric representation is the representation of 
the spherical surface x 2 -f* y 2 -f z 2 = r 2 of radius r by the equations 

x aa r cos u sin v, y = r sin u sin v, z=r cost; 

(0 ^ U < 27T, 0 ^ v ^ 7t), 

where r = 0 is the polar distance and u = <p is the geographical longitude 
of the point on the sphere (cf. p. 141 ). 

This example exhibits one of the advantages of parametric representa¬ 
tion. The three co-ordinates are given explicitly as functions of u and v, 
and these functions are single-valued. If v runs from n /2 to n we obtain 
the lower hemisphere, i.e. z = — V (r 2 — x 2 — y 2 ), while values of v from 
0 to tt /2 give the upper hemisphere. Thus with the parametric representa¬ 
tion it is not necessary, as it is with the representation z^fVjf 2 - ic 2 — i/ 8 ), 
to consider two “ single-valued branches ” of the function in order to 
obtain the whole sphere. 

We obtain another parametric representation of the sphere by means of 
stereographic projection. In order to project the sphere x 2 -f- y 2 + z 2 — r 2 ~ 0 



stereographically from the “ north pole ” (0, 0, r) on the “ equatorial 
plane ” z == 0, we join each point of the surface to the north pole N by 
a straight line and call the intersection of this line with the equatorial 
plane the stereographic image of the corresponding point of the sphere 
{fig. 14). We thus obtain a one-to-one correspondence between the points 
of the sphere and the points of the plane, except for the north pole N, 
Using elementary geometry, we readily find that this correspondence is 
expressed by the formulae 

2 r 2 u 2r 2 v (u 2 -f v 2 — r 2 )r 

X u 2 + v 2 + r 2 * V u 2 + v 2 + r 2 ' Z u 2 4- v 2 + r 2 

where (w, v) are the rectangular co-ordinates of the image-point in the plane. 
These equations may be regarded as a parametric representation of the 
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sphere, the parameters u and v being rectangular co-ordinates m the 
wv-plane. 

As a further example we give parametric representations of the surfaces 


x 2 y 2 
d 2 + 6 2 




y 2 

b 2 


z 2 


= 1 , 


which are called the hyperboloid oJ‘ one sheet and the hyperboloid of two 



Fig. 15.—Hyperboloid of one sheet 




Fig. 16.—Hyperboloid of two sheets 


sheets respectively (cf. figs. 15 and 16 ). The hyperboloid of one sheet is 
represented by 


x = 


-f 

a cos u — 

2 


= a cosw coshv, 


e r -\~ e~ v 

y = b sinw - --= b sinu coshv, 


e v — e~ v 

z = c - ---— = c sinhv; 


0 <1 u < 27 t 
— x < V < -f oo 


the hyperboloid of two sheets by 

q v | g—v 

x = a -- = a cosh v f 

g® g—v 

y = b cos u —--= b cos u sinhv, 

Z 


e v _ e ~V 

z — c sin u —--= c emu sinh v. 


0 ^ u < 2ir 
— 00 < v < -f 00 


In general, we may regard the parametric representation of 
a surface as the mapping of the region. R of the xiv-plane on the 

(fi 912) 12 
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corresponding surface , where, as always, the word mapping is 
understood to mean a point-to-point correspondence. To each 
point of the region R of the wv-plane there corresponds one point 
of the surface, and in general the converse is also true.* 

In the same way, a curve u = u(t), v = v(t) in the wv-plane 
corresponds in virtue of the equations x = <f>(u(t), v(t)) = x(t), . . . 
to a curve on the surface (cf. p. 85 ). In particular, in the 
representation of the sphere by means of polar co-ordinates 
the meridians are represented by the equation u = const, and 
the parallels of latitude by v = const. This net of curves 
thus corresponds to the system of parallels to the axes in 
the wu-plane. 

The representation of a curve on a given surface is one of the 
most important methods for thorough investigation of the proper¬ 
ties of the surface. Here we shall give only the expression for $, 
the length of arc of such a curve. As we mentioned in Chap. II, 
section 7 (p. 86), we have 


so that in virtue of the equations 


we obtain 


dx du . dv 0 

s=*■ *+*'*• * c - 



+ 2 **•*+(? 

dt dt 



where for the sake of compactness we have introduced the 
Gaussian fundamental quantities of the surface , 

jp __ dx dx , dy dy dz dz 

du dv du dv du dv 


* This, of course, is not always the case. For example, in the representa¬ 
tion of the sphere by polar co-ordinates (p. 160 ) the poles of the sphere corre¬ 
spond to the whole line-segments v « 0 and v ■* n respectively. 
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These are independent of the particular choice of the curve on 
the surface, and depend only on the surface itself and its para¬ 
metric representation. The above expressions for the derivative 
of the length of arc with respect to the parameter are usually 
expressed symbolically by omitting the reference to the parameter 
t and saying that the “ line element ” ds on the surface is given 
by the “ quadratic differential form ” 

ds 2 = Edit 2 -f- 2Fdudv + Gdv 2 . 


For the direction cosines of the normal to a surface given 
in the form 0(x, y , z) = 0 we have already obtained (p. 130) 
the expressions 


cos a - 


<D, 


vW+^ + ^s 2 )’ 


cos/8 = 


<*>„ 

V (+ ®v 2 + ^s 2 )’ 


cosy = 


<& z 

V^7+^7T®7)‘ 


To obtain these direction cosines in the case of parametric re¬ 
presentation, we suppose that the surface given by the equations 
x = <f>(u, r>), y = v), z = v) is written in the form 

V, z ) = 0. The equation 

<D(<£(w, v), 0(u, v ), x( u > v)) = 0 


is then an identity in u and v, and by differentiation we 
obtain 


®x<f>u + Xu = 

= 0. 


From these it follows at once that (cf. Chap. I, section 3, p. 26) 

<E>« = pWuXv — Xu'!>v)\ = p(Xui>v — <f>uXv)> 

= p(<f) u ijj v 1>)» 


where p is a suitably chosen multiplier. From the definition of 
E, F, G we find by direct expansion that 

(<l>uX v — Xu'I'v) 2 + (Xu4>v — tuXv? + (<M>v — Mr? — EG — F 2 , 
and combining this with the preceding equation, we have 
O* 2 + <D» 2 + ® z 2 = pHEG - F 2 ). 
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Thus we finally obtain the formulae for the direction cosines of 
the normal to the surface in the form 


cos a = 


4>uXv — Xu^v 

F 2 )' 


cos ft = 


Xtd>* — fax* 

VC EG-F 2 )’ 


cosy = 


0u &V 

y/(EG — F 2 ) 


The equations u = g(t), v = ^(f), as we have seen, represent 
a curve on the surface. The direction cosines of the tangent to 
this curve are given according to the chain rule by the expressions 


dx __ dxdt __ x u u‘ + x v v ' 

ds"Jtds~~ vW 2 + 2Fu f V+W*)' 


cos/}= 


y u u' + yy _ 

V(. Eu'*+2Fu'v' + Gv '*)’ 


_ zX + z*/ 

COSy- + . 


Here for brevity we have put 


dg(t) 

dt 


— — u 


dh(t) 
~ dt 


v\ If we now 


consider a second curve on the surface, given by the equations 
u = g x (t ), v — whose tangent has the direction cosines cosc^, 

cosjSj, cos y x , and if we use the abbreviations 


dgJt) 
”<ft” “ 


' (ft 




then the cosine of the angle between the two carves is given by the 
cosine of the angle between their tangents, that is, by 

cosa> = cos a COSC4 + cos /? cos + cosy cosyj 
. Euu' + F(uv' + u'v) + Gvv' 

~ v(- Eu 2 + 

where all the quantities on the right are to be given the values 
which they have at the point of intersection of the two curves. 

In particular, we may consider those curves on the surface 
which are given by equations u = const, or v = const. If in our 
parametric representation we substitute a definite fixed value 
for Uy we obtain a three-dimensional or twisted curve lying on 
the surface and having v as parameter; and a corresponding 
statement holds good if we substitute a fixed value for v and 
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allow u to vary. These curves u = const, and v = const, are the 
parametric curves on the surface. The net of parametric curves 
corresponds to the net of par- i2 

allels to the axes in the uv -plane 
(fig. 17). 

The mapping of one plane 
region on another may be re¬ 
garded as a special case of 
parametric representation. For 
if the third of our functions 

, v) vanishes for all values of 
u and v under consideration, then 
as the point (u, v) ranges over its 
given region the point (x, y , z) 
will range over a region in the 
xy-planc. Hence our equations 
merely represent the mapping of 
a region of the tw-plane on a region of the xy-plane; or if we 
prefer to think in terms of transformations of co-ordinates, the 
equations define a system of curvilinear co-ordinates in the uv- 
region, and the inverse functions (if they exist) define a curvi¬ 
linear uv -system of co-ordinates in the plane xy-region. In terms 
of the curvilinear co-ordinates {u, v) the line element in the 
xy-plane is simply 

ds 2 — Edit 2 + 2 Fdutlv -f Gdv 2 , 



-Parametric curves u -■ const., 
v — const. 


where 


E 


- O’ 

dx dx 
du dv 

== /3*Y , /%V 

\3iy \dv/ ' 


. % fy 


du dv 


As a further example of the representation of a surface in parametric 
form we consider the anchor ring or torus. This is obtained by rotating a 
circle about a line which lies in the plane of the circle and does not intersect 
it (cf. fig. 18). If we take this axis of rotation as the 2 -axis and choose the 
y-axis in such a way that it passes through the centre of the circle, whose 
y-co-ordinate we denote by a, and if the radius of the circle is r < | a |, 
we obtain in the first instance 

x = 0, y — a = r cos 0 , z = r sin 0 (0 ^ 6 < 2n) 
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as a parametric representation of the circle in the yz-plane. Now letting 
the circle rotate about the z-axis, we find that for each point of the circle 

x 2 4 - V 2 remains constant, that is, 
x 2 -f y 2 = (a + r cos 0 ) 2 . Thus if 
the angle of rotation about the 
z-axis is denoted by 9 we have 

x as (a 4- r cos 0) sin 9, 
y = (a 4* r cos 0) cos 9, 

0 ^ 9 < 27 t 
z = r sin 0 0 ^ 0 < 2 n 

as a parametric representation of 
the anchor ring in terms of the; 
parameters 0 and 9. In this re¬ 
presentation the anchor ring ap- 

Fig. 18.—Generation of an anchor ring by P car8 “ the iiua 8 e of a B< l uarc of 

the rotation of a circle side 27 t in the 09-plane, where any 

pair of boundary points lying on 
the same line 0 = const, or 9= const, corresponds to only one point 
on the surface, and the four corners of the square all correspond to the 
same point. 

For the line element on the anchor ring we have 
ds 2 = r 2 d0 2 4- (a 4- r cosO) 2 ^*. 

2. Conformal Representation in General. 

A transformation 

£ = y), 7] = y) 

is called a conformal transformation if any two curves are trans¬ 
formed by it into two others which make the same angle with 
each other as the original ones do. 

Theorem. —A necessary and sufficient condition that our (con¬ 
tinuously differentiable) transformation should be conformal is 
that the Cauchy-Riemann equations 

<£* — </'«= 0, <f> v + t/i x — 0 
or 

fa + <Pv = 0 , 4 >v — tx = 0 

hold. In the first case the direction of the angles is preserved, 
in the second case the direction is reversed.* 

Proof— We assume that the transformation is conformal. 

* This last statement follows directly from the statements on p. 151 con¬ 
cerning the sign of the Jacobian <f> x ^p ~ 4 >p*Pz- 
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Then the two orthogonal curves £ = const., 77 = const, in the 
^77-plane must correspond to orthogonal curves <f>(x, y) = const, 
and if*(x , y) = const, in the asy-plane. 

Hence from the formula for the angle between two curves 
(p. 126 ) it follows immediately that 

tx'Px + Mv = 0. 

In the same way, the curves corresponding to f + 77 = const, 
and g — 77 = const, must be orthogonal. This gives 

{<f>x + <f>x){<f>x — <Px) + (tv + &,)(<£» — <Pv) = 0 , 

and therefore 

<f>x 2 + <f> I/ 2 = 4>x 2 + <Pv 2 - 

The first of our equations can be written in the form 

<f> x = A l/jy, (f)y = Ai/fj. , 

where A denotes a constant of proportionality. Introducing this 
in the second equation, we immediately get A 2 = 1, so that one 
or other of our two systems of Cauchy-Riemann equations holds. 

That the equations are a sufficient condition is confirmed by 
the following remark: 

If two curves in the xy- plane are given by equations 
F(x, y) = 0, G{x, y) = 0 and if according to our transformation 
F(x, y) = 0 (£, 77), G(x, y) = T(f, rj), then by using the Cauchy- 
Riemann equations we readily obtain 

F.*+F*= (<V + a>,*)(*.*+*,*), 

<V + <V=( r^ + r/)^ 2 + *,*), 

+ <£ y 2 ); 

therefore 

F X G. X +F V G V __ or f+ (D,r„ 

vW + + c,») vW + *,V<iV + r„ 2 )' 

That is, the curves F = 0, 6r == 0 and their images O — 0, 
r = 0 make the same angle with each other. 

Examples 

1 . (a) Prove that the stereographic projection of the unit sphere on 
the plane is conformal. 

(b) Prove that circles on the sphere are transformed either into circles 
or into straight lines in the plane. 
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(c) Prove that in stereographic projection reflection of the spherical 
surface in the equatorial plane corresponds to an inversion in the w?;-plane. 

(d) Find the expression for the line element on the sphere in terms of 
the parameters u , v. 

2 . Calculate the line element 

(a) on the sphere 

x = cos u sin v, y — sin u sin t\ z = cos v ; 

(b) on the hyperboloid 

x — cos u cosh v f y = sin u cosh v, z = sinh v; 

(c) on a surface of revolution given by 

r — V(a: 2 -f y 2 ) — f(z) t 

using the cylindrical co-ordinates 2 and 0 = arc tan ? as co-ordinates on 
the surface; x 

(d) * on the quadric t 3 — const, of the family of confocal quadrics given by 

-£_+-£ + = 1. 

a — l b — t c — t 


using and U as co-ordinates on the quadric (cf. Ex. 6, p. 158 ). 

3 . Prove that if a new system of curvilinear co-ordinates r, * is intro¬ 
duced on a surface with parameters u, v by means of the equations 

u = u(r , ,«?), v — v(r, s ), 

then 

E'G' - F'* = (EG - F*)I^ U ’- 

I.ftn *)l 


where E' f F', O' denote the fundamental quantities taken with respect to 
r, 6* and E , F , G those taken with respect to u> v. 

4 . Let t be a tangent to a surface 8 at the point P, and consider the 
sections of 8 made by all planes containing t. Prove that the centres of 
curvature of the different sections lie on a circle. 


5 . If t is a tangent to the surface 8 at the point P, we call the curvature 
of the normal plane section through t (i.e. the section through t and the 
normal) at that point the “ curvature (k) of 8 in the direction t ”. For 
every tangent at P we take the vector with the direction of t, initial point P, 


and length - 


1 


Vk 


Prove that the final points of these vectors lie on a conic. 


6 *. A curve is given as the intersection of the two surfaces 

x 2 -f y 2 -f 2 2 = 1 
ax 2 -f by 2 -f- cz 2 =■ 0. 

Find the equations of 

(a) the tangent, 

(b) the osculating plane, at any point of the curve. 
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5. Families of Curves, Families of Surfaces, and 
their Envelopes 


1. General Remarks. 

On various occasions we have already considered curves or 
surfaces not as individual configurations, but as members of a 
family of curves or surfaces, such as f(x 9 y) — c. where to each 
value of c there corresponds a different curve of the family. 

For example, the lines parallel to the «/-axis in the xy-plane, that is, the 
lines x — c, form a family of curves. The same is true for the family of 
concentric circles x 2 ~f y 2 = c 2 about the origin; to each value of c there 
corresponds a circle of the family, namely the circle with radius c. Similarly, 
the rectangular hyperbolas xy—c form a family of curves, sketched in fig. 2, 
p. 113 . The particular value c = 0 corresponds to the degenerate hyperbola 
consisting of the two co-ordinate axes. Another example of a family of 
curves is the set of all the normals to a given curve. If the curve is given 
in terms of the parameter t by the equations £ = <?(*)> ^ — ^(0* we obtain 
the equation of the family of normals in the form 

(X- *(*)) ?'(*) + (y - = 

where t is used instead of c to denote the parameter of the family. 

The general concept of a family of curves can be expressed 
analytically in the following way. Let 

/(*. y. c) 

be a continuously differentiable function of the two independent 
variables x and y and of the parameter c, this parameter varying 
in a given interval. (Thus the parameter is really a third indepen¬ 
dent variable, which is lettered differently simply because it plays 
a diffqrent part.) Then if the equation 

f(x, y,c) = 0 

for each value of the parameter c represents a curve, the aggregate 
of the curves obtained as c describes its interval is called & family 
of curves depending on the parameter c. 

The curves of such a family may also be represented in para¬ 
metric form by means of a parameter t of the curve , in the form 

x = <f>{t 9 c), y = 0(£, c), 

where c is again the parameter of the family. If we assign c a 
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fixed value, these equations represent a curve with the parameter t. 
For example, the equations 

x — c cos t , y — c sin 2 

represent the family of concentric circles mentioned above; again, the 
equations ^ 

x = ct, y — 
y t 

represent the family of rectangular hyperbolas mentioned above, except 
for the degenerate hyperbola consisting of the co-ordinate axes. 

Occasionally we are led to consider families of curves which 
depend not on one parameter but on several parameters. For 
example, the aggregate of all circles (x — a ) 2 + (y — b ) 2 = c 2 
in the plane is a family of curves depending on the three para¬ 
meters a, b, c. If nothing is said to the contrary, we shall always 
understand a family of curves to be a “ one-parameter ” family, 
depending on a single parameter. The other cases we shall dis¬ 
tinguish by speaking of two-parameter, three-parameter, or multi¬ 
parameter families of curves. 

Similar statements of course hold for families of surfaces in 
space. If we are given a continuously differentiable function 
f(x, y, z, c ), and if for each value of the parameter c in a certain 
definite interval the equation 

f(x, y , z, c) = 0 

represents a surface in the space with rectangular co-ordinates 
x , y , z, then the aggregate of the surfaces obtained by letting c 
describe its interval is called a family of surfaces, or, more precisely, 
a one-parameter family of surfaces with the parameter c. For 
example, the spheres x 2 + y 2 -f- z 2 = c 2 about the origin form 
such a family. As with curves, we can also consider families of 
surfaces depending on several parameters. 

Thus the planes defined by the equation 

form a two-parameter family, depending on the parameters a and 6, if 
the parameters a and b range over the region a 2 -f 6 2 ^ 1. This family of 
surfaces consists of the class of all planes which are at unit distance from 
the origin.* 

* Sometimes a one-parametric family of surfaces is referred to as oo 1 surfaces, 
a two-parametric family as x* surfaces, and so on. 
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2. Envelopes of One-Parameter Families of Carves. 

If a family of straight lines is identical with the aggregate of 
the tangents to a plane curve E —as e.g. the family of normals of 
a curve C is identical with the family of tangents to the evolute 
E of C (cf. Vol. I, p. 308 )—we shall say that the curve E is the 
envelope of the family of lines. In the same way we shall say that 
the family of circles with radius 1 and centre on the x-axis, that 
is, the family of circles with the equation (x — c) 2 + t/ 2 — 1 = 0, 
has the pair of lines y= 1 and y = —1, which touch each of 



the circles, as its envelope (fig. 19 ). In these cases we can obtain 
the point of contact of the envelope and the curve of the family 
by finding the intersection of two curves of the family with 
parameter values c and c + h and then letting h tend to zero. 
We may express this briefly by saying that the envelope is the 
locus of the intersections of neighbouring curves. 

With other families of curves it may again happen that a 
curve E exists which at each of its points touches some one of the 
curves of the family, the particular curve depending of course 
on the point of E in question. We then call E the envelope of 
the family of curves. The question now arises of finding the 
envelope E of a given family of curves f(x, y, c) == 0 . We first 
make a few plausible remarks, in which we assume that an 
envelope E does exist and that it can be obtained, as in the 
above cases, as the locus of the intersections of neighbouring 
curves.* We then obtain the point of contact of the curve 

* Since this last assumption will be shown by examples to be too restrictive, 
we shall shortly replace these plausibilities by a more complete discussion. 
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/(x, y , c) — 0 with the curve jE? in the following way. In addition 
to this curve we consider a neighbouring curve f(x , y,c+ h)~ 0, 
find the intersection of these two curves, and then let h tend to 
zero. The point of intersection must then approach the point 
of contact sought. At the point of intersection the equation 

/(*• y,c + h)— f(x, y, c) = Q 
h 

is true as well as the equations/^, y, c + h) = 0 and f{x, y } c) = 0. 
In the first equation we perform the passage to the limit h 0. 
Since we have assumed the existence of the partial derivative f e > 
this gives the two equations 

f(x, y, c) = 0, f c (x, y, c) = 0 

for the point of contact of the curve f(x, y, c) = 0 with the 
envelope. If we can determine x and y as functions of c by means 
of these equations, we obtain the parametric representation of a 
curve with the parameter c, and this curve is the envelope. By 
elimination of the parameter c it can also be represented in the 
form g(x , y) — 0. This equation is called the “ discriminant 99 of 
the family, and the curve given by the equation g(x , y) = 0 is 
called the “ discriminant curve ”. 

We are thus led to the following rule: in order to obtain the 
envelope of a family of curves f(x, y, c) = 0, we consider the two 
equations f(x, y, c) — 0 and f c (x, y, c) = 0 simultaneously and 
attempt to express x and y as functions of c by means of them or to 
eliminate the quantity c between them . 

We shall now replace the above heuristic considerations by a 
more complete and more general discussion, based on the definition 
of the envelope as the curve of contact. At the same time we shall 
learn under what conditions our rule actually does give the 
envelope, and what other possibilities present themselves. 

We assume to begin with that E is an envelope which can be 
represented in terms of the parameter c by two continuously 
differentiable functions 

X = 3 (c), y = y(c), 

where + ^ an< ^ ^ the point with para¬ 

meter c touches the curve of the family with the same value of the 
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parameter c. In the first place, the equation f{x , y> c) = 0 is 
satisfied at the point of contact. If in this equation we substitute 
the expressions x(c) and y(c) for x and y, it remains valid for all 
values of c in the interval. On differentiating with respect to c 
we at once obtain 


.. dx 
* dc 



+ /«= 0 . 


Now the condition of tangency is 


/. 


dx +f ^= 0 - 
dc ' v dc ’ 


for the quantities dxjde and dy/de, are proportional to the direction 
cosines of the tangent to E and the quantities f x and f y are pro¬ 
portional to the direction cosines of the normal to the curve 
j( x > V, c) = 0 of the family, and these directions must be at right 
angles to one another. It follows that the envelope satisfies the 
equation f c = 0, and we thus see that the rule given above is a 
necessary condition for the envelope. 

In order to find out how far this condition is also sufficient , 
we assume that a curve E represented by two continuously dif¬ 
ferentiable functions x = x(c) and y = y(c) satisfies the two 
equations/(x, y, c)= 0 and/ c (£, y, c) = 0 . In the first equation 
we again substitute x(c) and y(c) for x and y; this equation then 
becomes an identity in c. If we differentiate with respect to c 
and remember that f c == 0, we at once obtain the relation 


h 


dx 

dc 



0 , 


which therefore holds for all points of E. If the two expressions 
fx +/v 2 and (dx/dc ) 2 + (dy/dc ) 2 both differ from zero at a point 
of E, so that at that point both the curve E and the curve of the 
family have well-defined tangents, this equation states that the 
envelope and the curve of the family touch one another. With 
these additional assumptions our rule is a sufficient, condition for 
the envelope as well as a necessary one. If, however, f x and f v 
both vanish, the curve of the family may have a singular point 
(cf. section 2, p. 128 ), and we can draw no conclusions about 
the contact of the curves. 

Thus after we have found the discriminant curve it is still 
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necessary to make a further investigation in each case, in order 
to discover whether it is really an envelope or to what extent 
it fails to be one. 

In conclusion we state the condition for the discriminant 
curve of a family of curves given in parametric form 

x = fat, c), y = fat, c), 
with the curve parameter t. This is 

fa fa — fatt = o. 

We can readily obtain it e.g. if we pass from the parametric 
representation of the family to the original expression by elimina¬ 
tion of t. 

3. Examples. 

1 . (x —- c ) 2 «+- y 2 = 1. As we heave seen on p. 171 , this equation re- 
presents the family of circles of unit radius whose centres lie on the ar-axis 
(fig. 19 ). Geometrically we see at once that the envelope must consist of 
the two lines y — 1 and y = — 1. We can verify this by means of our 
rule; for the two equations ( x — c) 2 4- y 2 = 1 and — 2 (x — c) = 0 im¬ 
mediately give us the envelope in the form y 2 = 1. 



2. The family of circles of unit radius passing through the origin, 
whose centres, therefore, must lie on the circle of unit radius about the 
origin, is given by the equation 


or 


(x — cosc) 2 -f (y — sine) 2 = 1 
x? -f y 2 — 2x cos c — 2 y sine = 0. 


The derivative with respect to c equated to zero gives arsine — y cosc~ 0. 
These two equations are satisfied by the values ar = 0 and y = 0. 
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If, however, x 2 -f y 2 4 s 0, it readily follows from our equations that 
sine — y! 2 , cosc = x/ 2 , so that on eliminating c we obtain x 2 -f y 2 = 4 .. 
Thus for the envelope our rule gives us the circle of radius 2 about the 
origin, as is anticipated by geometrical intuition; but it also gives us the 
isolated point x = 0, y =» 0. 

3. The family of parabolas (x — c ) 2 — 2 y = 0 (cf. fig. 20) also has an 
envelope, which both by intuition and by our rule is found to be the x-axis. 

4 . We next consider the family of circles (x — 2 c ) 2 -h y 2 — c 2 — 0 



Fig. 2i. — The family ( x — 2<r)“ + y % — c* — 0 


(of. fig. 21). Differentiation with respect to c gives 2x — 3c = 0, and by 
substitution we find that the equation of the envelope is 



that is, the envelope consists of the two lines y = x and y — 

V o 

The origin is an exception, in that contact does not occur there. 



5. Another example is the family of straight lines on which unit length 
is intercepted by the x- and y- axes. If a = c is the angle indicated in 
fig. 22, these lines are given by the equation 



cos a sm a 


The condition for the envelope is 


sin a cos a ^ 

— x — — — y = 0, 
cos 2 a sin 2 a 


which, in conjunction with the equation of the lines, gives the envelope in 
parametric form, 

x as cos 3 a, y — sin 8 a. 
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From these we obtain the further equation 

a** + y™ = 1 . 


This curve is called the astroid (cf. Vol. I, Chap. V, Ex. 6, p. 267). It 
consists (figs. 23, 24) of four symmetrical branches meeting in four cusps. 



6 . The astroid x m -f y m = 1 also appears as the envelope of the 
family of ellipses 


** + t 

c 2 (1 - cf 


whose semi-axes c and (1 — r.) have the constant sum 1 (fig. 24). 
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7. The family of curves (x — c) 2 — y 8 — 0 shows that in certain cir¬ 
cumstances our process may fail to give an envelope. Here the rule gives 



the x-axis. But, as fig. 25 shows, this is not an envelope; it is the locus 
of the cusps of the curves of the family. 

8 . In the case of the family 

(x — c) 8 — y 2 = 0 

we again find that the discriminant curve is the x-axis (cf. fig. 26). This 



is again the cusp-locus; but it touches each of the curves, and in this 
sense must be regarded as the envelope. 


9. Another example, in which the discriminant curve consists of the 
envelope plus the locus of the double points, is given by the family of 
strophoids [«* -f (y — c) 2 ] (x — 2) -f x = 0 


(E 912) 


13 
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(of. fig. 27 ). All the curves of the family are similar to each other and 
arise from one another by translation parallel to the y- axis. By differen¬ 
tiation wc obtain f c •— —2 (y — c)(x — 2) = 0, 
so that we must have either x — 2 or y c. 
The line x = 2 does not enter into the matter, 
however, for no finite value of y corresponds 
to x — 2 . We therefore have y — c, so that 
the discriminant curve is x 2 (x — 2) 4- x = 0. 
This curve consists of the two straight lines 
r=0 and x= 1. As we see from fig. 27 , 
only x == 0 is the envelope; the line x = 1 
passes through the double points of the curves. 




Fig. 28.—Family ot cubical parabola 


10. The envelope need not be the locus of the points of intersection 
of neighbouring curves; this is shown by the family of identical parallel 
cubical parabolas y — (x — c) 3 = 0. No two of these curves intersect 
each other. The rule gives the equation f c — 3(x — c) 2 — 0, so that the 
s-axis y = 0 is the discriminant curve. 8ince all the curves of the family 
are touched by it, it is also the envelope (fig. 28). 

11 . The notion of the envelope enables us to give a new definition for 
the evolute of a curve C (cf. Vol. I, pp. 283, 307 et seq .). Let C be given 
by x s= <p($), y = ijs(l). We then define the evolute E of C as the envelope 
of the normals of C. As the normals of C are given by 

the envelope is found by differentiating this equation with respect to t: 

0 = {x - 9 (*)}?"(*) + { y - +w}<no - ? /2 (o - m 


From this equation and the preceding one we obtain the parametric re¬ 
presentation of the envelope, 

?' 2 + 4' 2 +'p 


x — 9(0 — <|»'(0 


y = <M0 + <p'(0 


YY - <?"<]/ 9 V(9' 2 + <)/»)’ 

9'* + ’P _ . . 9'p 

VY - <?’Y + <p)’ 

( 9 ' s + <P)« 


where 


^"<p' — (p"^' 
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denotes the radius of curvature (cf. Vol. I, p. 281). These equations arc 
identical with those given in Vol I, p. 283 for the evolute. 

12. Let a curve G be given by x = 9(f), y = We form the envelope 
E of the circles having their centres on C and passing through the origin 0. 
Since the circles are given by 

a? + y a — 2*9 (t) — 2 yty(t) = 0, 


the equation of E is 

*9 V) + vVW = 0. 

Hence if P is the point (9 (t), ty(t)) and Q(x, y) the corresponding point 
of E, then OQ is perpendicular to the tangent to G at P. Since by definition 
PQ = POy PO and PQ make equal angles with the tangent to C at P. 

If we imagine 0 to be a luminous point and C a reflecting curve, then 
QP is the reflected ray corresponding to OP. The envelope of the reflected 
rays is called the caustic of C with respect to O. The caustic is the evolute 
of E. For the reflected ray PQ is normal to E, since a circle with centre 1 
P touches E at (J, and the envelope of the normals of E is its evolute, as 
we saw in the preceding example. 

For example, let C be a circle passing through 0. Then E is the path 
described by the point O' of a circle C' congruent to G which rolls on 0 
and starts with O and O' coincident. For during the motion O and O' 
always occupy symmetrical positions with respect to the common tangent 
of the two circles. Thus E will be a special epicycloid, in fact, a cardioid 
(cf. Vol. I, p. 267, Ex. 2 and 3). As the evolute of an epicycloid is a similar 
epicycloid (cf. Vol. 1, p. 311, Ex. 1), the caustic of C with respect to 0 is in 
this case a cardioid. 

4. Envelopes of Families of Surfaces. 

The remarks made about the envelopes of families of curves 
apply with but little alteration to families of surfaces also. If 
in the first instance we consider a one-parameter family of surfaces 
f(x , y 9 z, c) = 0 in a definite interval of parameter values c, we shall 
say that a surface E is the envelope of the family if it touches 
each surface of the family along a whole curve, and if further 
these curves of contact form a one-parameter family of curves on 
E which completely cover E. 

An example is given by the family of all spheres of unit radius with 
centres on the 2 -axis. We see intuitively that the envelope is the cylinder 
1 = 0 with unit radius and axis along the 2 -axis; the family 
of ourves of oontact is simply the family of circles parallel to the *y-plane, 
with unit radius and centre on the 2 -axis.* 

* The envelopes of spheres of constant radius whose centres lie along curves 
are called tube-surfaces . 
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As in sub-section 2 (p. 172 ), if we assume that the envelope 
does exist we can find it by the following heuristic method. We 
first consider the surfaces f(x , y , 2, c) = 0 and f(x , y, 2, c+ A) = 0 
corresponding to two different parameter values c and c+ h. 
These two equations determine the curve of intersection of the 
two surfaces (we expressly assume that such a curve of inter¬ 
section exists). In addition to the two equations above, this 
curve also satisfies the third equation 

f(x, y,z,c+ h) —f(x, y , 2, c) 
h 

If we let h tend to zero, the curve of intersection will approach a 
definite limiting position, and this limit curve is determined by 
the two equations 

f(x, y, z, c) = 0, f c (x, y, 2, c) = 0. 

This curve is often referred to in a non-rigorous but intuitive 
way as the intersection of “ neighbouring ” surfaces of the 
family. It is still a function of the parameter c, so that all the 
curves of intersection for the different values of c form a one- 
parargpter family of curves in space. If we eliminate the quantity 
c from the two equations above we obtain an equation, which 
is called the “ discriminant ”. As in sub-section 2 (p. 172 ), we 
can show that the envelope must satisfy this discriminant 
equation. 

Just as in the case of plane curves, we may readily convince 
ourselves that a plane touching the discriminant surface also 
touches the corresponding surface of the family, provided that 
f x 2 + f v 2 + f 2 4= 0. Hence the discriminant surface again gives 
the envelopes of the family and the loci of the singularities of 
the surfaces of the family. 

As a first example we consider the family of spheres 
a* + y 2 4- (z - c)* - 1 = 0 

mentioned above. To find the envelope we have the additional equation 

— 2(2 — c) = 0. 

For fixed values of c these two equations obviously represent the circle 
of unit radius parallel to the xy-plane at the height z = c. If we eliminate 
the parameter c between the two equations, we obtain the equation of the 
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envelope in the form + y 2 — 1 = 0, which is the equation of the 
right circular cylinder with unit radius and the 2 -axis as axis. 

While for families of curves the formation of the envelope 
has a meaning only for one-parameter families, in the case of 
families of surfaces it is also possible to find envelopes of two- 
parameter families/ (x, y , z, c v c 2 ) = 0. If, for example, we consider 
the family of all spheres with unit radius and centre on the 
xy- plane, represented by the equation 

(x — Cj) 2 + (y — c 2 ) 2 + 2 2 ~1 = 0, 

intuition at once tells us that the two planes z = 1 and z = — 1 
touch a surface of the family at every point. In general we shall 
say that a surface E is the envelope of a two-parameter family 
of surfaces if at every point P of E the surface E touches a surface 
of the family in such a way that as P ranges over E the parameter 
values c v c 2 corresponding to the surface touching E at P range 
over a region of the ^Co-plane, and in addition different points 
(c v c 2 ) correspond to different points P of E. A surface of the 
family then touches the envelope in a point , and not, as before, 
along a whole curve. 

With assumptions similar to those made in the case of plane 
curves, we find that the point of contact of a surface of the family 
with the envelope, if it exists, must satisfy the equations 

f(x , y, z , Cj, c 2 ) = 0, / Ci (x, z/, z, Ci, c 2 ) = 0, f Ct (x, y, z, c v c 2 ) = 0. 

From these three equations we can in general find the 
point of contact of each separate surface by assigning the corre¬ 
sponding values to the parameters. If, conversely, we eliminate 
the parameters Cj and we obtain an equation which the en¬ 
velope must satisfy. 

For example, the family of spheres with unit radius and centre on the 
xy-plane is given by the equation 

f(x , y, 2 , c„ Cg) = (x — Cj) 2 -f (y — c 2 ) 2 + 2 * — 1 = 0 

with the two parameters c x and c 2 . The rule for forming the envelope 
gives the two equations 

f et = - Cj) = 0 and f et = -2(y - c 2 ) = 0. 

Thus for the discriminant equation we have z 2 — 1 = 0, and in fact the 
two planes 2=1 and z = *—1 are envelopes, as we have already seen 
intuitively. 
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Examples 


1. Lefc 2 = u(x, y) be the equation of a tube-surface, i.e. the envelope 
of a family of spheres of unit radius with their centres on some curve 
y s = f(x) in the a^-plane. Prove that 

u*( u* + V + 1) = 1. 

2. (a) Find the envelope of the two-parameter family of pianos for 
which 

OP 4 OQ H- OR = const. = I, 


where P, Q, R denote the points of intersection of the planes with the 
co-ordinate axes and 0 the origin. 

( 6 ) Find the envelope of the planes for which 

OP 2 4 OQ* 4 O/? 2 = 1. 

3. Let C be an arbitrary curve in the plane, and consider the circles 
of radius p whose centres lie on C. Prove that the envelope of these circles 
is formed by the two curves parallel to C at the distance p (cf. the 
definition of parallel curves, Vol. I, p. 291). 

4 *. A family of straight lines in space may be given as the intersection 
of two planes depending on a parameter t: 

a{t)x -f b(t)y -f c(t)z = 1 
d(t)x 4 e(t)y 4 f(t)z = 1 . 


Prove that if these straight lines are tangents to some curve, i.e. possess 
an envelope, then 




c -f 

c' 


= 0 . 


d' e' /' 


5 *. A family of planes is given by 

x cos* -f y shit 4 2 = f, 


where t is a parameter. 

(a) Find the equation of the envelope of the planes in cylindrical co¬ 
ordinates (r, 2 , 0 ). 

(b) Prove that the envelope consists of the tangents to a certain 
curve. 

6 . If a body is always thrown from the same initial position with the 
same initial velocity but at different angles, its trajectories form a family 
of parabolas (it is assumed that the motion always takes place in the same 
vertical plane). Prove that the envelope of these parabolas is another 
parabola. 

7*. Find the envelope of the family of spheres which touch the three 
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(x - §) 2 + y 2 + * 2 = f, 

/S'jj: s 2 + (2/ — |) 2 + z 2 == £, 
z 2 -f y* + (2 - |) 2 = f . 

8 . If a plane curve C is given by x — f{t) % y = < 7 (<), its “ polar re¬ 
ciprocal ” C' is defined as the envelope of the family of straight lines 

urn + -ng(t) = 1 , 

where (5 , tq) are current co-ordinates. 

(a) Prove that C is the polar reciprocal of C f also. 

(b) Find the polar reciprocal of the circle 

(x — a) 2 + (y — bf = 1. 

(c) Find the polar reciprocal of the ellipse 


6 . Maxima and Minima 

1 . Necessary Conditions. 

The theory of maxima and minima for functions of several 
variables, like that for functions of a single variable, forms one 
of the most important applications of differentiation. 

We shall begin by considering a function u=f(x, y) of two 
independent variables x, y, which we shall represent by a surface 
in xyu- space. We say that this surface has a maximum with the 
co-ordinates (& 0 , y 0 ) if all the other values of u in a neighbour¬ 
hood of that point (all round the point) are less than u(x 0 , y 0 ). 
Geometrically, such a maximum corresponds to a “ hill-top ” on 
the surface. In the same way, we shall call the point (x 0 , y 0 ) a 
minimum if all other values of the function in a certain neigh¬ 
bourhood of P 0 (x 0, y 0 ) are greater than u 0 = u(x 0 , y 0 ). Just as 
with functions of one variable, these concepts always refer only 
to a sufficiently small neighbourhood of the point in question. 
Considered as a whole, the surface may very well have points 
which are higher than the hill-tops. Analytically, we formulate 
our definition as follows, so that it applies to functions of more 
than two independent variables: 

A function u = f(x, y, . . .) has a maximum (or a minimum) 
at the point (x 0 , y 0 , . . .) if at every point in a neighbourhood of 
(x 0 , y 0 , . . .) the function assumes a smaller value (or a larger 
value) than at the point itself. 
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If in the neighbourhood of (cc 0 , y Q , . . .) the function assumes 
values which are not greater than the value of the function at the 
point (but may be equal to it), we say that the function has an 
improper maximum at the point. We define an improper minimum 
in a similar way. 

We again emphasize that this definition refers to a suitably chosen 
neighbourhood of the point, extending in all directions about the point. 
Thus in a closed region the value of a maximum may very well lie below 
the greatest value assumed by the function in the region.* If the greatest 
value is reached at a point P 0 of the boundary, it need not be a maxi¬ 
mum in the sense defined above, as we have already seen for functions of 
one* variable. For if the function is defined in the closed region only, we 
cannot find a complete neighbourhood of P 0 in which the function is 
defined; and if. on the other hand, the closed region is contained in a larger 
region in which the function is defined, then in this larger region the 
function may not have a maximum at P 0 , as the following example shows. 
The function u = —x — y is defined over the whole iny-plane. hut. we 
consider it only in the square In this closed region 

it reaches its greatest value 0 at the origin. This greatest value, however, 
is not a maximum. For if we consider a neighbourhood all round the 
origin, we find that the function assumes values greater than zero. If, 
however, we know that the greatest or least value of a function is 
assumed at a single point interior to the region, that point must necessarily 
be a maximum or a minimum in the sense defined above. 

We shall first give necessary conditions for the occurrence of 
an extreme value. (As in the case of functions of one variable, we 
use the terms f extreme value , extreme point when we do not wish 
to distinguish between maxima and minima.) That is, we find 
conditions which must be satisfied at a point ( x 0 , y 0 , . . .) if there 
is to be an extreme value at that point. The equations 

f%{ x o? z o> * • •) “ 

.Vo» 2 o> • * •) “ 0, 

fz( x O' Z 0> * * •) “ 


are necessary conditions for the occurrence of a maximum or mini¬ 
mum of a differentiable function u = f(x, y, 2,. . .) at the point P 0 
with co-ordinates (x 0 , y 0 , z 0 , . . .). 

* We already know (cf. p. 97) that a continuous function always assumes 
a greatest and a least value in a closed region. 

t On the other hand, as will be seen later (p. 186), the terms stationary value f 
stationary point include points which are neither maxima nor minima. 




Ill] 


MAXIMA AND MINIMA 


185 

In fact, these conditions follow at once from the known 
conditions for functions of one independent variable. If we 
consider the variables y, z, ... as fixed at the values y 0 > z 0 , . . . 
and regard the function in the neighbourhood of P 0 as a function 
of the single variable x , this function of x must have an extreme 
value at the point x = x 0 , and by our previous results we must 
have f x (x 0 , y () , z 0 , . . .) = 0. 

Geometrically, the vanishing of the partial derivatives in the case of 
functions of two independent variables means that at the point (x 0 , y 0 ) 
the tangent plane to the surface u = f(x. y) is parallel to the ary-plane. 

For many purposes it is more convenient to combine the 
conditions in one equation. This equation is 

o» z o> ■ ■ •)=/*(*• 0 . y 0 > z »> ■ ■ -)dx+f v (x 0 , y 0 , z„, . . .)dy 
+ /*(*o» y 0 , z n , ■ ■ -)dz + . . . = 0. 

In words: at an extreme point the differential (linear part of the 
increment) of the function must vanish, no matter what values 
we assign to the differentials dx , dy* dz , ... of the independent 
variables x, y, z, . . . . Conversely, if the above equation is satis¬ 
fied for arbitrary values of dx, dy* . . . it follows that at the given 
point f x == f v = . . . == 0. We have only to take all but one of 
the (mutually independent) variables equal to zero. 

In the equations 

fx(^ </o> %...)= 0, 
fy( x ir Vo* . • .) “ 0 , 

fz ( x oj 2 (e • • •) = 


there are as many unknowns x 0 , y 0 , z 0 , . . . as there are equations. 
As a rule, therefore, we can calculate the position of the extreme 
points by means of them. But a point obtained in this way need 
not by any means be an extreme point. 

We consider e.g. the function u= xy. Our two equations at once give 
x == 0, y = 0. In the neighbourhood of the point x = 0, y = 0, however, 
the function assumes both positive and negative values, according to the 
quadrant. The function therefore has not an extreme value there. The 
geometrical representation of the surface u = xy, which is a hyperbolic 
paraboloid, shows that the origin is a saddle point (cf. fig. 1, p. 112). 

It is useful to have a simple expression for a point at which 
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the above equations are satisfied, irrespective of whether the 
function has an extreme point or not. We accordingly say that 
if there is a point (x 0 , y 0 , z 0 ,. ..) at which/, = 0,/„ = 0,/, = 0, 
. . . , or at which 

df=f x dx + f u dy+f t dz + . . . = 0, 

the function has a stationary value at that (stationary) point 
(cf. footnote, p. 184 ). 

Every point interior to a closed region at which a differentiable 
function assumes its greatest or its least value is a stationary 
point. 

To decide whether and when our system of equations really 
gives an extreme value, we must make further investigations. 
In many cases, however, the state of affairs is clear from the 
outset, in particular, if we know that the greatest or least value 
of the function must be assumed at an interior point P of the 
region and find that our equations determine only a single 
stationary system x = x Qy y = y 0 , . . . . This system of values 
must then determine the point P, which is necessarily a stationary 
point. If such considerations do not apply, however, we must 
investigate the matter more closely; this we postpone to the 
appendix to this chapter (p. 204 ). Meairwhile we shall illustrate 
the foregoing results by means of some examples. 

2. Examples. 

1. For the function u = x 2 3 -f- y 2 the partial derivatives vanish only 
at the origin, so that this point alone can be an extreme point. The function 
actually has a minimum, for at all points ( x , y) different from (0, 0) the 
function u = x 2 + y 2 must be positive, being a sum of squares. 

2. The function 

u = V(1 — x 2 — y 2 ), (s 2 + y 2 < 1) 

has the partial derivatives 

U "~ V(1 — z»- y*)’ V(1 - **- y*)’ 

and these vanish only at the origin. Here we have a maximum, for at all 
other points ( x , y) in the neighbourhood of the origin the quantity 
1 — x 2 — y* under the square root is less than it is at the origin. 

3. We wish to construct the triangle for which the product of the sines 
of the three angles is greatest; that is, we wish to find the maximum of 
the function 


/(&, y) = sins sint/ sin(a; + y) 
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in the region 0 ^ a tc, 0 ^ n, 0 <* x y n. Since f is positive 

in the interior of this region, its greatest value is positive. On the boundary 
of the region, where the equality sign holds in at least one of the in¬ 
equalities defining the region, we have f(x , y) = 0, so that the greatest 
value must lie in the interior. 

If we equate the derivatives to zero, we obtain the two equations 

cosa? siny sin (a: + y) + sins siny cos (a? -f y) = 0, 
sin# cos y sin(a; -f y) 4- sina; sin?/ cos (a; -f y) ~ 0. 

Since 0 < a: < tc, 0 < y < re, 0 < x + y < it, these give tana: = tan t/, 
or x = y. If we substitute this value in the first equation, we obtain the 

relation sin 3a; — 0; hence x = , y = is the only stationary point, and 

3 3 

the required triangle is equilateral. 

4. Three points P v P 2 , P 3 , with co-ordinates (x v (x 2 , y 2 ), and (« 3 , y 3 ) 

respectively, are the vertices of an acute-angled triangle. We wish to 
find a fourth point P with co-ordinates (a:, y) such that the sum of its 
distances from P lf P 2 , and P 3 is the 
least possible. This sum of distances A 

is a continuous function of x and y , / \ 

and at some point P inside a large / \ 

circle enclosing the triangle it has a / \ 

least value. This point P cannot lie / 

at a vertex of the triangle, for then / \ \ 

the foot of the perpendicular from one £ A- 1 - 

of the other two vertices on to the Fig . J9 ._ Three vectors with equal 
opposite side would give a smaller sum magnitudes and sum zero 

of distances. Again, P cannot lie on 

the circumference of the circle, if this is sufficiently far away from the 
triangle. With the distances 

T i = - *,)* + {y— Vi? 


we now form the function 

f(x, y) = r 1 + r i + r„ 

which is differentiable everywhere except at P v P 2 , and P s . We know 
that at the point P the partial derivatives with respect to x and y must 
vanish. Thus by differentiating / we obtain the conditions 

^ + *_=3 + ^ = 0 , 

ft U r a 


y- y 1 + y_zJj + ^ 0 


r 9 U 


for P. According to these equations the three plane vectors u v u 2 , u 3 . 
with components 
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*~3 y— yi 111*2 y — Vz *—jy-y s 
„ * » » * 

r l *1 *2 *2 *3 >3 

respectively, have the vector sum 0. Also, these vectors are each of unit 
length. When combined geometrically, then, they form an equilateral 
triangle; that is, each vector is brought into the direction of the next by 
a rotation through §7r (fig. 29). Since these three vectors have the same 
directions as the three vectors from P lf P 2 , P 3 to P, it follows that each of 
the three sides of the triangle must subtend the same angle |tc at the 
point P. 

3. Maxima and Minima with Subsidiary Conditions. 

The problem of determining the maxima and minima of 
functions of several variables frequently presents itself in a 
form differing from that treated above. If e.g. we wish to find the 
point of a given surface y, z) ~ 0 which is at the least distance 
from the origin, then we have to determine the minimum of the 
function 

f(%, y, z) = V( x2 +1 + z 2 )> 

where the quantities x , y, z , however, are no longer three in¬ 
dependent variables, but are connected by the equation of the 
surface (f>(x 9 y, z) = 0 as a subsidiary condition. Such “ maxima 
and minima with subsidiary conditions ” do not, indeed, represent 
a fundamentally new problem. Thus in our example we need only 
solve for one of the variables, say z , in terms of the other two, 
and then substitute this expression in the formula for the distance 
V ( x2 + y 2 + z 2 )y to reduce the problem to that of determining 
the stationary values of a function of the two variables x, y. 

It is, however, more convenient, and also more elegant, to 
express the conditions for a stationary value in a symmetrical 
form, in which no preference is given to any one of the 
variables. 

As a very simple case, which is nevertheless typical, we con¬ 
sider the following problem: to find the stationary values of a 
function f(x, y) when the two variables x, y are not mutually inde¬ 
pendent, but are connected by a subsidiary condition 

<f>& y) = 0. 

In order to give geometrical plausibility to the analytical treat¬ 
ment, we assume first that the subsidiary condition is represented, 
as in fig. 30, by a curve in the xy-plane without singularities and 
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that in addition the family of curves f(x, y) = c = const, covers 
a portion of the plane, as in the figure. The problem is then 
as follows: among the curves of the family which intersect 
the curve 0 = 0, to find that one for which the constant c is the 



greatest possible or the least possible. As we describe the 
curve 0 = 0 we cross the curves j(x, y) = c, and in general t 
changes monotonically; at the point where the sense in which 
we run through the c-scale is reversed we may expect an ex¬ 
treme value. From fig. 30 we see that this occurs for the curve 
of the family which touches the curve 0=0. The co-ordinates 
of the point of contact will be the required values x = f, y = rj 
corresponding to the extreme value of f(x, y). If the two curves 
/ = const, and 0=0 touch, they have the same tangent. Thus 
at the point x = f, y = rj the proportional relation I 

fx : fv~ =z 4 > x :( f > v 

holds; or, if we introduce the constant of proportionality A, the 
two equations 

f z + A0 X = 0 ^ 
f v + A0 V = 0 

are satisfied. These, with the equation 1 

<j>(x, y) = 0, 

•serve to determine the co-ordinates (£, rj) of the point of contact 
and also the constant of proportionality A. 

This argument may fail, e.g. when the curve 0=0 has a 
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singular point, say a cusp as in fig. 81, at the point (£, rj) at 
which it meets a curve /= c with the greatest or least possible c. 
In this case, however, we have both 

&(& V) = 0 and <l>v(£> v) = 0. 

In any case we are led intuitively to the following rule, which 
we shall prove in the next sub-section: 



Fig. 3i-—Extreme value at a singular point of </> — 0 


In order that an extreme value of the function f(x, y) may occur 
at the point x = £, y = rj, with the subsidiary condition cf>(x, y) = 0 , 
the point (f, rj) being such that the two equations 

<£*(£ n) — 0 and <£»(£ v) = ° 

are not both satisfied , it is necessary that there should be a constant 
of 'proportionality such that the two equations 

/*(£> y) + Hx(L y) — 0 an<i m y) + Hvi£> y) = 0 

are satisfied , together with the equation 

<£(£ V) = 0 . 

This rule is known as Lagrange's method of undetermined 
multipliers , and the factor A is known as Lagrange's multiplier . 

We observe that for the determination of the quantities f, 77 , 
and A this rule gives as many equations as there are unknowns. 
We have therefore replaced the problem of finding the positions 
of the extreme values (£, rj) by a problem in which there is an 
additional unknown A, but in which we have the advantage of 
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complete symmetry. Lagrange’s rule is usually expressed as 
follows: 

To find the extreme values of the function f(x, y) subject to the 
subsidiary condition cf>(x, y) = 0, we add to f(x, y) the product of 
</>(x, y) and an unknown factor A independent of x and y, and write 
down the known necessary conditions , 

fx + h</) x — 0, f y + \(f>y = 0 , 


/or an extreme value o/F = f + A<£. In conjunction with the sub¬ 
sidiary condition <f> = 0 these serve to determine the co-ordinates 
of the extreme value and the constant of proportionality A. 


Before proceeding to prove the rule of undetermined multipliers 
rigorously we shall illustrate its use by means of a simple example. We 
wish to find the extreme values of the function 

u—xy 


on the circle with unit radius and centre the origin, that is, with the sub¬ 
sidiary condition 

x 2 y 2 _ 1 = 0 . 

According to our rule, by differentiating xy -f X(x 2 y 2 — 1) with respect 
to x and to y we find that at the stationary points the two equations 

y + 2Xz = 0 
x 4- 2 Xy = 0 

have to be satisfied. In addition we have the subsidiary condition 

a; 2 -f y 2 — 1 = 0. 


On solving we obtain the four points 

5 -4V*. 
5--4V*. 

5 = 4V2, 

5= -4 a/2. 


f) = 4 \/ 2 , 

= - 4 A/' 2 - 
7 ) = - 4 \/ 2 . 
7 1 = 4 a/ 2 - 


The first two of these give a maximum value u = the second two a mini¬ 
mum value u = — of the function u = xt/. That the first two do really 
give the greatest value and the second two the least value of the function u 
can be seen as follows: on the circumference the function must assume a 
greatest and a least value (cf. p. 97), and since the circumference has no 
boundary point, these points of greatest and least value must be stationary 
points for the function. 
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4. Proof of the Method of Undetermined Multipliers in the 
Simplest Case. 

As we should expect, we arrive at an analytical proof of the 
method of undetermined multipliers by reducing it to the known 
case of “free” extreme values. We assume that at the extreme 
point the two partial derivatives <£*(£, 77 ) and <f> v (£, rj) do not 
both vanish; to be specific, we assume that <f > v (£, 77 ) 4 = 0 . Then 
by section 1 , No. 3 (p. 114), in a neighbourhood of this point 
the equation <f>(x, y) = 0 determines y uniquely as a continuously 
differentiable function of x , y —- g(x). If we substitute this ex¬ 
pression in f{x, y), the function 

f(x, g(*)) 

must have a free extreme value at the point x = f. For this the 
equation 

fW^fw+fvSfW^O 

must hold at x = £. In addition, the implicitly defined func¬ 
tion y = g(x) satisfies the relation <f) x + <f> v g'(x) = 0 identically. 
If we multiply this equation by A = —f v i<f> v and add it to 
fas + f v g'(x) = 0 , then we obtain 

fx + h<f>x ~ 0, 

and by the definition of A the equation 

fy + A (f)y = 0 

holds. This establishes the method of undetermined multi¬ 
pliers. 

This proof brings out the importance of the assumption that the deri¬ 
vatives <f> x and <f> v do not both vanish at the point (£, yj). If both these 
derivatives vanish the rule breaks down, as is shown analytically by the 
following example. We wish to make the function 

f(x, y) = ** + y* 

a minimum, subject to the condition 

y) = (* — i) 3 — y 2 = 0 . 

By fig. 32, the shortest distance from the origin to the curve (x — 1 ) 8 — y 2 = 0 
is obviously given by the line joining the origin to the cusp 8 of the curve 
(we can easily prove that the circle with unit radius and centre the origin has 
no other point in common with the curve). The co-ordinates of 8 , that is. 
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x =s 1 and y = 0, satisfy the equations <f)(x, y) = 0 and / v -f Xtj^ = 0, no 
matter what value is assigned to X, but 

+ Hx = 2x + 3X(a: - I) 2 = 2 * 0. 

We can state the proof of the 
method of undetermined mul¬ 
tipliers in a slightly different 
way, which is particularly con¬ 
venient for generalization. We 
have seen that the vanishing of 
the differential of a function at a 
given point is a necessary con¬ 
dition for the occurrence of an 
extreme value of the function at 
that point. For the present 
problem we can also make the 
following statement: 

In order that the function 
f(x, y) may have an extreme value 
at the point (£, 17), subject to the 
subsidiary condition <f>(x , y) = 0 , it is necessary that the differential 
df shall vanish at that point , it being assumed that the differentials 
dx and dy are not independent of one another , but are chosen in 
accordance with the equation 

d(f = cj> r dx + (j> v dy = 0 

deduced from <f> ~ 0 . Thus at the point (£, 77 ) the differentials 
dx and dy must satisfy the equation 

df = /*(f +/„(£, rj)dy— 0 

whenever they satisfy the equation d<f> = 0 . If we multiply the 
first of these equations by a number A, undetermined in the first 
instance, and add it to the second, we obtain 

(/« + dx + ( f v + A <f> y ) dy = 0 . 

If we determine A so that 

fv + = 0, 

as is possible in virtue of the assumption that cf> v 4 = 0, it neces- 

(E 012) H 
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sarily follows that (f x + \<f> x )dx = 0, and since the differential 
dx can he chosen arbitrarily, e.g. equal to 1, we have 

fx + tyx = 0 . 

5 . Generalization of the Method of Undetermined Multipliers. 

We can extend the method of undetermined multipliers to 

a greater number of variables and also to a greater number of 

subsidiary conditions. We shall consider a special case which 

includes every essential feature. We seek the extreme values of 

the function r/ .. 

u =/(x, y , 2, t), 

when the four variables x, y , z, t satisfy the two subsidiary 
conditions 

<£(z, y , t) = 0, 0(x, y , 2, t) = 0. 


We assume that at the point (£, 77, £, r) the function takes a 
value which is an extreme value when compared with the values 
at all neighbouring points satisfying the subsidiary conditions. 
We assume further that in the neighbourhood of the point 
P(f, V, r) two of the variables, say z and t , can be represented 
as functions of the other two, x and y , by means of the equations 

(f>(x, y, z, t) = 0 and ip(x , y, z, J) = 0. 


In fact, to ensure that such solutions z = y(x, 2/) and £ = A(x, y) 
can be found, we assume that at the point P the Jacobian 


d(<f>, <A) 
5 ( 2 , 0 




is not zero (cf. p. 153 ). If we now substitute the functions 
* = y) and t = y) 


in the function u = f(x , y, z, 2), then/(x, y, z, 2) becomes a function 
of the two independent variables x and y, and this function 
must have a free extreme value at the point x = y = 77; that is, 
its two partial derivatives must vanish at that point. The two 
equations , a % 

' -h+f.*+ft* = 0 , 


3 x 


3 x 
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must therefore hold. In order to calculate from the subsidiary 

conditions the four derivatives ^, -- occurring here, we 

ox dy ox oy 

could write down the two pairs of equations 

fc+ *s + *i- # 


, , 1 Sz , , St 

9v 1 9z k ~r <Pt ~ -- : 

dy dy 

I _L I Sz i , 2t 

9v + 9z =r- + <£< : 


and solve them for the unknowns which is possible 

d(<f>, ip) dx . d y 

because the Jacobian w- - does not vanish. The problem would 
then be solved. ] 

Instead, we prefer to retain formal symmetry and clarity by 
proceeding as follows. We determine two numbers A and ji in 
such a way that the two equations 

fz + tyz + P'l'g = 0 , 

ft + tyt + P'l*t = 0 

are satisfied at the point where the extreme value occurs. The 
determination of these “ multipliers ” A and ja is possible, since 

we have assumed that the Jacobian ^ is not zero. If we 
multiply the equations *' 

^ + + and + + 
by A and /a respectively and add them to the equation 

we have 

ft + tyx + + (/* + + M'/'z) g- + (ft + Mt + g~ = 0. 
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Hence by the definition of A and /z 

foe + — 0 . 

Similarly, if we multiply the equations 

<}>v + <p z p + 4>t f* = 0 

dy dy 

and 

0./+0* +0« 5 = o 

cy cy 

by A and p respectively and add them to the equation 

/,+/,■ 2 +/ t ? = o, 

dy dy 

we obtain the further equation 

Jv + A</> v + pip y = 0. 

We thus arrive at the following result: 

If the point (£, 77, £, r) is an extreme point of f(x, y, z, t) subject 
to the subsidiary conditions 

<P(x, y, z, t) = 0 , 
y, z, 0 = o, 


and if at that point ^ is not 2^ro, then two numbers A and a 
exist socA that at the point (£, rj, £, r) tAe equations 


fx + A^a. + fllp x = 0, 
/* + ” 0, 
/z + + fiip 9 = 0, 

/< + A</>, + pipt = 0, 


and aZso tAe subsidiary conditions , are satisfied. 

These last conditions are perfectly symmetrical. Every trace 
of emphasis on the two variables x and y has disappeared from 
them, and we should equally well have obtained them if, instead 

of assuming that 4= 0, we had merely assumed that any 


one of the Jacobians 


d(x,y ) 9 d(x,zj 9 
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vanish, so that in the neighbourhood of the point in question 
a certain pair of the quantities x , y , z, t (although possibly not 
z and t) could be expressed in terms of the other pair. For 
this symmetry of our equations we have of course paid the 
price; in addition to the unknowns rj, £, r we now have A 
and [m also. Thus instead of four unknowns we now have six, 
determined by the six equations above. 

Here too we could have carried out the proof somewhat 
more elegantly by using the differential notation. In this notation, 
t he necessary condition for the occurrence of an extreme value at 
the point P is the equation 

df = 0 , =- 

where the differentials dz and dt are to be expressed in terms of 
dx and dy. These differentials are connected by the relations 

d(f> = <p x dx -f <f> v dy + cf) z dz -f- <p t dt = 0 , 
dtp tp x dx -f- tp v dy -*f' tp z dz -j— tptdt 0 , 

obtained bv differentiating the subsidiary conditions. Jf we 
assume that the two-rowed determinants occurring here do not 
all vanish at the point (£, 17, £, t), e.g. if we assume that the 

expression ^ is not zero, then we can determine two numbers 

A and fi which satisfy the two equations 

ft + Hz + Hz = o, 

ft + Ht + Ht = 0 - 

If we multiply the equation d<p = 0 by A and the equation dtp = 0 
by fx and add them to the equation df = 0 , then by the last two 
equations we obtain 

d(f + A^ + H) = (fx + Hx + Hx)dx + (f y + A <p y + iL\p v )dy. 

Since here dx and dy are independent differentials (that is, 
arbitrary numbers), it follows that the numbers A and ft also 
satisfy the equations 

fx + Hx + Hx = 0, 

f v + A <p y + jxtpy = 0 , 

and we are once again led to the method of undetermined 
multipliers. 
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In exactly the same way we can state and prove the method 
of undetermined multipliers for an arbitrary number of variables 
and an arbitrary number of subsidiary conditions. The general 
rule is as follows: 

If in a function 

u=/(x 1 , x 2 , ... , x n ) 

the n variables x 1? Xg, . . . , x n are not all independent , but are 
connected by the m subsidiary conditions (m < n) 

<f>l( X V x 2> '•'> x n) = 0 , 

4 t 2( X l> X 2 ’ * * * » x n) 


<f>m( x V T 2’ • • • > X n) = 0, 

then we introduce m multipliers A x , Ag, . . ., A m and equate the 
derivatives of the function 

F — f + + \^>2 + • * • + A m <f> m 

with respect to x v x 2 , . . . , x^ when X v Ag, . . . , ^ are constant, 

to zero . The equations 

dF = 0 ™ = 0 

--u, . . . , - - yj 

^r x uXfl 

thus obtained , together with the m subsidiary cmditions 
<f>i — 0 , . . . , — 0 , 

represent a system of m + n equations for the m + n unknoum 
quantities x x , Xg, . . . , x^, A x , . . . , A m . TAese equations must be 
satisfied at every extreme value of f, unless ot that extreme value 
every one of the Jacobians of them functions <f> v <f> 2 , . . . , <f> m with 
respect tom of the variables x x , . . . , has the value zero . 

In connexion with the method of undetermined multipliers 
we have still to make the following important remark. The rule 
gives us an elegant formal method for determining the points 
where extreme values occur, but it merely gives us a necessary 
condition. The further question arises whether and when the 
points which we find by means of the multiplier method do 
actually give us a maximum or a minimum of the function. 
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Into this question we shall not enter; its discussion would lead 
us much too far afield. As in the case of free extreme values, 
when we apply the method pf undetermined multipliers we usually 
know beforehand that an extreme value does exist. If, then, 
the method determines the point P uniquely and the exceptional 
case (all the Jacobians zero) does not occur anywhere in the 
region under discussion, we can be sure that we have really 
found the point where the extreme value occurs. 

fi. Examples. 

1. As a first example we attempt to find the maximum of the function 
f(z, y, z) = x 2 y 2 z 2 subject to the subsidiary condition x 2 -j- y 2 4* z 2 = c 2 . 
On the spherical surface x* -j- y 2 -f z 2 — c 2 the function must assume a 
greatest value, and since the spherical surface has no boundary points 
this greatest value must be a maximum in the sense defined above. 
According to the rule we form the expression 

F = x?y 2 z 2 + X(:r 2 + y 2 + z 2 - c 2 ), 

and by differentiation obtain 

2xy 2 z 2 + 2Xz == 0, 

2 x 2 yz 2 4- 21y = 0, 

2 x 2 y 2 z + 2X2=0. 

The solutions with x = 0, y = 0, or z = 0 can be excluded, for at these 
points the function / takes on its least value, zero. The other solutions 
of the equation are x 2 = y 2 — z a , X = — z 4 . Using the subsidiary condition, 
we obtain the values 

X=± $3' y ° ± $3’ Z=± $3 

for the required co-ordinates. 

At all these points the function assumes the same value c 6 /27, which 
is accordingly the required maximum value. Hence any triad of numbers 
satisfies the relation 

c 2 ar 2 + y % + z a # 

^ - = —. — " ~ " ■» 

““3 3 

that is, the geometric mean of three positive numbers ar 2 , y 2 , z 2 is never 
greater than their arithmetic mean. 

In fact, it is true that for any arbitrary number of positive numbers 
the geometric mean never exceeds the arithmetic mean. The proof is 
similar to that just given.* 

2. As a seoond example we shall seek to find the triangle (with sides 



For another proof, see Vol. I, Ex. 19, p. 167. 
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x > V> z ) with given perimeter 2s, and the greatest possible area. By a well- 
known formula the square of the area is given by 

f(*> y> z ) = s(a — x)(s — y)(8 — z). 

We have therefore to find the maximum of this function subject to the 
subsidiary condition 

<p = x -f- y -f- z — 2<* — 0, 


where x , y, z are restricted by the inequalities 

# ^ 0, 2 ^ 0 , x -f- y ^ 2 , x z y, y -f z x. 

On the boundary of this closed region, i.e. whenever one of these in¬ 
equalities becomes an equation, we always have / = 0. Consequently the 
greatest value of / occurs in the interior and is a maximum. We form 
the function 


y, z) = s (s — x)(s — y)(s — z) -f }.(x + y -f z — 2s), 
and by differentiation obtain the three conditions 


— 8(8 — y)(s — z) -f X = 0, — s(s — x)(s — z) -f X = 0, 

— 8(8 — *)(,$ — y) -f X = 0. 


By solving each of these for X and equating the three resulting expressions 
we obtain x = y = z = 2*9/3; that is, the solution is an equilateral 
triangle. 

3. We shall now prove the following theorem: the inequality 


holds for every u 0, v 0 and every a > 0, (3 > 0 for which 


The inequality is certainly valid if either u or v vanishes. We may 
therefore restrict ourselves to values of u and v such that uv =# 0. If the 
inequality holds for a pair of numbers u 9 v , it also holds for all numbers 
ut l ' a , vt 1 ^, where t is an arbitrary positive number. We need therefore 
consider only values of u, v for which uv = I. Hence we have to show 
that the inequality 


+ 1 Si 1 

« P ~ 


holds for all positive numbers u , v such that uv — 1. 

To do this we solve the problem of finding the minimum of ? u a + - v& 

a P 

subject to the subsidiary condition uv = 1. This minimum obviously 
exists and occurs at a point ( u , v) where u =t= 0, v 4= 0. A multiplier — X for 
which the equations 


« a ~ l — \v = 0, v?~ l — lu — 0 
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hold therefore exists. On multiplication by u and v respectively these at 
once yield u a = X, v& — X. Taken with uv = 1, these imply that 

u s= v = 1. The minimum value of the function * u a -f * v& is therefore 

11 a P 

+ „ — 1. That is, the statement that 
a P 

1 + 1 l>3 S: 1 

a P 

when wv == 1 is proved. 

If in the inequality «?; ^ i -f ~ v& just proved we replace u and v by 

a P 

w ~~ ^ —* _ and v = — -, 

(X «,•)*/« (X 

*~i <-i 

respectively, where u v u 2f ... ■> u n , v lr r 2 ,. . ., r n are arbitrary non-negative 
numbers and at least one u and at least one v is not zero, and if we then 
sum the inequalities thus obtained for i = 1, . . . , w, we obtain Holder's 
inequality 

X u i v i 5^ (X w t - a )b' ft ( x 

<» 1 i»I i -1 

This holds for any 2n numbers u if v { where ?z t 0, ^ 0 (i — 1, 2,..., w), 

not all the u's and not all the v'a are zero, and the indices a, (3 are such 

that a > 0, p > 0, - -f * = 1. 

a (3 

4. Finally, we seek t-o find the point on the closed surface 

?( x * y> z ) — o # 

which is at the least distance from the fixed point (£, tj, £). If the 
distance is a minimum its square is also a minimum; we accordingly 
consider the function 

F(x> y , z) = (x — If + (y — tj) 2 4- (z — 0 2 + y> z). 

Differentiation gives the conditions 

2(x - ?) + X 9x = 0, 2(y — Y)) -f- X 9l/ - 0, 2(z - 0 + X ?JS - 0. 
or, in another form, 

^ _ y — rj _ 2 

?« 9 * 9 * 

These equations state that the fixed point (5, rj, £) lies on the normal to 
the surface at the point of extreme distance (x, y, z). Therefore in order 
to travel along the shortest path from a point to a (differentiable) surface, 
we must travel in a direction normal to the surface. Of course further 
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discussion is required to decide whether we have found a maximum or a 
minimum or neither. (Consider, e.g., a point within a spherical surfaoe. 
The points of extreme distance lie at the ends of the diameter through 
the point; the distance to one of these points is a minimum, to the other 
a maximum.) 


Examples 

1. Find the greatest and least distances of a point on the ellipse 

x 2 v 2 

4 + 1- 1 

from the straight line x -f y — 4 = 0. 

2. The sum of the lengths of the twelve edges of a rectangular block is 
a; the sum of the areas of the six faces is a 2 /25. Calculate the lengths of 
the edges when the excess of the volume of the block over that of a cube 
whose edge is equal to the least edge of the block is greatest. 

3. Determine the maxima and minima of the function 

(aa* + 6y 2 )e-* 2 -*' 2 (0 < a < b). 

4. Show that the maximum value of the expression 

a* 2 + 2 bxy + ey 2 
ex 2 + 2 fxy -f gy* 

is equal to the greater of the roots of the equation in X 

{ac - b 2 ) - X(ag - 2 bf + ec) + \\eg - f 2 ) = 0 . 

5. Calculate the maximum values of the following expressions: 


(a) 


x 2 -f 6 xy+ % 2 


(&) 


x 4 -f 2 x?y 


x 2 — xy + y 2 x 4 -f- y* 

6. Determine the stationary points of the function 

/(*. y) = y*(8ma;-*) 

and state their nature. 

7*. Find the values of a and 6 for the ellipse 

a 2 ^ b 2 


of least area containing the circle 

(*- l) a + y*= 1 

in its interior. 

8. Find the quadrilateral with given edges a, 6, c, d which includes the 
greatest area. 
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9. Which point of the sphere 7 ? + y 2 4 z* = 1 is at the greatest dis¬ 
tance from the point (1, 2, 3)? 

10. Let P l P 2 P s Pi be a convex quadrilateral. Find the point 0 for 
which the sum of the distances from P v P 2 , P 8 , P 4 is a minimum. 

11. Find the point (z, y, z) of the ellipsoid 


for which 


s 8 

n% 


4 - 2/8 4 - ** = 1 
+ 6 s + C 2 


(a) A + B + C, 

(b) V(A 2 + IP + CP) 


is a minimum, where A, B, C denote the intercepts which the tangent 
plane at ( z , y> z) (x > 0, y > 0, z > 0) makes on the co-ordinate axes. 


12. Find the rectangular parallelepiped of greatest volume inscribed 
in the ellipsoid 


x 2 y 2 z 2 

- + -- + - *1. 

a 2 b 2 c 2 


13. Find the rectangle of greatest perimeter inscribed in the ellipse 



b 2 


= 1 . 


14. Find the point of the ellipse 

— 6 xy -f 5y % = 4 

for which the tangent is at the greatest distance from the origin. 
15*. Prove that the length l of the greatest axis of the ellipsoid 
cur 2 + by 2 + cz 2 + 2 dxy 4* 2 ezz 4- 2 fyz = 1 

is given by the greatest real root of the equation 
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Appendix to Chapter III 

1. Sufficient Conditions for Extreme Values 

In the theory of maxima and minima in the preceding chapter 
we have contented ourselves with finding necessary conditions 
for the occurrence of an extreme value. In many cases occurring 
in actual practice the nature of the “ stationary ” point thus 
found can be determined from the special nature of the problem, 
and we can thus decide whether it is a maximum or a minimum. 
Yet it is important to have general sufficient conditions for the 
occurrence of an extreme value. Such criteria will be developed 
here for the typical case of two independent variables. 

If we consider a point (# 0 , y 0 ) at which the function is 
stationary, that is, a point at which both first partial derivatives 
of the function vanish, the occurrence of an extreme value 
is connected with the question whether the expression 

f(x 0 +h,y 0 + k) —f(x 0 , y 0 ) 

has or has not the same sign for all sufficiently small values of 
h and k. If we expand this expression by Taylor’s theorem 
(Chap. II, p. 80 ), with the remainder of the third order, in virtue 
of the equations f x (x 0 , y 0 ) = 0 and f v (x 0 , y 0 ) — 0 we at once obtain 

/(*o + Vo + *) —/(®o> Vo) = 5 ( A2 /** + 2 Wxv + k 2 f vv ) + ep 2 , 

where p 2 = h 2 + k 2 and e tends to zero with p. 

From this we see that in a sufficiently small neighbourhood 
of the point (x {) , y 0 ) the behaviour of the functional difference 
/(a? 0 + Vo “b — f(x o, y 0 ) is essentially determined by the 
expression 

Q(h , k) = all 2 + 2 bhk + ck\ 
where for brevity we have put 

® ~ fxxip^'Qi ^o)’ ^ ~ fxvfa 0> Vo)> ® z==z fvv{^0> Vo)- 

In order to study the problem of extreme values we must 
investigate this homogeneous quadratic expression in h and k, 
or, as we say, the quadratic form Q. We assume that the 
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coefficients a, 6 , c do not all vanish. In the exceptional ease 
where they do all vanish, which we shall not consider, we must 
begin with a Taylor series extending to terms of higher order. 

With regard to the quadratic form Q there are three different 
possible cases: 

1 . The form is definite. That is, when h and k assume all 
values, Q assumes values of one sign only, and vanishes only 
for h = 0 , k = 0 . We say that the form is positively definite or 
negatively definite according as this sign is positive or negative. 
For example, the expression A 2 + A 2 , which we obtain when 
a = c = 1 , 6 = 0 , is positively definite, while the expression 
— A 2 + 2 A& — 2 k 2 = —(6 — k ) 2 — k 2 is negatively definite. 

2 . The form is indefinite. That is, it can assume values of 
different sign, e.g. the form Q = 2 hk, which has the value 2 for 
h = 1 , k = 1 and the value —2 for h = — 1 , k = 1 . 

3 . Finally, there is still a third possibility, namely that in 
which the form vanishes for values of A, k other than A = 0 , 
k — 0 , but otherwise assumes values of one sign only, e.g. the 
form (A + A) 2 , which vanishes for all sets of values A, k such 
that A = — k. Such forms are called semi-definite. 

The quadratic form Q = ah 2 -f 26 A& + ck 2 is definite if, and 

only if, the condition , „ A 

^ ac — 6 2 > 0 

is satisfied; it is then positively definite if a > 0 (so that c > 0 

also), otherwise it is negatively definite. 

In order that the form may be indefinite it is necessary and 

sufficient that l9 vA 

ac — 6 2 < 0 , 

while the semi-definite case is characterized by the equation * 

ac — 6 2 = 0 . 


* These conditions are easily obtained as follows. Either a — c — 0, in 
which case we must have b 4= 0 , and the form is, as already remarked, indefinite; 
the criterion therefore holds for this case; or else we must have, say, a = 4 = 0 ; 
we can then write 


ah 2 + 2 bhk + ck 2 





This form is obviously definite if ca — b 2 > 0, and it then has the same sign 
as a. It is semi-definite if ca — b 2 ** 0, for then it vanishes for all values of 
h t k that satisfy the equation hjk = -bja, but for all other values it has the 
same sign. It is indefinite if ca - 6 s < 0, for it then assumes values of different 

sign when k vanishes and when h + vanishes. 
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We shall now prove the following statements. If the quadratic 
form Q(h , k) is positively definite, the stationary value assumed 
for h = 0, k = 0 is a minimum . If the form is negatively definite, 
the stationary value is a maximum. If the form is indefinite, we 
have neither a maximum nor a minimum; the point is a saddle 
point. Thus, definite character of the form Q is a sufficient con¬ 
dition for an extreme value, while indefinite character of Q 
excludes the possibility of an extreme value. We shall not 
consider the semi-definite case, which leads to involved dis¬ 
cussions. 

In order to prove the first statement we have only to use 
the fact that if Q is a positively definite form there is a positive 
number m, independent of h and k, such that* 

Q ^ 2 m(h 2 -f k 2 ) — 2 mp 2 . 

Therefore 

f( x o + h, y 0 + Jc) —f(x 0 , y 0 ) = \Q{h, k) + ep 2 ^(m+ e)p 2 . 

If we now choose p so small that the number e is less in absolute 
value than \m, we obviously have 

f i x 0 + h,y 0 +k) — f(x 0 , y 0 ) ^ ™ p 2 . 

Thus for this neighbourhood of the point ( x 0 , y 0 ) the value of the 
function is everywhere greater than f(x 0 , y 0 ), except of course at 
(x 0 , y 0 ) itself. In the same way, when the form is negatively 
definite the point is a maximum. 

Finally, if the form is indefinite, there is a pair of values 
(h v for which Q is negative and another pair (h 2 , k 2 ) for which 
Q is positive. We can therefore find a positive number m such 
that 

Q(h v kj) < —2 mp 2 , 

Q(h 2 , k 2 ) 2 wp 2 2 * 

If we now put h = th v k = tk v p 2 = h 2 + k 2 (t 4= 0 ), that is, if 

* To see this we consider the quotient as a function of the two 

h k h + k 

quantities u - and v ~ Then u 2 + v 2 - 1, and the form 

becomes a continuous function of u and v, which must have a least value 2m on 
the circle u 2 + v 2 1. This value m obviously satisfies our conditions; it is 
not zero, for on the circle u and v never vanish simultaneously. 
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III] 

we consider a point (x 0 + h, y 0 + k) on the line joining ( x 0 , y 0 ) 
to (x Q + h v y 0 + ^i), then from Q(h, k) = and p 2 = £ 2 p 2 2 

we have 

*) < — 2mp 2 . 


Thus by choice of a sufficiently small £ (and corresponding p) 
we can make the expression/(x 0 + h, y 0 -f &) —f(x 0 , y 0 ) negative. 
We need only choose t so small that for h th v k -- tk x the 
absolute value of the quantity € is loss than km. For such a set 
of values we have f(x 0 + h, y 0 ~\- k) — f(x 0 ,?/ 0 ) < — mp 2 / 2 , so that 
the value /(x 0 + A, y 0 + &) is less than the stationary value 
f(x 0, y 0 ). In the same way, on carrying out the corresponding 
process for the system h = th 2 , k = we that in an arbi¬ 
trarily small neighbourhood of (x 0 , y 0 ) there are points at which 
the value of the function is greater tha nf(x 0 , y 0 ). Thus we have 
neither a maximum nor a minimum, but instead what we may 
call a saddle value. 

Ifa= 6 =c= 0 at the stationary point, so that the quad¬ 
ratic form vanishes identically, and also in the semi-definite case, 
this discussion fails to apply. To obtain sufficient conditions for 
these cases would lead to involved calculations. 

Thus we have the following rule for distinguishing maxima 
and minima: 

If at a point (x 0 , y 0 ) the equations 

fx( x O’ 2/o) ~ fv( X 0> 2/o) “ ® 


hold, and also the inequality 

fxxfv 


- fxf > 0 , 


then at that point the f unction has an extreme value . This is a 
maximum if f^ < 0 (and consequently fyy < 0 ), and a minimum 

if > o- 

If, on the other hand, 

fxxfvv fx'f ^ 


the stationary value is neither a maximum nor a minimum . Thfr 
case 

fxxfvv fxf ^ 0 


remains undecided. 
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These conditions permit of a simple geometrical interpretation. 
The necessary conditions f x = f v = 0 state that the tangent 
plane to the surface 2 = f(x , is horizontal. If we really have an 
extreme value, then in the neighbourhood of the point in question 
the tangent plane does not intersect the surface. In the case 
of a saddle point, on the contrary, the plane cuts the surface in 
a curve which has several branches at the point. This matter 
will be clearer after the discussion of singular points in the next 
section. 

As an example we seek to find the extreme values of the function 
f(z, y) = z 2 4* zy + t/ 2 H~ ax + by. 

If we equate the first derivatives to zero, we obtain the equations 
2x 4 - y -f a = 0, x -f 2y -f b = 0, 

which have the solution x = J (6 — 2a), y — \ (a — 2b). The expression 

/Txfw fxv“ “ ^ 

is positive, as is — 2. The function therefore has a minimum at the 
point in question. 

The function 

/(*> y) = (y - &) 2 -f 

has a stationary point at the origin. There the expression fxxfyy — 
vanishes, and our criterion fails. We readily see, however, that the function 
has not an extreme value there, for in the neighbourhood of the origin 
the function assumes both positive and negative values. 

On the other hand, the function 

f(x, y) = (x—y)* + (y- 1)‘ 

has a minimum at the point x = 1 , y = 1 , though the expression 
fxxfyy — fxy 2 vanishes there. For 

/(l + h, 1 4- k) - /(1, 1) - (h - k)* + k\ 

and this quantity is positive when p 4= 0. 

Example 

If <f>(a) = k 4= 0, 4 = 0, and x, y , 2 satisfy the relation 

<!>(*) <t>(y)4>(*) = 

prove that the function ’ 


/(*> + /(*)+/(*) 
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2 . Singular Points of Plane Curves 

In Chap. Ill, section 2 (p. 128 ) we saw that a curve/(z, y) = 0 
in general has a singular point at a point x = x 0 , y = y 0 such 
that the three equations 

f( x 0 ’ Vo) ~ 0» fx( x o, Vo) = °. M X <P Vo) = 0 

hold. In order to study these singular points systematically, we 
assume that in the neighbourhood of the point in question the 
function f(x , y) has continuous derivatives up to the second 
order, and that at that point the second derivatives do 
not all vanish. By expanding in a Taylor series up to terms 
of the second order we obtain the equation of the curve in 
the form 

2 /(®. y) — (* — X o) 2 fxx( x o- Vo) + 2(X — x 0 )(y - y 0 )f xv (r 0 , y 0 ) 

+ iy — y 0 ) 2 fw( x o 1. y 0 ) + *p 2 = o, 

where we have put p 2 = (x — x 0 ) 2 + (y — ^ 0 ) 2 and e tends to 
zero with p. 

Using a parameter t, we can write the equation of the general 
straight line through the point (x 0 , y 0 ) in the form 

x—x 0 = at, y—y 0 = bt, 

where a and b are two arbitrary constants, which we may suppose 
to be so chosen that a 2 + b 2 — 1. To determine the point of 
intersection of this line with the curve f(x, y) — 0 we substitute 
these expressions in the above expansion for f(x, y)\ for the 
point of intersection we thus obtain the equation 

aH 2 f xx + 2 abt 2 f xv + b 2 t 2 f vv + et 2 = 0. 

A first solution is t = 0, i.e. the point ( x 0 , y 0 ) itself, as is 
obvious. It is, however, worthy of notice that the left-hand 
side of the equation is divisible by t 2 , so that t is a “ double root ” 
of the equation. For this reason the singular points are also 
sometimes called “ double points ” of the curve. 

( E 912) 


15 
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If we remove the factor t 2 , we are left with the equation 
a 2 fxx + 2 abf xv + b 2 f yv + € = 0 . 

We now inquire whether it is possible for the line to intersect 
the curve in another point which tends to (x 0 , y 0 ) as the line 
tends to some particular limiting position. Such a limiting 
position of a secant we of course call a tangent. To discuss this, 
we observe that as a point tends to (z 0 , y 0 ) the quantity t 
tends to zero, and therefore e also tends to zero. If the equation 
above is still to be satisfied, the expression a 2 f xx -f %abf xy + b 2 f yy 
must also tend to zero; that is, for the limiting position of the 
line we must have 

a% x + ' 2 abf xy + b 2 f vy = 0 . 


This equation gives us a quadratic condition determining the 
ratio a lb which fixes the line. 

If the discriminant of the equation is negative, that is, if 


fxxfvv - fxv < 0, 


we obtain two distinct real tangents. The curve has a double jjoint or 
node, like that exhibited by the lemniscate (# 2 + y 2 )~~ (x 2 —y 2 )=~ 0 
at the origin or the strophoid (x 2 + y 2 ) (x — 2 a) + a 2 x = 0 at 
the point x 0 = a, y 0 = 0 . 

If the discriminant vanishes, that is, if 


fxxfvv fxv~ 


0 , 


we obtain two coincident tangents; it is then possible e.g. that 
two branches of the curve touch one another, or that the curve 
has a cusp. 

Finally, if . . _ , 2 ft 

JxxJvv J XV 


there is no (real) tangent at all. This occurs e.g. in the case of the 
so-called isolated points or conjugate points of an algebraic curve. 
These are points at which the equation of the curve is satisfied, 
but in whose neighbourhood no other point of the curve lies. 

The curve (ic 2 — a 2 ) 2 + (y 2 — 6 2 ) 2 == a 4 -f & 4 exemplifies this. The 
values x = 0, y = 0 satisfy the equation, but for all other values in the 
region |a:|<aV2, |y|<6V2 the left-hand side is less than the right. 


We have omitted the case in which all the derivatives of the 
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second order vanish. This case leads to involved investigations, 
and we shall not consider it. Through such a point several 
branches of the curve may pass, or singularities of other types 
may occur. 

Finally, we shall briefly mention the connexion between 
these matters and the theory of maxima and minima. Owing to 
the vanishing of the first derivatives, the equation of the tangent 
plane to the surface z = f{x> y) at a stationary point (x 0 , y 0 ) is 
simply 

*—/(*.0. «/o) = °- 

The equation 

/(*> y) —/(*,o. Vo) = 0 


therefore gives us the projection on the z^-planc of the curve of 
intersection of the tangent plane with the surface, and we see 
that the point (x Ql i/ 0 ) is a singular point of this curve. If this is 
an isolated point, in a certain neighbourhood the tangent plane 
has no other point in common with the surface, and the function 
f(x , y) has a maximum or a minimum at the point (# 0 , y 0 ) (cf. 
p. 208 ). If, however, the singular point is a multiple point, the 
tangent plane cuts the surface in a curve with two branches, and 
the point corresponds to a saddle value. These remarks lead us 
precisely to the sufficient conditions which we have already 
found in section 1 (p. 207 ). 

3. Singular Points of Surfaces 

In a similar way we can discuss a singular point of a surface 
f(x y y, z) = 0 , i.e. a point for which 

/= 0, fx—fv — fz = 0. 

Without loss of generality we may take the point as the origin 0 . 
If we write 

fXX ^ a > fvv ^ Pi fzx ^ y> f XV “ ^i fvz ” H'i fxz == v 

for the values at this point, we obtain the equation 

ax 2 + Py 2 + yz 2 + 2A xy + 2 \xyz + 2 vxz = 0 

for a point (x, y, z) which lies on a tangent to the surface at 0 . 
This equation represents a quadratic cone touching the 
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surface at the singular point—instead of the tangent plane at an 
ordinary point of the surface—if we assume that not all of the 
quantities a, j3, . . . , v vanish and that the above equation has 
real solutions other than x = y = z = 0. 

4. Connection between Euler’s and Lagrange’s 
Representations of the Motion of a Fluid 

Let (a, 6, c) be the co-ordinates of a particle at the time 
£ = 0 in a moving continuum (liquid or gas). Then the motion 
can be represented by three functions 

x — x(a , b, c, t), 
y = y(a , b, c , t), 
z = z(a, b, c, t), 

or in terms of a position vector x = x(a . 6, c, £). Velocity and 
acceleration are given by the derivatives with respect to the 
time t. Thus the velocity vector is x with components x, y , z , 
and the acceleration vector is ic with components x, y, z, all of 
which appear as functions of the initial position (a, b, c) and the 
parameter t. For each value of t we have a transformation of 
the co-ordinates (a, 6, c) belonging to the different points of the 
moving continuum into the co-ordinates (x , y , z) at the time t. 
This is the so-called Lagrange representation of the motion. 
Another representation introduced by Euler is based upon the 
knowledge of three functions 

u(x, y , 2, t), v(x, y , 2, t), w(x, y , 2, t) 

representing the components x , y, z of the velocity X of the motion 
at the point (x, y, z) at the time t . 

In order to pass from the first representation to the second 
we have to use the first representation to calculate a, 6, c as 
functions of x, y , 2, and t , and to substitute these expressions in 
the expressions for x(a, b, c, t ), y(a , b, c, t ), i{a , 6, c, i): 

u(x, y, z, t) — x{a(x, y, z, t), b(x, y, z, t), c{x, y, z, t), (}, &c. 

We then get the components of the acceleration from 

x(a, b, c, t ) = u{x(a, b, c, t), y(a, b, c, t), z(a, b, c, t), t), &c. 
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or 


x = uj; + u v y + u z t + u t , &c., 

x = u x u -f u y v + u z w + u u 
y = + v z w + 

2 = + WyV + W Z W + w t - 


In the mechanics of a continuum the following equation con¬ 
necting Euler’s and Lagrange’s representations is fundamental: 


where 


div x = u x + v v + w z — 


D 

D y 


D(x, y , 2;, t ): 


d{x, y L z) 
3 (a, fe, c) 


is the Jacobian characterizing the motion. 

The reader may complete the proof of this and the corre¬ 
sponding theorem in two dimensions by using the various rules 
for the differentiation of implicit functions. 


5. Tangential Representation of a Closed Curve 

A family of straight lines with parameter a may be given by 

x cosa + y sina — p(a) = 0, .... (1) 

where p( a) denotes a function which is twice continuously differ- 
entiable and periodic of period 2 rr (a so-called tangential function ). 
The envelope C of these lines is a closed curve satisfying (1) and 
the further equation 

—x sina + y cosa — p'( a) = 0. 

Hence 

x = p cos a — p' sin a 
y = p sin a + p' cos a 

is the parametric representation of C (a being the parameter). 
Formula (1) gives the equation of the tangents of C and is referred 
to as the tangential equation of C . 

Since 



x* = — (p + p") sina, y' = (p + p") cosa, 
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we at once have the following expressions for the length L and 
area A of C : 

L = f (p + p")da = f pda , 

• / o J o 

A — \f (xy’ — yx')da= §/" (p + p")pda — (p 2 —p' 2 )da, 

J o J o J o 

since p'(a) is also a function of period 2?r.* 

From this we deduce the isoperimetric inequality 

L 2 ^ 47 tA, 

where the equality sign holds for the circle only. This may also 
be expressed by the statement: among all closed curves of given 
length the circle has the greatest area. 

For the proof we make use of the Fourier expansion of j)(a) 
(Vol. I, Chap. IX, p. 447 ), 

p(a) = + S (a t , cos va + b v sill va); 

2 

then 

CO 

7>'(a) = S v{b v cos va — a v sin va ), 

j' i 

so that (using the orthogonality relations of Vol. I, p. 438 ) we have 

It =. 7TCIq : 

A =l(?4-*y- i){a ‘ +b * ] )- 

Thus 



in particular, A = only if a„ = &„ — 0 for v ^ 2, i.e. 
p( a ) = a, cos a + b y sin a; the latter equation defines a 
circle, as is easily proved from (2). 


•Since p(a) + c is obviously the tangential function of the parallel curve at a 
distance c from C, the formulae for the area and the length of a parallel curve 
(cf. Vol. I, p. 291, Ex. 22, and p. 553) are easily derived from these expressions. 



CHAPTER IV 


Multiple Integrals 

The idea of differentiation and the operations with derivatives 
in the case of functions of several variables are obtained almost 
immediately by reduction to their analogues for functions of one 
variable. As regards integration and its relation to differentiation, 
on the other hand, the case of several variables is more involved, 
since the concept of integral can be generalized for functions of 
several variables in a variety of ways. In this chapter we shall 
study multiple integrals such as we have already met in Vol. I, 
Chap. X (p. 486). In addition to these, however, we have also to 
consider the so-called line integrals in the plane, and surface 
integrals, as well as line integrals, in three dimensions (Chap. V, 
p. 643). In the end, however, it is found that all questions of 
integration can be reduced to the original concept of the integral 
in the case of one independent variable. 

1. Ordinary Integrals as Functions of a Parameter 

Before we study the new situations which arise with functions 
of more than one variable, we shall discuss some concepts which 
are directly related to matters already familiar to us. 

1. Examples and Definitions. 

If f(x, y) is a continuous function of x and y in the rectangular 
region a ^ x ^ /?, a 5S y ^ 6, we may in the first instance think 
of the quantity x as fixed, and we can then integrate the 
function f(x , y), which is now a function of y alone, over the 
interval a^y^b. We thus arrive at the expression 

C b 

/ .f(x,y)dy, 

** a 

which still depends on the choice of the quantity x. In a sense, 
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therefore, we are considering not an integral but the family of 

integrals J f(x, y)dy which we obtain for different values of x . 

This quantity, which is kept fixed during the integration and to 
which we can assign any value in its interval, we call a parameter. 
Our ordinary integral therefore appears as a function of the para¬ 
meter x. 

Integrals which are functions of a parameter frequently 
occur in analysis and its applications. 

Thus, as the substitution xy — u readily shows, 
xdy 


x 


0 Vo — *V) 


= arc smx, 


Again, in integrating the general power function we may regard the index 
as a parameter and write accordingly 


x 


y x dy = — 1 


*+ 1 # 


where we assume that x > — 1. 


If we represent the region of definition of the function f(x, y) 

geometrically, and make 
the parallel to the y-axis 
corresponding to the fixed 
value of x intersect the 
rectangle as in fig. 1, then 
we obtain the function of 
y which is to be integrated 
by considering the values of 
the function f(x, y) as a 
function of y along the line 
of intersection AB. We 
may also speak of integrat¬ 
ing the function f(x, y) along the segment AB: 

This geometrical point of view suggests a generalization. If 
the region of definition It in which the function f(x, y) is con¬ 
sidered is not a rectangle, but instead has the shape shown in 
fig. 2 (that is, if any parallel to the y-axis cuts the boundary in 
at most two points), then for a fixed value of x we can again 
integrate the values of the function f(x, y) along the line AB in. 
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which the parallel to the y-axis intersects the region of definition 
R. The initial and final points of the interval of integration 



will themselves vary as x varies. In other words, we have to 
consider an integral of the type ( 

r ^t(x) 

1 f(x,y)dy= F(x), 

•'«*) 

that is, an integral with the variable of integration y and the 
parameter x, in which the parameter occurs both in the integrand 
and in the limits of integration. 

If, for example, the region of definition is a circle with unit radius and 
centre the origin, we shall have to consider integrals of the type 
r +V(l-x') 

/ f( z > y)ty- 

2. Continuity and Differentiability of an Integral with respect to 
the Parameter. 


The integral 


F{x) — J f(x, y)dy 


is a continuous function of the 'parameter x, if f(x, y) is continuous 
in the region in question . 

For 


F(x + h) — F(x) = J (f(x + k,y)—f(x,y))dy J 


•f. 


f(x + h, y)—f{x, y) 


dy. 
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In virtue of the (uniform) continuity of f(x, y), for sufficiently 
small values of h the integrand on the right, considered as a 
function of y, may be made uniformly as small as we please, 
and the statement follows immediately. In particular, therefore, 
we can integrate the function F(x) with respect to the parameter 
x between the limits a and obtaining 

[x, y)dy\dx. 


f F(x)dx = j IJ 


The integral on the right we also write in the form 
/ J f( x > y)fydx] 


we call it a repeated integral or multiple integral (in this case a 
double integral). 

We now investigate the possibility of differentiating F(x). 
In the first place, we consider the case where the limits are 
fixed and assume that the function f(x, y) has a continuous 
partial derivative f x throughout the closed rectangle R. It is 
natural to try to form the x-derivative of the integral in the 
following w T ay: instead of first integrating and then differentiating 
we reverse the order of these two processes, that is, we first dif¬ 
ferentiate / with respect to x and then integrate with respect to y. 
As a matter of fact, the following theorem is true: 

If in the closed rectangle a ^ x ^ ^ a y 5 ^ b the function 
f(x, y) has a continuous derivative with respect to x, we may dif¬ 
ferentiate the integral with respect to the parameter under the integral 
sign* that is, if a ^ x ^ /?, 

tx = dxL y ^ dy = L ^ X ’ y ' >Ay ' 


* From this we obtain a simple proof of the fact, which we have already 
proved (Chap. II, p. 56), that in the formation of the mixed derivative g xy of 
a function g(x, y) the order of differentiation can be changed, provided that 
g ry is continuous and g x exists. For if we put f(x , y) g y (x, ?/), we have 

(7(s, V) - 9 {x» a) + f f(x, v))dr}. 

da 


Since f(x, y) has a continuous derivative with respect to £ in the rectangle 
a <1 x ^ )3, a ^ y 6, it follows that 


9 X 536 «) + 



(x, y)djj t 
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Proof. If both x and x + h belong to the interval a x 
we can write 

F(x + h) — F{x) --=jf f(x + h, y)dy — jf f(x, y)dy 
— f {f( x + F y) —/( x, y)}dy. 

J a 

Since we have assumed that f(x , y) is differentiable, the mean 
value theorem of the differential calculus in its usual form 
gives * 

f(x +h,y)— f(x, y) = hf x (x + Oh, y), 0<0<1. 

Moreover, since the derivative f x is assumed to be continuous'in 
the closed region and therefore uniformly continuous, the absolute 
value of the difference 

f x (x+ 6h, y) — f x (x, y) 


is less than a positive quantity e which is independent of x and 
y and tends to zero with h. Thus 


+ »)-'(*> -jfAfriOfrl 

= I f + 6h, y)Ay — f JJ's, \ f eiy— c(b— a). 


If we now let h tend to zero, e also tends to zero, and the 
relation 


lim + h )~ F ( x ) 

h-y 0 h 




' X (x, y)dy = F’(x) 


at once follows; our statement is thus proved. 

In a similar way we can establish the continuity of the integral 
and the rule for differentiating the integral with respect to a 


and therefore 

9 VX - fx( x > V )• 

In the same way, - f x {x, y), and therefore g^ * g vx . 

* Here the quantity 0 depends on y, and may even vary discontinu- 
ously with y. This does not matter, for by the equation f x {x *r Oh, y) = 
h~ l (f(x + h, y) - f(x, y)) we see at once that f x {x + Oh, y) is a continuous 
function of x and y, and is therefore integrable. 
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parameter when the parameter occurs in the limits . If, for 
example, we wish to differentiate 

/-*«(*) 

F(x) = f f(x, y)dy, 

J Mx) 

we start with the expression 

F(x) =J^ f(x, y)dy = O (u, v, x), 

where u = faix), v = ^ 2 (;r). Here we assume that if/^x) and 
have continuous derivatives with respect to x throughout 
the interval and that f(x, y) is continuously differentiable (cf. 
p. 62) in a region wholly enclosing the region R . By the chain 
rule we now obtain 

r'( v 9$ , 9$ du d& dv 
(X) ~ dx + du dx + dv dx 

If we apply the fundamental theorem of the integral calculus 
(Vol. I, p. Ill), this gives the formula 

F'(x) = f f x (x, y)dy - <p 1 '(x)f(x, fa(x)) + >f> 2 '(x)f(x, tf, 2 (x)). 


Thus if for F(x) we take the function 

F(x) — f sin (xy)dy, 

Jo 

dF(x) r x 

= / y cos (xy)dy -f sin(a^). 
Jo 


we obtain 


dx 


If we take 


«‘>=Z'vu? 


x 2 y 2 ) 


— arc sun, 


we obtain the relation 




'o V( l — ^y 2 ) z Vi 1 — x *? 


as the reader can verify directly. 

Other examples are given by the integrals 


F n (x) = r {X — y)n f(y)dy, 
Jo ni 

F 0 (x) = j£ f(y)dy, 
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where n is any positive integer and f(y) is a continuous function of y only 
in the interval under consideration. Since the expression arising from 
differentiation with respect to the upper limit x vanishes, the rule gives 
us 

F n '(x) = F n ^(x). 

Since F 0 '(x) = f(x), this at once gives 

F n (n+*> (*) = /(*). 

Therefore F n (x) is the function whose (n -f l)-th derivative is equal to 
f(x) and which, together with its first n derivatives, vanishes when x = 0; 
it arises from F n _ x (x) by integration from 0 to x . Hence F n (x) is the function 
which is obtained from/(a) by integrating n -f 1 times between the limits 0 
and x. This repeated integration can therefore be replaced by a single 
(x — 1 w)^ 

integration of the function --- f(y) with respect to y. 

nl 


The rules for differentiating an integral with respect to a 
parameter often remain valid even when differentiation under 
the integral sign gives a function which is not continuous every¬ 
where. In such cases, instead of applying general criteria, it is 
more convenient to verify whether such a differentiation is per¬ 
missible in each special case. 

As an example we consider the elliptic integral (cf. Vol. I, p. 243) 

/•+* dx 

F(k) = / _ 7=== _.,,^ === ; (P < 

J- 1 V(1 - x 2 ) (1 - Kr 2 ) 

The function 

f(ky X) — -7 -—- ■ — — 

V(1 - * 2 ) (1 - k 2 x 2 ) 


is discontinuous at x — -f 1 and at x = — 1, but the integral (as an improper 
integral) has a meaning. Formal differentiation with respect to the para¬ 
meter k gives 

r+i 

™-/_, 


f%+l k&dx 

Va - **) (T^ 




To investigate whether this equation is correct, we repeat the argument 
by which we obtained our differentiation formula. This gives 


F(k+h)-F{k) 




(k + Oh'jx 2 dx 


-x 2 ) (l-(k+6h) 2 x 2 ) 3 


The difference between this expression and the integral obtained by formal 
differentiation is 


*/-1 \/l — x 2 y 


k + ek 


\/(l ~ (k -f Qhfx 2 ) 2 V(l - fr 2 * 2 ) 8 


) 


dx. 
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We must show that this integral tends to zero with h. For this purpose 
we mark off about k an interval k 0 ^ k ^ k t not containing the values 
±1, and we choose h so small that k + 0^ lies in this interval. The 
function 

k 

V(T- 


is continuous in the closed region —1 5^ x ^ 1 , k 0 k ^ k v and is there¬ 
fore uniformly continuous. The difference 

k 0 /& k 

V(l - (k+ 0A) 2 Z*7 3 ~ V(T - k 2 x 2 ) 3 


consequently remains below a bound e which is independent of x and k 
and which tends to zero with h. Hence the integral A also remains less 
in absolute value than 


r^ 1 x 2 dx 
_i \/l — x 2 


Me, 


where M is a constant independent of e. That is, the integral A tends to 
zero as h does, which is what we wished to show. 

Differentiation under the integral sign is therefore permissible in 
this case. Similar considerations lead to the required result in other 
cases. 

Improper integrals with an infinite range of integration are discussed 
in the Appendix to this chapter, § 4, p. 307. 


1. Evaluate 


Examples 



x v ~ l (y log x 4 * 1 ) dx . 


2. Let f(x, y) be twice continuously differentiable, and let u(x , y> z ) 
be defined as follows: 

u(x f y, z) = / f(x -f zeosep, y -f z sin 9 )^ 9 . 

•A) 


Prove that 

Z ( U XX + Uyv — U zs ) — U z = 0. 

3 *. If f(x) is twice continuously differentiable and 


u(x, t) = ^5 J f(x -f y) (l 2 — y 2 ) 2 dy (p > 1 ), 


prove that 


p- 1 
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4. The Bessel function J 0 (x) may be defined by 


Prove that 


T/ . 1 /'* fl cos xt 

J b (x) = / -===== dt. 

‘rJ—i V ( 1 ~ * 2 ) 


^ 0 /r 4 " ~ *^(/ ~f *-^0 ” 0 . 


5. For any non-negative integral index n the Bessel function J n {x) may 
be defined by 

J ^ x) =(I ~ l2)n ~ >dt - 


Prove that 

(а) 

( б ) 


v + Lz + O -^.- 0 


Ai+l — *^n—1 “ 2«/ n ' 


(« ^ 1) 


and 


2. The Integral of a Continxjous Function over a 
Region of the Plane or of Space 

1. The Double Integral (Domain Integral) as a Volume. 

The first and most important generalization of the ordinary 
integral, like the ordinary integral itself, is suggested by geo¬ 
metrical intuition. Let R be a closed region of the cry-plane, 
bounded—as we assume all along—by one or more arcs of curves 
with continuously turning tangents, and let z = /(x, y) be a 
function which is continuous in R. We assume in the first instance 
that / is non-negative, and represent it by a surface in xyz -space 
vertically above the region R. We now wish to find (or, more 
precisely, to define , since we have not yet done so) the volume V 
below the surface. This has been done in detail for rectangular 
regions in Vol. I, Chap. X (p. 486), and, moreover, the case is so 
similar to that of the ordinary integral that we feel justified in 
mentioning it somewhat briefly here. The student will see at once 
that a natural way of arriving at this volume is to subdivide R 
into N sub-regions R 1 , R 2 , . . . , R y , each having boundaries that 
are sectionally smooth (p. 41), and to find the greatest value M, 
and the least value m t - of / in each region R t . The areas of the 
regions R { we denote by A R t . On each region R { as base we con- 
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struct a cylinder of altitude M t . This set of cylinders completely 
encloses the volume under the surface. Again, with each region 
Ri as base we construct a cylinder of altitude and hence 
with volume m t AR t ; these cylinders lie completely within the 
volume under the surface. Then 

2 m,Ai? t ^ F^EM,A£,. 

1 i 

These sums Em t Ai? 4 and EM, A22 f we call the lower and upper 
sums respectively. 

If we now make our subdivision finer and finer, so that the 
number N increases beyond all bounds, while the greatest dia¬ 
meter of the regions (that is, the greatest distance between 
two points of R^ at the same time tends to zero, we see intuitively 
(and shall later prove rigorously) that the upper and lower sums 
must approach one another more and more closely, so that the 
volume V can be regarded as the common limit of the upper and 
loiver sums as N tends to oo. 

We can obviously obtain the same limiting value if instead 
of m t or M t we take any number between m { and M if e.g./(x,, y { ) y 
the value of the function at a point (x if y { ) in the region R t . 

2. The General Analytical Concept of the Integral. 

These concepts suggested by geometry must now be studied 
analytically and made more precise without direct reference to 
intuition. We accordingly proceed as follows. We consider a 
closed region R with area A R, and a function f(x, y) which is 
defined and continuous everywhere in R, including the boundary. 
As before, we subdivide the region by sectionally smooth arcs * 
into N sub-regions R v R 2 , . . . , R N with areas AJZ,, . . . , AB^. 
In R { we choose an arbitrary point (£,, rj { ) where the function 
has the value/, = f{£ iy t?,) and we form the sum 

V^ifiAR* 

i 

The fundamental theorem is then as follows: 

If the number N increases beyond all bounds and at the same 

* I.e. arcs which are given in a suitable co-ordinate system by an equation 
y = where ^ is a continuous function whose derivative is continuous except 
for a finite number of jump discontinuities (cf. p. 41). 
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time the greatest of the diameters of the sub-regions tends to zero . 
then V N tends to a limit V. This limit is independent of the par¬ 
ticular nature of the subdivision of the regions R and of the choice 
of the point (£., r} { ) in Rj. The limit V we call the (double) integral 
of the function f(x, y) over the region R: in symbols , 

/£/(*, y)ds. 

Corollary . We obtain the same limit if we take the sum 
only over those sub-regions R { which lie entirely in the interior 
of R, that is, which have no points in common with the boundary 
of R .. 

This existence theorem for the integral * of a continuous 
function must be proved in a purely analytical way. The proof, 
which is very similar to the corresponding proof for one variable, 
is given in the appendix to this chapter (p. 293). 

We shall now illustrate this concept of an integral by consider¬ 
ing some special subdivisions. The simplest case is that in which 
R is a rectangle a 6, c^y ^d and the sub-regions Rj 

are also rectangles, formed by subdividing the ^-interval into 
n equal parts and the ^-interval into m equal parts, of lengths 

7 b — a i 7 d — c 

h =-and k =-. 

n m 

The points of subdivision we call x 0 = a, x v x 2 , . .. , x n = b and 

* We can refine this theorem further in a way which is useful for many 
purposes. In the subdivision into N sub-regions it is not necessary to choose a 
value which is actually assumed by the function f(x, y) at a definite point 
(ft* Vi) the corresponding sub-region; it is sufficient to choose values which 
differ from the values of the function f(( it ty) by quantities which tend uniformly 
to zero as the subdivision is made finer. In other words, instead of the values 
of the function /( rjj) we can consider the quantities 

Si “/(£<>*»<) + U.y 

where | y | < ty, lim c* — 0. (The number € { N is therefore the difference 

' JV—>oo 

between the value of the function at a point of the i-th sub-region of the sub¬ 
division into N sub-regions and the quantity/,, with which we form the sum.) 
This theorem is almost trivial; for, since the numbers c t - t a tend uniformly to 
zero, the absolute value of the difference between the two sums 

|/ t - AR { and £(/* + P f 

is less than ejv E A Bi f and can be made as small as we please if we take the 
number N sufficiently large. E.g. if we have f(x, y) = P(x, y)Q(x , y) we may 
take A = TiQ» where P, and Qj are the maxima of P and Q in P, which are 
in general not assumed at the same point. 

( E 912) 


16 
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y Q = c, y v y 2 , ... , y m = d respectively, and through these 
points we draw parallels to the ?/-axis and the x-axis respectively. 
We then have N = nm. All the sub-regions are rectangles with 
area A R { = hk = AasAy, if we put h = Aa?, yfc = Ay. For the 
point (| i5 7] { ) we can take any point in the corresponding rect¬ 
angle, and we then form the sum 

£/(£.-. Vi)& x &y 

i 

for all the rectangles of the subdivision. 

If we now let n and m simultaneously increase beyond all 
bounds, the sum will tend to the integral of the function / over 
the rectangle R. 

These rectangles can also be characterized by two suffixes 
fj, and v , corresponding to the co-ordinates x = a + vh and 
y=c -f iik of the lower left-hand comer of the rectangle in 
question. Here v assumes integral values from 0 to (n — 1) and 
from 0 to (m — 1 ). With this identification of the rectangles 
by the suffixes v and /z we may appropriately write the sum as 
a double sum * 

n —1 m— 1 

ysa 0 jA=eO 

Even when R is not a rectangle, it is often convenient to 
subdivide the region into rectangular sub-regions R { . To do this 
we superpose on the plane the rectangular net formed by the 
lines 

x= vh (v== 0, ± 1 , ±2, . . .) 

y= fik (fi. = 0, ± 1, ± 2, . . .), 

where h and k are numbers chosen arbitrarily. We now consider 
all those rectangles of the division which lie entirely within R. 
These rectangles we call i? t . Of course they do not completely 
fill the region; on the contrary, in addition to these rectangles R 
also contains certain regions R t adjacent to the boundary which 
are bounded partly by lines of the net and partly by portions of 
the boundary of R. But by the corollary on p. 225 we can cal¬ 
culate the integral of the function/ over the region R by summing 
over the interior rectangles only and then passing to the limit. 

* If we are fco write the sum in this way, we must suppose that the points 
(£*» Vi) are chosen so as to lie m vertical or horizontal straight Unes. 
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Another type of subdivision which is frequently applied is 
the subdivision by a polar co-ordinate net (fig. 3). Let the origin 
0 of the polar co-ordinate system lie in the interior of our region. 
We subdivide the entire angle into n parts of magnitude 



Fig. 3-—Subdivision by polar co-ordinate nets 


A 6 = 2ttIu = h, and we also choose a second quantity k — A r. 
We now draw the lines 0 ~ vh(v = 0, 1, 2, . . . , n — 1 ) through 
the origin and also the concentric circles = /xi(/x = 1 , 2 ,.. .). 
Those which lie entirely in the interior of R we denote by R { 
and their areas by A R t . We can then regard the integral of the 
function f(x , y) over the region R as the limit of the sum 


where (&, tj { ) is a point chosen arbitrarily in R { . The sum is 
taken over all the sub-regions R { in the interior of R , and the 
passage to the limit consists in letting h and k tend simultaneously 
to zero. 

By elementary geometry the area Ai?,- is given by the equation 
Atf, = ±(r\ +1 - r*)h = |(2/x + 1 )k% 

if we assume that R { lies in the ring bounded by the circles 
with radii /xfc and (/x + 1 )&. 

3. Examples. 

The simplest example is the function f(x 9 y) == 1. Here the limit of 
the sum is obviously independent of the mode of subdivision and is always 
equal to the area of the region R, Consequently, the integral of the function 
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f(x, y) as 1 over the region is also equal to this area. This might have been 
expected, for the integral is the volume of the cylinder of unit altitude 
with the region R as base. 

As a further example we consider the integral of the function f(x, y) = x 
over the square 0 ^ y ^ I. The intuitive interpretation of 

she integral as a volume shows that the value of our integral must be J. 
We can verify this by means of the analytical definition of the integral. 
We subdivide the rectangle into squares of side h— 1/w, and for the 
point (£ f , r],) we choose the lower left-hand corner of the small square. 
Then each one of the squares in the vertical column whose left-hand 
side has the abscissa vh contributes the amount v /* 3 to the sum. This 
expression occurs n times. Thus the contribution of the whole column of 
squares amounts to n vh 2 — vh 2 . If we now form the sum from v = 0 
to v = n — 1 , we obtain 


n—1 


£ 

v=0 


vh 2 : 


n(n 



1 

2 


h 

2 ' 


The limit of this expression as h -» 0 is as we stated. 

In a similar way we can integrate the product xy, or more generally 
any function f(x, y) which can be represented as a product of a function of 
x and a function of y in the form f(x 9 y) = 9 (z)^(ty)» provided that the 
region of integration is a rectangle with sides parallel to the axes, say 

a ^ x ^ b, 
c t^y ^d. 


We use the same division of the rectangle as on p. 225, and for the value 
of the function in each sub-rectangle we take the value of the function 
at the lower left-hand comer. The integral is then the limit of the sum 

hk 2 2 9 (vA)<J/(p&), 

v *=0 0 


which may also be written as the product of two sums in the form 

But in accordance with the definition of the ordinary integral, as h -> 0 
and k 0 eaoh of these factors tends to the integral of the corresponding 
function over the interval from a to b or from c to d respectively. We 
thus obtain the general rule: if a function f(x, y) can be represented as a 
product of two functions 9 (x) and 4 >(y)» double integral over a rectangle 
a^x^b, c^yrgd can be resolved into the product of two integrals'. 


I / f(*> y)dxdy = f 9 (x)dx . / y)dy . 

J J It V(J Jc 


In virtue of this rule and the summation rule (cf. p. 231) we can, for 
example, integrate any polynomial over a rectangle with sides parallel to 
the axes. 
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As a last example we consider a case in which it is convenient to use 
a subdivision by the polar co-ordinate net instead of a subdivision into 
rectangles. Let the region R be the circle with unit radius and centre the 
origin, given by x 2 -f y 2 ^ 1 , and let 

/(*, y) = \/U — & — y*Y> 

in other words, we wish to find the volume of a hemisphere of unit radius. 

We construct the polar co-ordinate net as before. From the sub- 
region lying between the circles with radii = \ik and 7 ^ 4.1 = (pt,-f l)fc 

and between the lines 0 = vh and 0 = (v -f 1 )h (h ~ we obtain the 
contribution % 1 

2 V 1 ) 8 (r\+l - V)A = Vi~TjPuM. 


where for the value of the function in the sub-region R { we have taken 
the value which the function assumes on an intermediate circle with the 


radius p M = ---- 




All sub-regions which lie in the same ring give 


the same contribution, and since there are n — 2n/h such regions the 
contribution of the whole ring is 


2ji \/i- 9 * Pm.L 


The integral is therefore the limit of the sum 
2 2jt Vl — p„ 2 P Je, 

= l) 


and, as we already know, this sum tends to the single integral 

/••I .—..— 2tt /- ' 2k 

2k I r a/1 — r 2 dr — -- \/(l — r 2 j 3 — -; 

Jo 3 0 3 


we therefore obtain 



x z — y 2 dS — 


2k 

3 ' 


in agreement with the known formula for the volume of a sphere. 


4. Notation. Extensions. Fundamental Rules. 

The rectangular subdivision of the region R is associated with 
the symbol for the double integral which has been in use since 
Leibnitz’s time. Starting with the symbol 

"S m s 7 (f v5 % )AzAy 

F** 0 fissc 0 
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for the sum over the rectangles, we indicate the passage to the 
limit, from the sum to the integral, by replacing the double 
summation sign by a double integral sign and writing the symbol 
dxdy instead of the product of the quantities Ax and A y. Accord¬ 
ingly, the double integral is frequently written in the form 

ff K f( x ’ y) dxd y 

instead of in the form 

/jf/te y) d S 

in which the area of A R is replaced by the symbol dS. We again 
emphasize that the symbol dxdy does not mean a product, but 
merely refers symbolically to the passage to the limit of the 
above sums of nm terms as n oo and m oo. 

It is clear that in double integrals, just as in ordinary integrals 
of a single variable, the notation for the “ variables of integra¬ 
tion ” is immaterial, so that we could equally well have written 

///<«• v)dudv or J J /(£, r))d£dr). 

In introducing the concept of integral we saw that for a 
positive function f(x, y) the integral represents the volume under 
the surface z=/(x, y). In the analytical definition of integral, 
however, it is quite unnecessary that the function f(x, y) should 
be positive everywhere; it may be negative, or it may change 
sign, in which last case the surface intersects the region R. Thus 
in the general case the integral gives the volume in question with 
a definite sign, the sign being positive for surfaces or portions of 
surfaces which lie above the xy-plane. If the whole of the surface 
corresponding to the region R consists of several such portions, 
the integral represents the sum of the corresponding volumes 
taken with their proper signs. In particular, a double integral 
may vanish although the function under the integral sign does 
not vanish everywhere. 

For double integrals, as for single integrals, the following 
fundamental rules hold, the proofs being a simple repetition 
of those in Vol. I (p. 81). If c is a constant, then 

/ f„ e ^ x ’ y) dS==c f fj( x > y) dS - 
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f f (/(*> V) + 4>(x, y))dS = f f f(x, y)dS + f f <j>(x, y)dS, 

J J r J Jr J Jr 

that is: the integral of the sum of two functions is equal to the sum 
of their two integrals. Finally, if the region R consists of two sub- 
regions R' and R" that have at most portions of the boundary 
in common, then 

f f /(*» y)dS = f f f(x, y)dS+ f f f(x, y)dS, 

J J R J J R’ J J R" 

tliat is: when regions are joined together the corresponding integrals 
are added. 

5. Integral Estimates and the Mean Value Theorem. 

As in the case of one independent variable, there are some 
very useful estimation theorems for the double integral. Since 
the proofs are practically the same as those of Vol. I, Chap. II, 
section 7 (p. 126), we shall here be content with a statement of 
the facts. 

If f(x , y) ^ 0 in R, then 

f y^s ^ °; 

similarly, if f(x , y) ^ 0 , 

f jj{x, y)dS <, 0. 

1 ’his leads to the following result: 

If the inequality 

f(x, y) > <f>(x, y) 
holds everywhere in R, then 

f J g f{ x > y)dS^J fj>(x, y)dS. 

A direct application of this theorem gives the relations 

ffj(x, y)dS 52 J /J/(z, y)\dS 

ffj(x, y)dS^-Jf x \f(x, y) j dS. 


and 
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We can also combine these two inequalities in a single formula: 

| f Jj^ x ’ f s \^ X ’ y)> | dS ' 

If m is the lower bound and M the upper bound of the values 
of the function f(x, y) in R, then 

mAR Jf f( x > y)dS MAR, 

where AR is the area of the region R. The integral can then be 
expressed in the form 

fff(x, y)dS = fiMl, 

where fi is a number intermediate between m and M , the exact 
value of which cannot in general be specified more exactly.* 

This form of the estimation formula we again call the mean 
value theorem, of the integral calculus . 

Here again the following generalization holds: if p(x, y) is 
an arbitrary positive continuous function in R, then 

ff s P( x > y)f( x > y) dS = m/ y) dS > 

where p denotes a number between the greatest and least values 
of f which cannot be further specified. 

These integral estimates show as before that the integral 
varies continuously with the function. More precisely, if f(x , y) 
and (f>(x , y) are two functions which satisfy the inequality 

I f(*> y) — 4>( x > y) I <«» 

where e is a fixed positive number in the whole region R with area 
AR, then the integrals Jj f(x, y)dS and JJ <f>(x, y)dS differ by 

less than cA R, that is, by less than a number which tends to 
zero with e. 

In the same way we see that the integral of a function varies 
continuously with the region. For suppose that two regions R r 
and R" are obtained from one another by the addition or removal 
of portions whose total area is less than e, and suppose that 

* Just as in the case of continuous functions of one variable, we can state 
that the value jz is certainly assumed at some point of the region R by the 
continuous function f(x, y). 
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f(x , y) is a function which is continuous in both regions and such 
that | f(x, y) | < M , where M is a fixed number. Then the two 

integrals j J f(x, y)dS and J J f (x, y)dS differ by less than Me, 

that is, by less than a number which tends to zero with e. 
The proof of this fact follows at once from the last theorem of 
the preceding sub-section. 

We can therefore calculate the integral over a region R as 
accurately as we please by taking it over a sub-region of R whose 
total area differs from the area of R by a sufficiently small amount. 
For example, in the region R we can construct a polygon whose 
total area differs by as little as we please from the area of R. 
In particular, we may suppose this polygon to be bounded by 
lines parallel to the x - and y- axes alternately, that is, to be pieced 
together out of rectangles with sides parallel to the axes. 

6. Integrals over Regions in Three and More Dimensions. 

Every statement we have made for integrals over regions of 
the ay-plane can be extended without further complication or 
the introduction of new ideas to regions in three or more dimen¬ 
sions. If e.g. we consider the case of the integral over a three- 
dimensional region R, we have only to subdivide this region R 
by means of a finite number of surfaces with continuously varying 
tangent planes into sub-regions which completely fill R and 
w T hich we denote by RR 2 , . . . , R y . If f(x , y, z) is a function 
which is continuous in the closed region R , and if (6» rj £*) 
denotes an arbitrary point in the region R if we again form the sum 

2/(6, Vi, 

i»i 

in which A R t denotes the volume of the region R ( . The sum is 
taken over all the regions R i} or, if it is more convenient, only 
over those sub-regions which do not adjoin the boundary of R. 
If we now let the number of sub-regions increase beyond all 
bounds in such a way that the diameter of the largest of them 
tends to zero, we again find a limit independent of the particular 
mode of subdivision and of the choice of the intermediate points. 
This limit we call the integral of f(x, y, z) over the region R, and 
we denote it symbolically by 

fffM y. *)<*?. 
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If, in particular, we effect a subdivision of the region into 
rectangular regions with sides Ax, Ay, Az, the volumes of the 
inner regions R { will all have the same value AxAyAz. As on 
p. 230, we indicate the possibility of this type of subdivision and 
the passage to the limit by introducing the symbolic notation 

JfJ B f( x ’ y> z)dxdydz 

in addition to the one above. All the facts which we have men¬ 
tioned for double integrals remain valid for triple integrals apart 
from the necessary changes in notation. 

For regions of more than three dimensions the multiple 
integral can be defined in exactly the same way, once we have 
suitably defined the concept of volume for such regions. If 
in the first instance we restrict ourselves to rectangular regions 
and subdivide these into similarly oriented rectangular sub- 
regions, and if we further define the volume of a rectangle 

+ K a 2 <*x 2 <^a 2 + h 2 ,. . ., a n ^x n ^a n +h n , 

as the product . . . h n , the definition of integral involves 
nothing new. We denote an integral over the w-dimensional 
region R by 

f f . J/^’ , x„)dx 1 dx 2 . . . dx n . 

For more general regions and more general subdivisions we must 
rely on the abstract definition of volume which we shall give 
in section 1 of the appendix (p. 287). 

In what follows, apart from section 3 of the appendix, we 
can confine ourselves to integrals in at most three dimensions. 

7. Space Differentiation. Mass and Density. 

In the case of single integrals and functions of one variable, 
we obtain the integrand from the integral by a process of dif¬ 
ferentiation, taking the integral over an interval of length h , 
dividing by the length h, and then letting h tend to zero. For 
functions of one variable this fact represents the fundamental 
connexion between the differential calculus and the integral 
calculus, and we interpreted it intuitively in terms of the concepts 
of total mass and density. For the multiple integrals of functions 
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of several variables the same connexion exists; but here it is 
not so fundamental in character. 

We consider the multiple integral (domain integral) 

/ ff(z, y)dS or JJ jf/( x, y, z)dV 

of a continuous function of two or more variables over a region B 
which contains a fixed point P with co-ordinates (x 0 , y 0 )—or 
(# 0 , y 0 , z 0 ), as the case may be—and which has the content * 
A B. If we then divide the value of this integral by the content 
AS, it follows from the considerations of sub-section 5 (p. 232) 
that the quotient will be an intermediate value of the integrand, 
that is, a number between the greatest and the least values 
of the integrand in the region. If we now let the diameter of 
the region B about the point P tend to zero, so that the content 
AS also tends to zero, this intermediate value of the function 
f(x, y) —or f(x, y , z)— must tend to the value of the function at 
the point P. Thus the passage to the limit yields the relations 

lim ar / ff ( x ’& ds = 

and 

lim Xnfff ^ x ’ y ’ z)dV = o’ y* z o)- 

This limiting process, which corresponds to the differentiation 
described above for integrals with one independent variable, we 
call the space differentiation of the integral. We see, then, that the 
space differentiation of a multiple integral gives the integrand. 

This connexion enables us to interpret the relation of integrand to 
integral in the case of several independent variables, as before, by means 
of the physical concepts of density and total mass. We think of a mass of 
any substance whatever as distributed over a two- or three-dimensional 
region R in such a way that an arbitrarily small mass is contained in each 
sufficiently small sub-region. In order to define the specific mass or density 
at a point P, we first consider a neighbourhood B of the point P with 
content A B, and divide the total mass in this neighbourhood by the content. 
The quotient we shall call the mean density or average density in this sub- 
region. If we now let the diameter of B tend to zero, from the average 
density in the region B we obtain in the limit the density at the point P, 

* The word content is used as a general word to include the idea of length 
in one dimension, area in two dimensions, volume in three dimensions, and 
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provided always that such a limit exists independently of the choice 
of the sequence of regions. If we denote this density by p(a;, y )—or by 
fx(a\ y, z )—and assume that it is continuous, we see at once that the process 
described above is simply the space differentiation of the integral 

JJ f*(*, y)dS, 
or 

m [i(x, y , z)dV , 

taken over the whole region R . This integral taken over the whole region 
therefore gives us the total mass of the substance of density p in the 
region * R . 

From the physical point of view such a representation of the mass of 
a substance is naturally an idealization. That this idealization is reasonable, 
i.e. that it approximates to the actual situation with sufficient accuracy, 
is one of the assumptions of physics. 

These ideas, moreover, retain their mathematical significance even 
when (x is not positive everywhere. Such negative densities and masses 
may also have a physical interpretation, e.g. in the study of the distribution 
of electric charge. 


3. Reduction of the Multiple Integral to 
Repeated Single Integrals 

The fact that every multiple integral can be reduced to single 
integrals is of fundamental importance in the evaluation of 
multiple integrals. It enables us to apply all the methods which 
we have previously developed for finding indefinite integrals to 
the evaluation of multiple integrals. 

1. Integrals over a Rectangle. 

In the first place we take the region R as a rectangle a^Lx^h, 
a ^ y ^ jS in the ay-plane, and we consider a continuous function 
f(x , y) in R . In Vol. I, Chap. X (pp. 490-1) we used a process of 
cutting the volume under the surface z—f(x , y) into slices in 
order to make the following statement appear plausible: 

* What we have shown here is that the distribution given by the multiple 
integral has the same space-derivative as the mass-distribution originally 
given. It remains to be proved that this implies that the two distributions are 
actually identical; in other words, that the statement “ space differentiation 
gives the density \x ” can be satisfied by only one distribution of mass. The 
proof, which is not difficult, is passed over here. (It closely resembles the proof 
of the Heine-Borel covering theorem.) 
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To find the double integral of f(x, y) over the region R, we first 
regard y as constant and integrate f(x, y) with respect to x between 
the limits a and b. This integral 

<f>(y) f( x > y) dx 

is a function of the parameter y, and we have then to integrate it 
between the limits a and ft. In symbols , 

y) ds = J a 4>(y) d y> <f>iy) =//(*. y) dx > 

or , more briefly , 

/ f/^’ y ^ dS dy f a /(^ 

Iii order to prove this statement analytically, we return to 
the definition of the multiple integral on p. 226. Taking 

_ a P 


^ - a and k ■ 
n m 


we have 


f f f( x > y)dS — lim 2 E /(a -f ph, a -f vk)hk $ 

* " K m —> 00 fi = 1 

n—> oo 

where the limit is to be understood to mean that the sum on the 
right-hand side differs from the value of the integral by less than 
an arbitrarily small pre-assigned positive quantity e, provided 
only that the numbers m and n are both larger than a bound * 
N depending only on e. By introducing the expression 

Oy = L f{a- f- ph } a “f- vk)h 

n=i 

we can write this sum in the form 


»/»i 

If we now choose an arbitrary fixed value for c, e.g. -1 r or : * 


100 10,000’ 


* The root idea of the following proof is simply that of resolving the double 
limit as m and n increase simultaneously into the two successive single limiting 
processes, first m -+ 00 when n is fixed and then n -► 00 (cf. Chap. II, Appendix, 
section 2 (p. 103)). 
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and for n choose any definite fixed number greater than N, we 
know that 

f f f( x > y)ds —kl. 0„ < e 


no matter how large the number m is, provided only that it is 
greater than N. If we keep n fixed during the limiting process, 
the above expression will never exceed e. In accordance with 
the definition of the ordinary integral, however, in this limiting 
process the expression tends to the integral 

J f( x » a + vk)dx = <f>(a + vk), 
and we therefore obtain 


y) dS 


k 2 <f>(a -f- vk) 
i>~ 1 


For arbitrarily small values of e this inequality holds for all 
values of n which are greater than a fixed number N depending 
only on e. If we now let n tend to 00 (i.e. let k tend to zero), 
then by the definition of the single integral and the continuity of 

j f(x, y)dx= <j>(y) we obtain 

lim k 2 <f>(a -\-vk)— <f{y) dy, 

n— i/»l "a 

whence 

^ e. 

Since € can be chosen as small as we please and the left-hand 
side is a fixed number, this inequality can only hold if the left- 
hand side vanishes, i.e. if 

/ f/^ x ’ y ^ dS = I a dy f/( x> y^ dx - 

This gives the required transformation. 

This result accordingly reduces double integration to the per¬ 
formance of two successive single integrations. The double integral 
can be represented as a repealed single integral. 

Since the parts played by x and y are interchangeable, no 
further proof is required to show that the equation 


f f/^’ y)ds ~f a ^y) d y 
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ff f( x > y) dS = f dxjf(x, y)dy 

is also true. 


2. Results. Change of Order of Integration. Differentiation 
under the Integral Sign. 


From the last two formulae of the preceding sub-section we 
obtain the relation 


J dyjf(x, y)dx = j dxfj(x, y)dy, 


or, in words: 

In the repeated integration of a continuous function with constant 
limits of integration the order of integration can be reversed. 

This theorem can also be stated as follows: 

If the function f(x, y) is continuous in the closed rectangle , then 
in this rectangle we can perform the integration of the integral 



y)dx with respect to the parameter y by integrating with 


respect, to y under the integral sign , that is , by integrating first with 
respect to y and then with respect to x. 

This theorem corresponds exactly to the rule for the differen 
tiation of an integral with respect to a parameter (cf. section 1, 


p. 219 ). 

We obtain a further result if we regard one of the above 
limits, say b, as a variable parameter. We can then differentiate 
the double integral with respect to this parameter; by the funda¬ 
mental theorem of the differential and integral calculus we obtain 
the result 


/ f/ < ' x ’ y ^ dxdyy)dy ’ 


Similarly, if we regard ft as a variable parameter we obtain 
~8 JJf(x, y)dxdy =jf f(x, P)dx. 

Finally, from the two equations we obtain 

ffilp ffffa y) dxd y P) 

by repeated differentiation. 
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In other words: 

Differentiation of the integral with respect to one of the upper 
limits leads to an ordinary integral over the corresponding side of 
the rectangle; mixed differentiation with respect to the two upper 
limits gives the integrand at the corresponding comer of the rectangle* 
The theorem on the change of order in integration has many 
applications. In particular, it is frequently used in the explicit 
calculation of simple definite integrals for which no indefinite 
integral can be found. 

As an example—for further examples see the appendix, section 3, 
pp. 313-6—we consider the integral 



which converges for a > 0, b > 0. We can express 1 as a repeated integral 
in the form 

Z ' 00 

j ~ j dx e~ xv dy. 

J a 


In this improper repeated integral we cannot at once apply our theorem 
on change of order. If, however, we write 


I — lim 

T —>• 30 



by changing the order of integration we obtain 

r bi_~ e -r v b rb e ~ T » 

I — lim / - dy = log-lim / - dy. 

T — >• * J a V Cl t —> « J a y 

Since in virtue of the relation 


f b ~dy=r e ~-dy 

J a y Jra y 


the second integral tends to zero as T increases, we have 


=/* 

Jo 


-bx 


dx — log - 


In a similar way we can prove the following general theorem: if f(t) is 

r°° /(<) 

sectionally smooth for t ^ 0, and if the integral / —- dt exists, then 

J i t 

I= f f( a 5bz / (bx) fa = f( o) log - (a > 0, 6 > 0). 

Jq X (1 


* The reader’s attention may be drawn to the connexion between this 
formula and the theorem on change of order of differentiation (cf. p. 66); he 
should investigate for himself to what extent the two facts are equivalent. 
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For here we oan again express the single integral as a repeated integral 

I ** f dx f f'(xy)dy 
do Jb 

and change the order of integration. 

3. Extension of the Result to More General Regions. 

By a simple extension of the results already obtained we 
can prove that our result holds for regions more general than 
rectangles. We begin by considering a convex region R, that is, a 
region whose boundary curve is not cut by any straight line 
in more than two points unless the whole straight line between 



Fig. 4. —General convex region of integration 


these two points is a part of the boundary (fig. 4 ). We suppose 
that the region lies between the “ lines of support ” (cf. ex. 1 (6), 
p. 100) x = x Q , x = x l and y = y 0 , y = y 1 respectively. Since 
for points of R the x-co-ordinate lies in the interval x Q ^ x ^ x 1 
and the ^-co-ordinate in the interval y 0 ^ y ^ y v we consider 


the integrals 



which are taken along the segments in which the lines y — const, 
and x = const, respectively intersect the region. Here <f> 2 (y) and 

( e 912 ) 17 
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<£i (y) denote the abscissae of the points in which the boundary 
of the region is intersected by the line y = const., and 
and the ordinates of the points in which the boundary is 

intersected by the lines x— const. The integral / f{x, y)dx is 

therefore a function of the parameter y , where the parameter 
appears both under the integral sign and in the upper and lower 

limits, and a similar statement holds for the integral / / (x, y) dy 

as a function of x. The resolution into repeated integrals is then 
given by the equations 

r r r y\ r 4 >%(y) 

f / /(*> y)dS= dy f(x, y)dx 

J J s J y, 

r ^t(x) 


dx f(x,y)dy . 

*0 


To prove this we first choose a sequence of points on the arc 
y = the distance between successive points being less than 



a positive number 8. We join successive points by paths each 
consisting of a horizontal and a vertical line-segment, lying in R. 
The lower boundary y = ifs^x) we treat similarly. We thus 
obtain a region R in R, consisting of a finite number of rectangles. 
The boundary of R above and below is represented by sectionally 
continuous functions y = ip 2 ( x ) an d y — &(x) respectively 
(cf. fig. 5 ). By the known theorem for rectangles we have 

///(*» y) dS — f dx f f(x, y) dy. 
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Since ^(x) and \fs 2 {x) are uniformly continuous, as 8 -> 0 the 
functions e/r^x) and if/ 2 (x) tend uniformly to tft^x) and tft 2 (x) 
respectively, and so 

/ *.(*> f4%(x) 

f(x, y)dy — ] f(x, y)dy 

uniformly in x. It follows that 

dx / /(x, y)dx = / dx /(x, y)dx. 

W J Xo J^ x) 

On the other hand, as S -> 0 the region R tends to R. Hence 

lim f f fix, y)dS = f f f(x, y)dS. 

5 —>0 J J R J J R 

Combining the three equations, we have 

n ~ p x \ /*^t( X ) 

/ /, fix, y)dS= dx f f{x, y)dy. 

J J ll J X 0 J tx(x) 

The other statement can be established in a similar way. 

A similar argument is available if we abandon the hypothesis 



of convexity and consider regions of the form indicated in fig. 6. 
We assume merely that the boundary curve of the region is 
intersected by every parallel to the x-axis and by every parallel 
to the y-axis in a bounded number of points or intervals. By 

f f( x > U)dy we th en mean the sum of the integrals of the function 

f(x , y) for a fixed x, taken over all the intervals which the line 
x = const, has in common with the closed region. For non- 
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convex regions the number of these intervals may exceed unity. 
It may change suddenly at a point x = f (as in fig. 6, right) in 

such a way that the expression Jf(x, y) dy has a jump discontinuity 

at this point. Without essential changes in the proof, however, 
the resolution of the double integral 

ff.f(x, y)dS—JdxJf(x,, y)dy 

remains valid, the integration with respect to x being taken along 
the whole interval x 0 ^ x ^ x^ over which the region R lies. 
Naturally the corresponding resolution 

Jff(x> y)dS = f dy J f(x, y)dx 

also holds. 



Fig. 7 .—Circular ring as region of integration 


If e.g. the region is the circle (fig. 7) defined by x 2 -f y 2 ^ 1, then the 
resolution is as follows: 


f f f( x > y)dS =/ dxj 


+ V(l-x*) 

f(x, y)dy. 
-VO-*’) 


If the region is a circular ring between the circles 3? + y a = 1 and 
** + y* = 4 (fig. 7), then 


f //(*’ V)dxdy = J dxj 


. + V(4-*') 

/(*, y)dy + 
'-VH-*’) 


H 


+ V(4-*>) 

/(*. y)dy 
WO-*’) 


/ +1 f-V(l-**) f+1 /. + v(4-**) 

dx / /(*, y)dy + I dx f(x, y)dy. 

-1 * , -\/(4-*») -l *•> 
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As a final example we take as the region B a triangle (fig. 8) bounded 
by the lines x ~ y, y ~ 0, and x = a(a > 0). If we integrate first with 
respect to x , 


[ dyff(x , y)dx f 

J Jr J() Jy 


and if we integrate first with respect to y , 


f f f(x> V)dS = f dx f f(x, y)dy. 
J Jr Jq J 0 



Fig. 8.—Triangle as region of integration 


Comparing the two results, we have 

/• a px /*a pa 

dx f(x, y)dy = I dy /( x, y)dx. 

J 0 *'0 *'0 dy 

In particular, if f(x , y) depends on y only, our formula gives 

f dxf f(y)dy = f f(y) (a - y)dy. 
d 0 J o J o 

From this we see that if the indefinite integral j f(y)dy of a function f(x) 

Jo 

is integrated again, the result can be expressed by a single integral (cf. p. 221). 


4. Extension of the Results to Regions in Several Dimensions. 

The corresponding theorems in more than two dimensions 
are so closely analogous to those already given that it will be 
sufficient to state them without proof. If we first consider the 
rectangular region x 0 5 ^ x ^ x l9 y 0 ^ y ^ y v z 0 rg z ^ z 1 , and a 
function f(x 9 y, z) which is continuous in this region, we can 
reduce the triple integral 

v =/ ff/( x > y> z ) dV 



246 MULTIPLE INTEGRALS [Chap. 


in several ways to single integrals or double integrals. Thus 

Iff/* y, z)dV = j dzj Jf(x, y, z)dxdy. 


Here 


fjf( x > V' z )d xd v 


is the double integral of the function taken over the rectangle 
=? x ^ x v Vo ^ V < Vv z being kept constant as a parameter 
during this integration, so that the double integral is a function 
of the parameter z. Either of the remaining co-ordinates x and y 
can be singled out in the same way. 

Moreover, the triple integral V can also be represented as a 
repeated integral-in the form of a succession of three single 
integrations. In this representation we first consider the expression 

y, z)dz, 



x and y being fixed, and then consider 

f dyf f(x, y, z)dz, 


x being fixed. We finally obtain 


V =f dxj dyJ f(x, y, z)dz. 

x o >'0 3(1 


In this repeated integral we could equally well have integrated 
first with respect to x and then with respect to y and finally 
with respect to z, or we could have made any other change in 
the order of integration; this follows at once from the fact that 
the repeated integral is always equal to the triple integral. Wc 
therefore have the following theorem: 

A repeated integral of a continuous function throughout a 
closed rectangular region is independent of the order of integration . 


The way in which the resolution is to be performed for non-rectangular 
regions in three dimensions scarcely requires special mention. We content 
ourselves with writing down the resolution for a spherical region sc* + y 2 + 
2 *^1: 


r r r /•+* + —* s ) - 

/ / / /(*# y> Z)dxdydz = / dx * dy / 

J J Jr J - 


+ V(1 -**-y*) 

f(x, y , z)dz. 
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Examples 

Evaluate the integrals in Ex. 1-8: 

1. J J x*y 2 dxdy over the circle x 2 + y 2 ^ 1 
'a5* + t/ 8 — 3 xy(x* -f y *) 


dxdy over the circle x 2 + y % 1. 


2 If' (* a + y 2 ) : 

3. J J J (x? + y 2 + z 2 )xyzdxdydz throughout the sphere x 2 + y 2 + z 2 

4. J J Jz dxdydz throughout the region defined by the inequalities 
* a + y % ^ z 2 , * 2 -f y 2 + z 2 ^ 1. 

5. J J J( x + V 4* z) a% 2 z a dx dy dz throughout the region x -+- y z ^ ] . 
x ^ 0 , y ^ 0 , 2^0. 

dxdydz 


‘/// 

’• ///: 

r r da 

9. Prove that if /(a;) is a continuous function 
A-> + 0^-l ** + * 


+ y 2 + (2 - 2) 2 
dxdydz 

a® + y 2 + (2 — i ) 2 

dxdy 


throughout the sphere -J- y 2 4- z 2 ^ 1. 
throughout the sphere a^ + ^+z 2 ^!, 


+ </ 2 


over the square | x | ^ 1, \y\ ^ 1. 


f(x)dx = tt/(0). 


4. Transformation of Multiple Integrals 

In the case of single integrals the introduction of a new 
variable of integration is one of the chief methods for trans¬ 
forming and simplifying given integrals. The introduction of 
new variables is likewise of great importance in the case of several 
variables. In the case of multiple integrals, in spite of their 
reduction to single integrals, explicit evaluation is generally 
more difficult than in the case of one independent variable, and 
the integration in terms of elementary functions is less often 
possible. Yet in many cases we can evaluate such integrals by 
introducing new variables in place of the original variables under 
the integral sign. Quite apart from the question of the explicit 
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evaluation of double integrals, the change of variables is of 
fundamental importance, since the transformation theory gives 
us a more complete mastery of the concept of integral. 

The most important special case is the transformation to polar 
co-ordinates, which has already been carried out in Vol. I, Chap. 
X (p. 494 ). Here we shall at once proceed to general transforma¬ 
tions. We first consider the case of a double integral 

f f /(*, V)dS=f f f(x, y)dxdy, 

taken over a region R of the xy-plane. Let the equations 

x = <f>(u , v) 
y = ip(u , v) 


give a one-to-one mapping of the region R on the closed region 
R' of the MJ-plane. We assume that in the region R' the functions 
(f> and 0 have continuous partial derivatives of the first order 
and that their Jacobian 


D = 


<f>u 

0U 


<}>v 


= Mv — Mv 


never vanishes in the closed region R!\ to be specific, we assume 
that it is everywhere positive. We then know that with these 
assumptions the system of functions x = <f>(u, v), y = v) 
possesses a imique inverse u = g(x , y), v = h(x, y) (p. 152 ). 
Moreover, the two families of curves u = const, and v = const, 
form a net over the region R. 

Heuristic considerations readily suggest how the integral 


si* , y)dxdy can be expressed as an integral with respect 
to u and v. We naturally think of calculating the double integral 


JJ f(x, y)dS by abandoning the rectangular subdivision of the 


region R and instead using a subdivision into sub-regions J?, by 
means of curves of the net u = const, or v = const. We there¬ 
fore consider the values u= vh and v = fxk, where A = A u and 
k = Av are given numbers and v and /x take all integer values 
such that the lines w = vh and v = fik intersect R! (so that 
their images are curves in R). These curves define a number 
of meshes, and for the sub-regions R { we choose those meshes 
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which lie in the interior of R (figs. 9 , 10). We now have to 
find the area of such a mesh. 

If the mesh, instead of being bounded by curves, were an 




9 , iO.' -Decomposition of regions in a transformation 


ordinary parallelogram, half the parallelogram being formed by 
the triangle with the vertices corresponding to the values 
( u p> v n)> ( u v + K vj, and (u v , + &), then by a formula of ele¬ 
mentary analytical geometry (cf. Chap. I, p. 14 ) the area of 
the parallelogram would be given by the determinant 

4>(u„ + h, vj — vj 4>{u v , + k) - <f>(u y , vj 

'l>( u , + A. «*) - %) v^ + k) — vj ’ 


which is approximately equal to 




<Pv(%, *V) 


hk = hkD. 


On multiplying this expression by the value of the function / in 
the corresponding mesh, summing over all the regions R { lying 
entirely within R, and then performing the passage to the limit 
h -> 0 and k -* 0, we obtain the expression 

ff v )> #*> v))Ddudv 


for the integral transformed to the new variables. 

This discussion is incomplete, however, since we have not 
shown that it is permissible to replace the curvilinear meshes 
by parallelograms or to replace the area of such a parallelo¬ 
gram by the expression (<f> u i/s v — ^ u (f> v )hk\ that is, we have not 
shown that the error thus caused vanishes in the limit as h O 
and k -> 0 . Instead of completing this method of proof by 
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making these estimates, we prefer to develop the proof of the 
transformation formula in a somewhat different way, w T hich can 
subsequently be extended directly to regions of higher dimensions. 




For this purpose we use the results of Chap. Ill, section 3 
(p. 150) and perform the transformation from the variables x, y 
to the new variables u, v in two steps instead of in one. We 
replace the variables x , y by new variables x y v by means of the 

equations 

x—x 

y = ®(v, x). 

Here we assume that the expres¬ 
sion 3> v vanishes nowhere in the 
region R , i.e. that <b v is every¬ 
where greater than zero, say, 
and that the whole region R can 
be mapped in a one-to-one way 
on the region B of the xv-plane. 
We then map this region B in 
a one-to-one way on the region 
R' of the uv- plane by means of a second transformation 

x = \P(i u , v) 

V — V, 

where we further assume that the expression is positive 
throughout the region 5. We now effect the transformation of 

the integral f f f(x, y)dxdy in two steps. We start with a sub- 
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division of the region B into rectangular sub-regions of sides 
Ax = h and Av = k bounded by the lines x = const. = x v and 
v = const. = v^ in the xv-plane. This subdivision of B corresponds 
to a subdivision of the region R into sub-regions R t , each sub-region 
being bounded by two parallel lines x = x v and x~x u -\-h and 
by two arcs of curves y = x) and y= + k, x) (figs. 11,12). 

By the elementary interpretation of the single integral, the 
area of the sub-region (fig. 13) is 

/ x v+ h 

[<&(«„ + &,*) — $(v x)]dx, 

"V 

which by the mean value theorem of the integral calculus can be 
written in the form 

A Ri = + k , x v ) — 0(v M , x v )], 

where x v is a number between x v and x v -f h. By the mean value 
theorem of the differential calculus this finally becomes 

AR { = hk<J> v (v^ x v ), 

in which denotes a value between and -J- k, so that 
(v^ x M ) are the co-ordinates of a point of the sub-region in B 
under consideration. The integral over R is therefore the limit 
of the sum 

lifiARi = SM/(x„ 0(v„, x,))O v (^, x v ) 


as h -> 0, k 0. We see at once that the expression on the right 
tends to the integral 

y)®vdxdv (y = 0(«, a:)) 

taken over the region B. Therefore 

ff f( x > y)dxdy = JJ f(x, y)O v dxdv. 


To the integral on the right we now apply exactly the same 

argument as that just employed for JJ f(x, y)dxdy, transforming 

the region B into the region R' by means of the equations 
X ~ 'P(«. v), V = V. 
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Tlie integral over B then becomes an integral over R ' with 
an integrand of the form and we finally obtain 

// /(*» y)Q>J¥ u dudv. 


Here the quantities x and y are to be expressed in terms of the 
independent variables u and v by means of the two transforma¬ 
tions above. We have therefore proved the transformation 
formula 


ff f(v, y)dxdy — JJf(x, y)<bj¥ u dudv. 


By introducing the direct transformation x = <f>(u y v ), y = v) 
the formula can at once be put in the form stated previously. 

For and = Y u , and so by Chap. Ill, section 3 

o(x 9 v) o(u, v) 

(p. 147) we have 


d = d S x >- y) 

3(w, v) 


x u . 


We have therefore established the transformation formula for all 
cases in which the transformation x = <f>(u , v), y = v) can 
be resolved into a succession of two primitive transformations of 
the forms * x == x, y = 0(v, x) and v = v, x = v F(w, v). 

In Chap. Ill, section 3 (p. 151), however, we saw that we can 
subdivide a closed region R into a finite number of regions in 
each of which such a resolution is possible, except perhaps that 
it may also be necessary to replace u by v and v by — u\ this 
substitution is merely a rotation of the axes, and we see that it 
does not affect the value of the integral; in fact, even the simple 
heuristic argument at the beginning of this sub-section is perfectly 
rigorous for this case. We thus arrive at the following general 
result :f 

* We have assumed above that the two derivatives <£> v and are positive, 
but we easily see that this is not a serious restriction. For the inequality 

^ x ’ ^ > 0 shows that these two derivatives must have the same sign. If they 
d(u f v) 

wore both negative, we should merely have to replace a; by —a; and y by — y, 
which leaves the integral unchanged. The two primitive transformations then 
have positive Jacobians. 

f The above proof in the first instance holds only for every closed region 
R x lying entirely within R. Since, however, R 1 can be chosen so as to occupy 
all of R except a portion of arbitrarily small area, the transformation formula 
continues to nold for R itself. 
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If the transformation x = <f>( u, v), y = i/>(u, v) represents a 
continuous one-to-one mapping of the dosed region R of the xy-plane 
on a region R' of the uv-plane, and if the functions </> and tft have 


3(x, y). 


is everywhere positive , then 

Jf s f( x > y) dxd v = f^ u ’ v) ) dudv ' 


3(u, v) 

d(x, y) 


<AA— Mv 


For completeness we add that the transformation formula 


remains valid if the determinant 


d(u, v) 


vanish.es without, how¬ 


ever, changing its sign, at a finite number of isolated points of 
the region. For then we have only to cut these points out of R 
by enclosing them in small circles of radius p . The proof is valid 
for the residual region. If we then let p tend to zero,* the trans¬ 
formation formula continues to hold for the region R in virtue 
of the continuity of all the functions involved. 

We make use of this fact whenever we introduce polar co¬ 
ordinates with the origin in the interior of the region; for the 
Jacobian, being equal to r, vanishes at the origin. 

In Chap. V, section 4 (p. 377) we shall return to transforma¬ 
tions with negative Jacobians, and we shall see that the argument 
remains essentially the same. Nevertheless, we would point out 
here that provided the Jacobian D does not vanish the hypothesis 
D > 0 in a sense involves no loss of generality, for we can always 
change the sign of D by interchanging u and v. A different 
method of proving the transformation formula will be given in 
Chap. V, § 3, p. 373. 


Regions of more than Two Dimensions. 

We can of course proceed in the same way with regions of 
more than two dimensions, e.g. with regions in three-dimensional 
space, and obtain the following general result: 

If a closed region R of xyz . . . - space is mapped on a region R' 
of uvw . . . -space by a one-to-one transformation whose Jacobian 

d(z, y, z, . . ,) 

3(w, v,w 9 ,..) 


* For another application of this method, see section 5, p. 262. 
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is everywhere positive, then the transformation formula 
ff-- f g A x > V> z > • • • )dxdydz .. . 

=//••• f f(x, y,z, ■ ■ .) dudvdw .. . 

J J Jr' o(u , l?, w ,...) 


holds. In n dimensions the Jacobian is an n-rowed deter¬ 
minant of similar construction to the Jacobian in two 
dimensions. 


As a special application, we can obtain the transformation formula for 
polar co-ordinates in another way. In the case of polar co-ordinates in the 
plane we must write r and 0 instead of u and v, and we at once obtain 

o(tC i/) 

the expression - ----— r (cf. p. 144 ). In the case of polar co-ordinates 

c(r , 0) 

in space r defined by the equations 

x = r cos 9 sin0 


y — r sin 9 sin 0 
z — r cos 0, 


in which 9 ranges from 0 to 2 tt, 0 from 0 to 7r, and r from 0 to -f «.we 
must identify u , v, w with r, 0 , 9; as the expression for the Jacobian we 
obtain 


C(x, y, z) 
d(r, 0, <p)' 


cos 9 sin 0 r cos 9 cos 0 

sin9 sin0 r sin9 cos0 
cos 0 —r sin0 


-r sin 9 sin0 
r cos 9 sin 0 = r 2 sin 0. 
0 


(This value r 2 sin 0 is obtained by expanding in terms of the elements of 
the third column.) The transformation to polar co-ordinates in space is 
therefore given by the formula 

J J J /(*> y> z)dxdydz = f J f 2 ) f2 sin0drd0d9. 


As in the corresponding case in the plane, we can also arrive at the trans¬ 
formation formula without using the general theory. We have only to 
start with a subdivision of space given by the spheres r = const., the 
cones 0 = const., and the planes 9 = const. The details of this elementary 
method are similar to those of Vol. I, Chap. X, section 2 (p. 494 ) and can 
be left to the reader. 

In the case of polar co-ordinates in space our assumptions are not 
satisfied when r = 0 or 0 == 0, since the Jacobian then vanishes. The 
validity of the transformation formula, however, is not thereby destroyed. 
We can easily convince ourselves of this, as we did in the case of the 
plane. 
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Examples 


1*. Evaluate the i 
vertices (0, 0), (0, 1), (1, 0). 

2. Evaluate the integral 


a 


e v + x dxdy taken over the triangle with 


dxdy 


taken 


(1 + * 8 4 - 1/ 2 ) 8 


(a) over one loop of the lemniscate (x 2 -f y 2 ) 2 — (x 2 — y 2 ) = 0, 

(b) over the triangle with vertices (0, 0), (2, 0), (1, V3). 

3. Evaluate the integral 


J J J xyz dxdy dz 


taken throughout the ellipsoid — + - 

a 2 b 2 c 2 

4. Prove that 

ff e ~ ( * l+ * 9) d X dy — ae ~ at f du 

(where R denotes the half-plane x ^ a > 0), by applying the transfor¬ 
mation 

x 2 + y 2 = u 2 -}- a 2 , y = vx. 


5. Prove that 


1 1 /*“** + u v is > dxd y 


is invariant on inversion. 

6. Evaluate the integral of Ex. 4, p. 247, by using three-dimensional 
polar co-ordinates. 

7. Evaluate the integral 


d —ff + y-i) + zQdld-ridZ 

taken throughout the sphere 5* 4* *) 2 4- C* SI. 

8. Prove that 

J J cos(£$ + yt\)d%di\ = 2J 1 (r)/r, (r = + y')) 

where the integral is to be extended over the circle £* + 7 ) a 1 and J, 

denotes the Bessel function defined in Ex. 5, p. 223. 
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5. Improper Integrals 

In the case of functions of one variable we found it necessary 
to extend the concept of integral to functions other than those 
which are continuous in a closed region of integration. In fact, 
we did consider the integrals of functions with jump discon¬ 
tinuities and of functions with infinite values, and also integrals 
over infinite intervals of integration. The corresponding exten¬ 
sions of the concept of integral for functions of several variables 
must now be discussed. 

1. Functions with Jump Discontinuities. 

For functions which have jump discontinuities in the region 
of integration R the extension of the concept of integral is 
immediate. We assume that the region of integration can be 
subdivided by a finite number of smooth arcs of curves * into 
a finite number of sub-regions R 1 , R 2 , . . . , R n in such a way that 
the integrand / is continuous in the interior of each sub-region, 
and as the boundary of such a sub-region is approached from the 
interior the values of the function tend to definite continuous 
boundary values; but the limiting values obtained as we 
approach a point on a curve separating two sub-regions may 
differ according as we approach the point from one sub-region 
or the other. The integral of the function f over the region R 
we shall then define as the sum of the integrals of the function/ 
over the sub-regions R v . The integrals of / over the regions R v 
are at once given by our original definition if for each sub-region 
we suppose that the function is extended by including the boun¬ 
dary values, so that it becomes a continuous function in the 
closed region R v . 

As an example we consider a function f(x, y) which is defined in the 
square by 

f(x, y) = 1 for y < x, 
f(x, y) — 2 for y :> 3 . 

For this function the line y — x is, a line of discontinuity, and by the 

process described we find that the improper integral / I f(x 9 y)dxdy taken 
over the square has the value §. J J 

* By a smooth arc of a curve we mean an arc with a continuously turning 
tangent. 
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2. Functions with Isolated Infinite Discontinuities. 

If the integrand becomes infinite at a single point P of the 
region of integration, we define the integral of the function / over 
the region JR by a process analogous to that for one independent 
variable. We mark off a neighbourhood U v about the point of 
discontinuity P, so that the closed residue 72„ = R — TJ V no 
longer contains the point P. There are many possible sequences 
of neighbourhoods U v whose diameters tend to zero as v increases, 
e.g. the sequence of circles or spheres about the point P with 
radius c — 1/v. If the sequence of the integrals over the residual 
region R v tends to a limit 7, i.e. if 

li 1 * 1 f f /fa, y)dS= 7, 

v—ycc J J R v 

and if this limit is independent of the particular choice of the 
sequence R v , then its value is called the integral or, more 
accurately, the improper integral of the function / over the region 
R , and we write 

I=ffj{x,y)dS. 

Such an integral taken over the region R is sometimes called a 
convergent integral (or is said to converge). If no limiting value 7 
exists, the integral is said to be divergent (or to diverge). The 
definition of course remains valid if P is an isolated point of 

indeterminacy, such as the origin for the function sin 

\x 2 + y~ 

If in the neighbourhood of P the absolute value of the 
function remains below a fixed bound, the integral is always 
convergent. 

The general conditions for the convergence of an integral can 
therefore be stated as follows. To every positive e there corre¬ 
sponds a bound 8 = 8 (c) for which the following condition is 
satisfied: if V and U' are any two (open) sub-regions of R which 
contain the point of discontinuity P and whose diameter is 
smaller than 8 , then the integrals of the function / over the 
closed residual regions G — V and G — U' differ in absolute 
value by less than e. We shall illustrate these ideas by means of 
a few examples. 

The function 


( E 012) 


/(*. y) = log V** 4* y 9 


18 
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becomes infinite at the origin of the ary-plane. Therefore in order to calculate 
the integral over a region R containing the origin, e.g. over the circle 
it 2 4* V 2 ^ b we must cut out the origin by surrounding it with a region 
U$ whose diameter is less than 8, and we must then investigate the con¬ 
vergence of the integral taken over the residual region R$ = R — Ug 
as 8 -► 0. The neighbourhood U$ certainly lies within a circle of radius 8 
about the origin. In accordance with section 4 (p. 254) we transform 
the integral to polar co-ordinates and obtain 

JJ logV^-b y 2 dxdy — Jj r logrdrdO, 


where the integral on the right is taken over the region Rg of the rO-pluno 
corresponding to the region Rg. In our ease this is a region which contains 
the rectangle 8 ^ r ^ 1 , 0 ^ 0 ^ 2tt but does not include the straight 
line r = 0. The function r logr is continuous for r — 0, however, if we 
assign the value 0 to it at that point; for lim r logr = 0. We can therefore 

r —> t» 

let 8 tend to 0 and regard the transformed integral 


/ / r logrdrdb = lim / / r logrrfrdO 

J J re s o J Jr v 


as an ordinary integral in the sense of section 2 (p. 224). The convergence 
of the integral is therefore established. 


At the same time this example shows that, as in the case of 
one independent variable, a properly chosen transformation of 
co-ordinates sometimes changes an improper integral into a proper 
integral. This fact clearly shows how inadmissible a restriction 
we should lay upon ourselves if we refused to consider improper 
integrals. 

As a further example we consider the integral 



taken over the same region. If we first think of the integral as 
vaken over the region R & obtained from R by cutting out a 
circle with radius S, and then transforming to polar co¬ 
ordinates, we obtain 



or, as a repeated integral, 


r n dr 


n 


f 


dr 
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From Vol. I (p. 246) we know that the integral J -is convergent 


if, and only if, a < 2. 

dxdy 


mtci 




We therefore conclude that the double 
. - is likewise convergent if, and only if, 

4 (V* 2 -I- y s Y 

a <2. As in the preceding example, the convergence is inde¬ 
pendent of the particular choice of the sub-regions U 6 . 

This remark can readily be used to obtain a sufficient (by no 
means a necessary) criterion for the convergence of improper 
double integrals, which is applicable in many special cases. 

If in the closed region R the function f(x, y) is continuous every¬ 
where except at one point P, which we take as the origin x — 0, 
y = 0, and f becomes infinite at P, and if there is a fixed bound 
M and a positive number a < 2 such that 


l/(*,») l ^ 


M 


(VX 2 + y 2 Y 


everywhere in R, then the integral 


f j f(x, y)dxdy 

converges . 

The proof is obtained from the above by considering the 
relation 


ff /(*, y)dxdy ^JJ f(x, y) dxdy ^ Mjj 


dxdy 


b (V x 2 + y 2 ) a 


where B is a region not containing P and lying within a small 
circular neighbourhood of P. 

We can deal with the triple integral 


m 


dxdydz 


*(Vx 2 + y 2 + z 2 ) a 


in a similar way. If R contains the origin, we introduce polar 
co-ordinates and obtain 


iiij 2 si n8drddd(f>. 


A discussion similar to the preceding shows us that convergence 
occurs when a < 3. As a general criterion we have the following: 
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The integral of a function f (x, y, z) which becomes infinite at the 
origin , but is continuous at every other point of a region R containing 
the origin , is convergent , if there is a fixed bound M and a positive 
number a < 3 such that the inequality 


\f(x,y,z )\^ 


M 

(V x 2 + y 2 + 2 2 )“ 


Aokfo everywhere in the region . 

From these criteria we conclude more generally that integrals 
of the form 


ff ( a < 2) 

J •'« (V(x — a) 2 + (y — £>) 2 )“ * 


over a two-dimensional region and integrals of the form 



g(Xy y , z)dxdydz 

(V (x — a) 2 -f (y — b) 2 + (z — cf) a ’ 


(a < 3) 


over a three-dimensional region converge, where (a, b), or (a, 6, c), 
is a fixed point in the interior of the region R and g is a continuous 
function in the closed region R. We have only to transfer this 
point to the origin by translation of the co-ordinate system and 
then to apply our criterion. 


3. Functions with Lines of Infinite Discontinuity. 

If a function f(x, y) becomes infinite not only at a single point 
but along whole curves C in the region R, we can proceed to 
define the integral of a function / over the region R in an exactly 
analogous way. We cut the curve of discontinuity C out of the 
region R by enclosing it in a region U e of area less than e. If 
then as € tends to 0 the integral of the function / over the re¬ 
gion R — U t tends to a limit 1 independent of the particular 
choice of the region U ti we say that the integral of f over the region 
R is convergent (or converges) and we take this limiting value as 
the value of the integral. 

The simplest example is the case in which the curve C consists 
of a portion of a straight line, say a segment of the y- axis. If 
the relation 


M 
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where M is a fixed bound and a is less than 1, is valid everywhere 
in the region R, then the integral over the region R converges. 
The proof is similar to the proofs of the preceding sub-section. 
For example, we may cut the y-axis out of the region by means 
of straight lines parallel to it. 

4. Infinite Regions of Integration. 

If the region R extends to infinity, we approximate to it by 
a sequence of sub-regions R 2i . . . , R v , . . . , which are all 
bounded and have the property that every arbitrary bounded 
sub-region of R is contained in every R n for which n is greater 
than a certain m. (If, for example, R is the whole plane, for R v 
we can choose the circular region of radius v about the origin.) 
If the limit 

lim [ff(x,y)dS 

v —-> 00 " " Rv 

exists and is independent of the particular choice of the sequence 
of sub-regions R v , we call it the integral of the function / over the 
region R. 

To illustrate this statement by an example, we consider the integral 

jJe~ xi -y*dxdy , 

where the region of integration is the whole ary-plane. In order to establish 
the convergence of this integral we first choose the sub-regions R v as the 
circles K v with radius v, 

x 2 + y 2 ^ v a ; 

these obviously satisfy the above requirements. We have therefore to 
investigate the limit of the integral 


JJ e~ x *~y*dxdy 


as v ao. But we have already evaluated this integral (Vol. I. p. 490) 
and have found it to be equal to rc(l — e~ v '). Now 
lim 7r(l — er v% ) — tc. 

V—> 00 


If we also show that not only the sequence of circles, but also every other 
sequence of sub-regions R with the properties mentioned, leads to the 
same value 7 t, then according to our definition the number it will be the 
value of the improper integral. 

Let any sequence of such regions R v R 2 , ... be given. By hypothesis, 
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each circle K m is contained in the interior of R>, provided v is sufficiently 
large; on the other hand, every R t , is bounded and is therefore contained 
in a circle K M of sufficiently large radius M. Since the integrand e~ x ~ y 
is positive everywhere, it follows that 


f f <r*'-* l dxdy <: f f e~ xi ~ yi dxdy <, f f e~ x '- yi dxdy. 
J J Jr,, J Jk m 


As m and M increase, the integrals over K m and K if have the same limit re, 
so that the integral over R v must have the same limit; this proves that 
the integral must converge to the limit t:. 

We obtain a particularly interesting result if for the regions R v we choose 

the squares | x | v, | y | 5^ v. The integral / / e~~ x> ~~ v *dxdy can then be 

J Jr v 

reduced to two simple integrations (cf. section 2, p. 228): 
f f e ~ X *~ V 'dxdy — J z~ x *dx f e~ yi dy = ^ j* e~ xt dx^j = ^ 2 \J e~ x *dx ^ • 


If we now let v tend to ao, we must again obtain the same limit n. Honee 

H = 71 


or 


r 

/ e~ x *dx — 
•'0 

in agreement with Vol. I, p. 496. 


5. Summary and Extensions. 

It is useful to consider the concepts of this section again from 
a single unifying point of view. Our extension of the concept of 
integral to cases in which the definitions in section 2 (p. 224) 
are not immediately applicable consists in regarding the value 
of the integral as the limiting value of a sequence of integrals 
over regions R v , which approximate to the original region of in¬ 
tegration R as v increases. For this purpose we regard the region 
R as open instead of closed; we assign all the points of dis¬ 
continuity of the function / to the boundary and consider the 
boundary as not belonging to R. We then say that the region 
is approximated to by a sequence of regions R 1? R 2 , . . . , R n , . . . 
if all the closed regions R n lie in R and every arbitrarily chosen 
dosed sub-region in the interior of R is also a sub-region of the 
region R n , provided only that n is sufficiently large . If in particular 
the sub-regions R n are so chosen that each one contains the 
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preceding one in its interior, we say that they converge mono- 
tonically to the region R. 

For the sub-regions R n we can at once apply the original 
definition of the integral given in section 2, p. 224. We now 
say that the integral of f over the region R converges if the integral 
over R n has a limiting value independent of the particular choice 
of the sequence of regions R n . It is useful to state specifically the 
ldlowing general facts which have been illustrated by the previous 
examples. 

(1) If the function / is nowhere negative in the region /?, it is 
sufficient to show that for a single monotonic sequence R u the 
sequence of values of the integral converges, in order to ensure 
convergence to the same limit for an arbitrary sequence JR/. 

Proof. R v) being a closed region in the interior of R, is con¬ 
tained in all regions R' n from a certain n( v) onward. Conversely, 
every region R' n is contained in a certain R m , for the same reason. 
Since the function is nowhere negative, it follows that 

f f f( x > y)dxdy <L f [ f(x, y)dxdy <L f I f(x, y)dxdy. 

J J R V J J R’ n J J Jt m 


As v increases the two outer bounds tend to the same limit; the 
sequence of integrals j*J f(x , y)dxdy must therefore converge 

to that limit, and our statement is proved. 

In particular, if for JR„ we choose a monotonic sequence of 
regions tending to R , it follows that the function /, which is 
nowhere negative, has a convergent integral over the region R, 
provided only that the sequence of integrals over R v remains 
below a bound M , For these integrals then form a sequence of 
numbers which is monotonic non-decreasing and bounded, and 
therefore convergent. 

The case in which / is nowhere positive in R can at once be 
reduced to the preceding if we replace / by —/ 

(2) If/changes sign in the region JR, we can apply the previous 
theorem to \f |. If the integral of this absolute value converges, 
it is certain that the integral of the function / itself converges. 
This is most easily proved by the following device. We put 

f — fl ~~ f2’ 


where f x = / if /^ 0, otherwise / x = 0, and / 2 = —/ if / ^ 0, 
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otherwise / 2 = 0. The two functions /, / 2 are nowhere negative, 
are continuous where / is continuous, and in absolute value 
never exceed/itself. Hence, if the integral of | /1 remains bounded 
for a monotonic sequence R vi the integrals of / and / 2 converge, 
and with them the integral of their difference, / —/ 2 . 


6. Geometrical Applications 

1. Elementary Calculation of Volumes. 

The concept of volume forms the starting-point of our 
definition of integral. It is immediately obvious, therefore, how 
we can use multiple integrals in order to calculate volumes. 

For example, in order to calculate the volume of the ellipsoid of 
revolution 

& 4* y 2 z 2 . 

~ a 2 + b 2 ~ 

we write the equation in the form 

z = ± " — * 2 ~ .V 2 ). 

d 

The volume of the half of the ellipsoid above the xy-plane is therefore 
given by the double integral 


• = J\/(a 2 — x 2 — y 2 )dxdy 


taken over the circle x 2 4- y 2 S a 2 - If we transform to polar co-ordinates, 
the double integral becomes 

jfr^(a 2 — r 2 )drdd, 

or on resolution into single integrals 

V h h r a 

- = - / dd r \/(a 2 — r 2 )dr=2n- r-y/(a 2 — r*)dr, 

2 aj 0 Jo aJ 0 

which gives the required value, 

y = \ 

To calculate the volume of the general ellipsoid 

x? y 2 z 2 
b 2 ^ <* 
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we make the transformation 

x = ap cos0, y 
8(x, y) 
8(P, 8) 

and for half the volume obtain 
V 


bp sin0, 
= abp 


! /X VO - 5 - S ** = abc ff K ? ^ (1 - p2)rfpd0 - 


Here the region R' is the rectangle O^p5£l,O5£0^ 2tz. Thus 

V r' ln r l 2 

— abc / dd p \/(l — p 2 )dp = - 7ta6c 
2 do Jn 3 

or 

4 

V = - 
3 


Finally, we shall calculate the volume of the pyramid enclosed by tne 
three co-ordinate planes and the plane ax + by -f cz — 1 = 0, where we 
assume that a, 6, and c are positive. For the volume we obtain 

— ax — by)dxdy , 

where the region of integration is the triangle 0 0 ^ iy ^ ^ (1 — ax) 

in the xy-plane. Therefore a 

1 plla Ml —ax)lb 

V — I dx (1 — ax — by)dy . 
c J 0 J 0 


Integration with respect to y gives 


Al-ax)lb 


(1 - ax) 2 
2b * 


and if we integrate again by means of the substitution 1 — ax —t, we obtain 


1 r lla 

V== 2bcf n (1 - aX?dX 


1 

6 abc 


(1 - axf 


1 la 1 
o iSabc 


We could of course have obtained the result from the theorem of elementary 
geometry that the volume of a pyramid is one-third of the product of base 
and altitude. 


In order to calculate the volume of a more complicated solid 
we can subdivide the solid into pieces whose volumes can be 
expressed directly by double integrals. Later, however (in par¬ 
ticular in the next chapter), we shall obtain expressions for the 
volume bounded by a closed surface which do not involve this 
subdivision. 
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2. General Remarks on the Calculation of Volumes. Solids of 
Revolution. Volumes in Polar Co-ordinates. 

Just as we can express the area of a plane region R by the 
double integral 

J J dS=J J dxdy, 

we may also express the volume of a three-dimensional region R 
by the integral 

V=fff dxdydz 

over the region R. In fact this point of view exactly corresponds 
to our definition of integral (cf. Appendix, p. 291) and expresses 
the geometrical fact that we can find the volume of a region 
by cutting the space into identical parallelepipeds, finding the 
total volume of the parallelepipeds contained entirely in R, and 
then letting the diameter of the parallelepipeds tend to zero. 

The resolution of this integral for V into an integral j dz 

expresses Cavalieri’s principle, known to us from elementary 
geometry, according to which the volume of a solid is determined 
if we know the area of every plane cross-section which is per¬ 
pendicular to a definite line, say the 2 -axis. The general expression 
given above for the volume of a three-dimensional region at once 
enables us to find various formulae for calculating volumes. For 
this purpose we have only to introduce new independent variables 
into the integral instead of x , y, z. 

The most important examples are given by polar co-ordinates 
and by cylindrical co-ordinates; the latter will be defined 
below. We shall calculate e.g. the volume of a solid of revolution 
obtained by rotating a curve x = <f>(z) about the z-axis. We assume 
that the rotating curve does not intersect the z-axis and that the 
solid of revolution is bounded above and below by planes z= const. 
The solid is therefore defined by inequalities of the form a ^>z<*b 
and 0 ^ \/(x 2 + y 2 ) g Its volume is given by the inte¬ 
gral above. If we now introduce the cylindrical co-ordinates 

x u 

z, p— + y 2 )> # = arc cos - = arc sin - instead of as, y, z, 

P P 

we at once obtain the expression 
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rrr /»b /*2n /»$(%) 

V =J J J dxdydz =J dzj ddj pdp 


for the volume. If we perform the single integrations, we at once 
obtain 


(cf. Vol. I, Chap. V, section 2, p. 285). 

We can also obtain this expression intuitively. If we cut 
the solid of revolution into small slices z v ^ z ^ z v+1 by planes 
perpendicular to the 2 -axis, and if by m v we denote the minimum 
and by M v the maximum of the distance <f>{z) from the axis in 
this slice, then the volume of the slice lies between the volumes 
of two cylinders with altitude Az = z v+1 — z v and radii m v and 
M v respectively. Hence 

Sm r 2 7rAz V 2M„ 2 7rAz. 

By the definition of the ordinary integral, therefore, 

V = 7 rj (f)(z) 2 dz. 

If the region R contains the origin 0 of a polar co-ordinate 
system (r, 6 , <f>) and if the surface is given in polar co-ordinates 
by an equation 

r «/(*,*> 


where the function f(6, (f>) is single-valued, it is frequently advan¬ 
tageous to use these polar co-ordinates instead of (x, y, z) in 
calculating the volume. If we substitute the value of the Jacobian 

d( x ’ y_i^) = r 2 sin 6 (as calculated on p. 254) in the transformation 

a(r,M) 

formula, we at once obtain the expression 

rrr r 2n r n /•/(*. 0 ) 

V =j j J r 2 sin Odrdddcf) =J dcf>J sin 9d0J< r 2 dr 


for the volume. Integration with respect to r gives 



sin Odd, 


In the special case of the sphere, in which /(0, 9) = R is constant, we 
at once obtain the value f 7 vR 8 for the volume of the sphere. 
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3. Area of a Carved Surface. 

We have already expressed the length of arc of a curve by 
an ordinary integral (Vol. I, p. 279). We now wish to find an 
analogous expression for the area of a curved surface by means of 
a double integral. We regard the length of a curve as the limiting 
value of the length of an inscribed polygon when the lengths of 
the individual sides tend to zero. For the measurement of areas 
a direct analogy with this measurement of length would be as 
follows: in the curved surface we inscribe a polyhedron formed 
of plane triangles, determine the area of the polyhedron, make 
the inscribed net of triangles finer by letting the length of the 
longest side tend to zero, and seek to find the limiting value of 
the area of the polyhedron. This limiting value would then be 
called the area of the curved surface. It turns out, however, 
that such a definition of area would have no precise meaning, for 
in general this process does not yield a definite limiting value. 
This phenomenon may be explained in the following way: a 
polygon inscribed in a smooth curve always has the property, 
expressed by the mean value theorem of the differential calculus, 
that the direction of the individual side of the polygon approaches 
the direction of the curve as closely as we please if the subdivision 
is fine enough. With curved surfaces the situation is quite 
different. The sides of a polyhedron inscribed in a curved surface 
may be inclined to the tangent plane to the surface at a neighbour¬ 
ing point as steeply as we please, even if the polyhedral faces 
have arbitrarily small diameters. The area of such a polyhedron, 
therefore, cannot by any means be regarded as an approximation 
to the area of the curved surface. In the appendix we shall 
consider an example of this state of affairs in detail (pp. 341-2). 

In the definition of the length of a smooth curve, however, 
instead of using an inscribed polygon we can equally well use a 
circumscribed polygon, that is, a polygon of which every side 
touches the curve. This definition of the length of a curve as the 
limit of the length of a circumscribed polygon can easily be 
extended to curved surfaces. The extension is even easier if we 
start from the following remark: we can obtain the length of a 
curve y=f(x) which has a continuous derivative f(x) and lies 
between the abscissae a and b by subdividing the interval between 
a and b at the points Xq, x l9 . . . , x n into n parts of equal or different 
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lengths, choosing an arbitrary point in the v-th sub-interval, 
constructing the tangent to the curve at this point, and measuring 
the length l v of the portion of this tangent lying in the strip 

n 

x v ^x<L x v+1 . The sum 2 l v then tends to the length of the 

curve, i.e. to the integral J \/{l + /'(r) 2 }dr, if we let n increase 

beyond all bounds and at the same time let the length of the 
longest sub-interval tend to zero. This statement follows from 
the fact that l v = (x u+1 — xJVl 1 + /'(£.) 2 }- 

We can now define the area of a curved surface in a similar 
way. We begin by considering a surface which lies above the 
region R of the xy- plane and is represented by a function 
z=f(x, y) with continuous derivatives. We subdivide R into 
n sub-regions R v R 2 , . . . , R n with the areas A7^, . . . , A R ni 
and in these sub-regions we choose points (£ v . . . , (f«, ^«). 

At the point of the surface with the co-ordinates rj v and 
=f(£ v , rj v ) we construct the tangent plane and find the area 
of the portion of this plane lying above the region R v . If a„ is 
the angle which the tangent plane 

3 - C =/*(£,, V v ) ( x ~ €w) +fv(L> V.) (y - Vu) 

makes with the xy-plane, and if At, is the area of the portion r v 
of the tangent plane above R v , then the region R v is the projection 
of r v on the xy- plane, so that 

A R v = A r v cos a v . 

Again (cf. Chap. Ill, section 2, p. 130), 


and therefore 


'i v7) +7M7vJ 


r i +7M, v.) +7M, v,) • ak,. 


If we now form the sum of all these areas 


and let n increase beyond all bounds, at the same time letting 
the diameter (and consequently the area) of the largest sub- 
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division tend to zero, then according to our definition of integral 
this sum will have the limit 

A=ffVT+JJ+f}dS. 

This integral, which is independent of the mode of subdivision 
of the region R, we shall define as the area of the given surface. 
If the surface happens to be a plane surface, this definition agrees 
with the preceding; for example, if z ~f(x, y) = 0, we have 

^ ~n, is ■ 

It is occasionally convenient to call the symbol 

da = Vl +f x 2 +f,/dS = VTTfJ+fSdxdy 

the element of area of the surface z~f(x , y). The area integral 
can then be written symbolically in the form 

ff;°- 

We arrive at another form of the expression for the area if 
we think of the surface as given by an equation <f>(x, y, z) = 0 
instead of z—f(x , y). If we assume that on the surface 4= 0, 
say <f> z > 0, then the equations 

dz = __ (f> x dz __ __ (f> v 
dx <f>’ dy <f» t 

at once give the expression 

/j dxd y 

for the area, the region R again being the projection of the 
surface on the a^-plane. 

As an example of the application of the area formula we consider the 
area of a spherical surface. The equation z = V (JR 2 — x 2 — y 2 ) represent? 
a hemisphere of radius R. We have 

dz x dz y 

dx y/ ( R 2 — x 2 — y 2 )’ dy y/ (R 2 — x 2 — y 2 )* 

The area of the hemisphere is therefore given by the integral 
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where the region of integration R' is the circle of radius R lying in the 
xy -plane and having the origin as its centre. By introducing polar co¬ 
ordinates and resolving the integral into single integrals we further obtain 


1 , ^ r 2 * C R rdr „ „ r n rdr 

i A = Rf^ d»/ # _ - = nRf^ y (jff2 _ r2) - 


The ordinary integral on the right can easily be evaluated by means of 
the substitution R 2 — r 2 = w; we have 


= -2717? V~R 2 - r* 


B 

= 2tt£ 2 , 


'0 


in agreement with the fact, known from elementary geometry, that the 
area of the surface of a sphere is 4ltcR 2 * 


In the definition of area we have hitherto singled out the co¬ 
ordinate z. If, however, the surface had been given by an equation 
of the form x = x(y, z) or y — y{x } z), we could equally well have 
represented the area by integrals of the form 

ffV(l + *v 2 + x z 2 )dydz or f f Vi 1 + Vx 2 + y z 2 )dzdx, 

or, if the surface were given implicitly, we should have 

f fVWJ 2 + <t>y 2 + <t>z 2 ) J dzdx 

or 

f J\'{<i> 2 + <f>v 2 + <f>z 2 ) ~ dydz. 

That all these expressions do actually define the same area 
is self-evident. The equality of the different expressions can, 
however, be verified directly. For example, we apply the trans¬ 
formation 

x = x(y , z), 

y=y 

to the integral 

f fV^l+JA+J'hxdy. 

J J (f) z 

Here x = x(y , z) is found by solving the equation tf>(x, y, z)~ 0 
for x . The Jacobian is ^ and therefore 

% z) 
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[ [ vW±i?L±ii!) dxdy — f f dydz. 

J J n <f) z J J R > <j) x 


The integral on the right is to be taken over the projection R ' 
of the surface on the ^ 2 -plane. 

If in expressing the area of a surface we wish to get rid of any 
special assumption about the position of the surface relative to 
the co-ordinate system, we must represent the surface in the 
parametric form 

x = <t>(u, v ), y = 0(w, v ), z=x(w, v). 


A definite region R' of the wv-plane then corresponds to the sur¬ 
face. In order to introduce the parameters u and v in the 
above formulae we first consider a portion of the surface and 

3(x t/) 

assume that for this portion the Jacobian v —— D is every- 
F 0(u, t?) 

where positive. According to Chap. Ill, section 3, p. 153, for this 
portion we can then solve for u and v as functions of x and y , 
obtaining 





D 9 


u 


v 


D’ 



for the partial derivatives. 

In virtue of the equations 


dz 

dx 


dz . dz 

u x+ a ^ 

0w ot; 


and 



02 

0W 




02 

0t> 


” 1 / 


we obtain the expression 

V{' + (&) 8+ (30‘} 


= (tfluXv— Xu>pv) 2 + (Xu<f>v— <f>uXv) 2 }- 


If we now introduce u and v as new independent variables and 
apply the rules for the transformation of double integrals (p. 253), 
we find that the area of the portion of the surface corresponding 
to R! is 
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In this expression there is no longer any distinction between the 
co-ordinates x, y, and z. Since we arrive at the same integral 
expression for the area no matter which one of the special non- 
parametric representations we start with, it follows that all 
these expressions are equal and represent the area. 

So far we have only considered a portion of the surface on 
which one particular Jacobian does not vanish. We reach the 
same result, however, no matter which of the three Jacobians 
does not vanish. If then we suppose that at each point of 
the surface one of the Jacobians is not zero, we can subdivide 
the whole surface into portions like the above, and thus find that 
the preceding integral still gives the area of the whole surface: 

A —fJ'l>u<j>v) 2 +{<PuXv— Xu<Pv?+(Xu<f>v—</>uXv) 2 }dudv. 

The expression for the area of a surface in parametric re¬ 
presentation can be put in another noteworthy form if we make 
use of the coefficients of the line element (cf. Chap. Ill, section 4, 

p - 163) ds 2 = Edu 2 4 - 2 Fdudv + G dv\ 

that is, of the expressions 

E = + 4>U + Xu, 

F = <f> u <j> v + ip u ifi v + XuXv> 

G=<j> v 2 + </<„ 2 + x« 2 - 

A simple calculation shows that 

EG — F 2 = (<f> u <p v — [4>uXv— Xu<Pv) 2 + (Xu<f>v— <f>uXv) Z - 

Thus for the area we obtain the expression 

f JV(EG - F 2 )dudv, 

and for the element of area 

d<j= \/(EG — F 2 )dudv, 

As an example we again consider the area of a sphere with radius It, 
which we now represent parametrically by the equations 

x — R cos u sinv, 
y * R sin u sin v, 

2 = 1 ? COSV, 


(*m> 


19 
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where u and v range over the region 0 <lu^>2n and 0 5* v 2* it* A simple 
calculation once more gives us the expression 


for the area. 


p2n pit 

R 2 I du sinvdv = 4nR 2 

Jo Jo 


In particular, we can apply our result to the surface of revolu¬ 
tion formed by rotating the curve z — cf>(x) about the 2 -axis. 
If we refer the surface to polar co-ordinates ( u , v) in the ry-plane 
as parameters, we obtain 

x—u cosv, y—u sinv, z = cf>(Vx 2 + y 2 ) = <f>(u). 

Then 

E= 1 + <£' 2 (w), F=0, G = u 2 , 
and the area is given in the form 

J dvj wVl + <f>' 2 (u)du “27 tJ uVl + <f>’ 2 (u)du . 

If instead of u we introduce the length of arc s of the meridian 
curve z = <f>(u) as parameter, we obtain the area of the surface 
of revolution in the form 



where u is the distance from the axis of the point on the 
rotating curve corresponding to s (Guldin’s rule; cf. Vol. I, 
p. 285). 


As an example we calculate the surface area of the torus or anchor ring (cf. 
Chap. Ill, section 4, p. 165) obtained by rotating the circle (y — a) 2 -f z 2 = r 2 
about the 2 -axis. If we introduce the length of arc s of the circle as a 

parameter we have u — a -j- r cos 8 , and the area is therefore 

rZrrr /*2n rf 8 \ 

2tz j uds =27 zj cos ds = 2ira . 2irr. 

The area of an anchor ring is therefore equal to the product of the circum¬ 
ference of the generating circle and the length of the path described by the 
centre of the circle. 
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Examples 

1 . Calculate the volume of the solid defined by 

t ?F+£ >J Z ±} l+t. gl (6 < 1). 

a 2 b 2 


2. Find the volume cut off from the paraboloid 


r 2 y 2 

_ == z 


a 2 b 2 

by the plane z = h. 

3. Find the volume cut off from the ellipsoid 


? + r , t = 1 

a 2 6 2 c 2 


by the plane 


lx + my + wz — p . 

4. (a) Show that if any closed curve 0 — /(<p) is drawn on the surface 
r 2 ~ a 2 cos 20 


(r, 0 , 9 being polar co-ordinates in space), the area of the surface so enclosed 
is equal to the area enclosed by the projection of the curve on the sphere 
r = a, the origin of co-ordinates being the vertex of projection. 

(b) Express the area by a simple integral. 

(c) Find the area of the whole surface. 

5. Find the area of the surface of the spheroid formed by rotating an 
ellipse about its major axis, and show that if the fourth and higher powers 
of the eccentricity e may be neglected, this area is equal to that of the 
sphere whose volume is equal to that of the spheroid. 

6 . Find the volume and surface area of the solid generated by rotating 
the triangle ABC about the side AB. 

7*. A tube-surface is generated by the spheres of unit radius whose 
centres form the closed plane curve L. Prove that the area A of the 
surface is 2 n times the length of L. 

8 *. (a) Calculate the volume of the region defined by 

sc 2 + y 2 + z a ^ r 2 
x* 4- y 2 — rx ^ 0 
jc 2 + y 2 + r % 5:0. 

( 6 ) Calculate the area of the spherical part of the boundary of this 
region, i.e. the area of the surface 

x? -I” y 2 z 2 = t 2 
X 1 yi — rx ^ 0 
x 2 -f y 2 + rx S 0. 
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9. Calculate the area of that part of the screw surface 

y — x tan z = 0 
h 

for which 

^ + y* ^ R\ \z\^?k. 

10 . Calculate the area of the surface 

( x 2 4- y 2 4- 2 2 ) 2 = x 2 — y 2 . 

7. Physical Applications 

In section 2 , No. 7 (p. 235) we have already seen how the 
concept of mass is connected with that of a multiple integral. 
Here we shall study some of the other concepts of mechanics. 
We begin with a more detailed study of moment and of moment 
of inertia than was possible in Vol. I, Chap. X (p. 496). 

1. Moments and Centre of Mass. 

The moment with respect to the xy-plane of a particle with mass 
m is defined as the product mz of the mass and the z-co-ordinate. 
Similarly, the moment with respect to the yz- plane is mx and that 
with respect to the zz-plane is my. The moments of several particles 
combine additively ; that is, the three moments of a system of 
particles with masses %, m 2 , ... , m n and co-ordinates (x v y v 2 ^), 
. . . , (z n , y n , z n ) are given by the expressions 

n n n 

T x — 2 mjx v , T y = S m„y„, T t = 2 mjz v . 

v=*l v— 1 

If instead of a finite number of particles we are dealing with 
a mass distributed continuously with density /x == p(x, y, z) 
through a region in space or over a surface or curve, we define 
the moment of the mass-distribution by a limiting process, as in 
Vol. I, Chap. X, section 6 (p. 497), and thus express the moments 
by integrals. For example, with a distribution in space we sub¬ 
divide the region R into n sub-regions, imagine the total mass 
of each sub-region concentrated at any one of its points, and 
then form the moment of the system of these n particles. We 
see at once that as n oo and at the same time the greatest 
diameter of the sub-regions tends to zero the sums tend to the 
limits 
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T X =J j j pxdxdydz , T y —JJJ fiydxdydz , 
T z — J JJ pzdxdydz, 


which we call the moments of the volume-distribution . 

Similarly, if the mass is distributed over a surface S given 
by the equations x== </>(u , v), y— tp(u, v), z = v) with 
surface density p(u, v), we define the moments of the surface dis¬ 
tribution by the expressions 

T x = J J^iixdcr-- J f fixV EG — F 2 dudv, 


T y —f J fiyda = J J fiyVEG— F 2 dudv , 
T z — J J (jlz da — J J fizVEG — F 2 dudv. 


Finally, the moments of a curve x(s), y(s), z(s) in space with mass 
density /x(s) are defined by the expressions 

/*S 1 /*5\ 

F X ~J pxds, Ty~J pyds , 1\ = J pzds, 

So So Sq 

where s denotes the length of arc. 

The centroid (centre of mass) of a mass of total amount M 
distributed through a region R is defined as the point with co¬ 
ordinates 



For a distribution in space the co-ordinates of the centre of mass 
are therefore given by the expressions 


M If f &c., 





As an example we first consider the uniform hemispherical region H 
with mass density 1: 


x? 4- y 2 + z 2 ^ 1> 

e ^ 0 . 


W/jC xdxdydz> 


The first two moments 
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W/j£ ydxdydz 


are zero, since the integration with respect to a; or with respect to y gives 
the value zero. For the third, 


'■-//£ zdxdydz , 


we introduce cylindrical co-ordinates (r, z, 0 ) by moans of the equations 


z = z, 
x = r cos 0 , 
y — r sin 0 


and obtain 

/*1 r A/(l-*») r 2 rr r ll _ 

T z — I zdz I rdr I dO — 2tz I ~- o 

Jo Jo Jo Jo 2 


z 2 


zdz = 



Since the total mass is 27r/3, the co-ordinates of the centre of mass are 
x = 0 , y = 0 , z = §. 

We shall next calculate the centre of mass of a hemispherical surface 
of unit radius over which a mass of unit density is uniformly distributed. 
For the parametric representation 

x — cos u sin?;, y = sinw sin?;, z — coav 


we calculate the surface element from the formula on p. 273 and 
find that 

VEG — ~F*dudv — sin vdudv 
We accordingly obtain 

/•rr/2 y» 2 rr 

T x — I sin 2 vdv / cos udu = 0, 

Jo Jo 

/»rr /2 /» 2 tt 

T y = I ain 2 vdv I sinudn = 0 , 

Jo Jo 

y»w /2 /* 2 rr sin 2 1 ? f 7r ^ 

T, = I sin v cos vdv I du = 2tu = 7 t 

* Jo Jo 2 '0 

for the three moments. Sinoe the total mass is obviously 2 71 , we see that 
the centre of mass lies at the point with co-ordinates x = 0, y = 0, z = 


2. Moment of Inertia. 

The generalization of the concept of moment of inertia is 
equally obvious. The moment of inertia of a particle with respect 
to the x-axis is the product of its mass and p 2 = y 2 -f z 2 , that is, 
the square of the distance of the point from the x-axis. In the 
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same way, we define the moment of inertia about the x-axis of 
a mass distributed with density fi(x, y, 2 ) through a region R 
by the expression 

Iff,^ + z 2 )dxdydz. 

The moments of inertia about the other axes are represented by 
similar expressions. Occasionally the moment of inertia with 
respect to a point , say the origin , is defined by the expression 

y 2 + z 2 )dxdydz, 


and the moment of inertia with respect to a plane , say the 
t/z-plane, by 


J J J /j,x 2 dxdy dz. 


Similarly, the moment of inertia, with respect to the x-axis, of 
a surface distribution is given by 

f + z 2 ) da, 


where fi(u , is a continuous function of two parameters u and v. 

The moment of inertia of a mass distributed with density 
p,(x, y, z) through a region R, with respect to an axis parallel to 
the #-axis and passing through the point (£, r£), is given by the 
expression 

mm- rj) 2 + (z— £) 2 ]dxdydz. 

If in particular we let (£, rj, £) be the centre of mass (cf. p. 277) 
and recall the relations for the co-ordinates of the centre of mass 
(given on p. 277), we at once obtain the equation 

// L^ y2 + z ^ dxd y dz =//j(V[(y — V) 2 + (2 — t)*\dzdydz 

+ iv 2 + £ 2 )// f^dxdydz. 

Since any arbitrary axis of rotation of a body can be chosen as 
the x-axis, the meaning of this equation can be expressed as 
follows: 

The moment of inertia of a rigid body with respect to an arbitrary 
axis of rotation is equal to the moment of inertia of the body about 
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a parallel axis through its centre of mass plus the product of the total 
mass and the square of the distance between the centre of mass and 
the axis of rotation (Steiner’s theorem). 

The physical meaning of the moment of inertia for regions in 
several dimensions is exactly the same as that already stated 
in Vol. I, Chap. V, section 2 (p. 286): 

The kinetic energy of a body rotating uniformly about an axis 
is equal to half the product of the square of the angular velocity and 
the moment of inertia. 

The following examples may serve to illustrate the concept and the 
actual calculation of the moment of inertia in simple cases. 

For the sphere V with centre at the origin, unit radius and unit density, 
we see by symmetry that the moment of inertia with respect to any axis 
through the origin is 

I — f J J (a^ + y 2 )dxdydz ~fff (s 2 + z 2 )dxdydz 

-Iffy 4* z 2 )dxdydz. 

If we add the three integrals, we obtain 

3 1 =f Jf 2(z 2 ~h y 2 ~r z 2 )dxdydz 9 

or, if we introduce polar co-ordinates, 

2 r* r n r 2n 2 I 8 tt 

/ = ~ / r*dr sinvdv / du = - . - . 2.2* = 

3 Jo Jo Jo 3 5 15 


For a beam with edges a, 6 , c, parallel to the z-axis, the y-axis, and 
the 2 -axis respectively, with unit density and centre of mass at the origin 
we find that the moment of inertia with respect to the xy -plane is 


r /2 r bl 2 r d 2 

dx I dy I z % dz == ab 

a/2 J-6/2 J—c/2 


C 8 

12 ’ 


3. The Compound Pendulum. 

The above ideas find an application in the mathematical treatment of 
the compound pendulum, that is, of a rigid body which oscillates about a 
fixed axis under the influence of gravity. 

We consider a plane through 0 , the centre of mass of the rigid body, 
perpendicular to the axis of rotation; let this plane cut the axis in the 
point 0 (fig. 14). Then the motion of the body is obviously given if we 
state the angle 9 ®= 9 (t) which 00 m$kes at time t with the downward 
vertical line through 0. In order to determine this function 9 (t) and also 
the period of oscillation of the pendulum, we require to assume a know- 
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ledge of certain physical facts (cf. Chap. VI, section 1, p. 412). We make 
use of the law of conservation of energy, which states that during the 
motion of the body the sum of its kinetic and potential energies remains 
constant. Here F, the potential energy of the body, is the product Mgh, 
where M is the total mass, g the gravitational 
acceleration, and h the height of the centre of 
mass above an arbitrary horizontal line, e.g. 
above the horizontal line through the lowest 
position reached by the centre of mass during 
the motion. If we denote OG, the distance of 
the centre of mass from the axis, by s, then 
F = Mg8( 1 — cos 9 ). By p. 280 the kinetic 
energy is given by T = ^Jq) 2 , where 1 is the 
moment of inertia of the body with respect to 
the axis of rotation and we have written 9 for 
d(p/dt. The law of conservation of energy there¬ 
fore gives the equation 

^/<p 2 — Mgs COS 9 = const. Fig. 14 . — The compound 

pendulum 

If we introduce the constant l — 1/Ms, this is 

exactly the same as the equation previously found (Vol. I, Chap. V, 
p. 302) for the simple pendulum; l is accordingly known as the length of the 
equivalent simple pendulum . 

We can now directly apply the formulae previously obtained (loc. cit.). 
The period of oscillation is given by the formula * 

l >0 dcp 

<cos 9 — cos 9 0 * 

where 9 0 corresponds to the greatest displacement of the centre of mass; 
for small angles this is approximately 

T=2ny/- = 




The formula for the simple pendulum is of course included in this as a 
special case. For if the whole mass M is concentrated at the centre of mass, 
then I — Ms 2 , so that l — s. 

Investigating further, we recall that I, the moment of inertia about 
the axis of rotation, is connected with 7 0 , the moment of inertia about a 
parallel axis through the centre of mass, by the relation (cf. p. 279) 

/= J 0 +Jfs*. 

Hence 
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We see at once that in a compound pendulum l always exceeds s, 
so that the period of a compound pendulum is always greater than that 
of the simple pendulum obtained by concentrating the mass M at the 
centre of mass. Moreover, we note that the period is the same for all 
parallel axes at the same distance s from the centre of mass. For the 
length of the equivalent simple pendulum depends only on the two quan¬ 
tities s and a = I 0 /M> and therefore remains the same provided neither 
the direction of the axis of rotation nor its distance from the centre of 
mass is altered. 

If in the formula l — 8 + a/s we replace the quantity 8 by a/s , that 
is, if the axis is moved from the distance 8 to the distance a/s from the 
centre of mass, then l remains unchanged. This means that a compound 
pendulum has the same period of oscillation for all parallel axes which 
have the distance s or a /s from the centre of mass. 

The formula T — 2n ^ shows at once that the period T 

increases beyond all bounds as s tends to zero or to infinity. It must 
therefore have a minimum for some value * 0 . By differentiating we obtain 

A pendulum whose axis is at a distance s 0 — y/lJM from the centre 
of mass will be relatively insensitive to small displacements of the axis. 
For in this case dT/ds vanishes, so that first-order changes in s produce 
only second-order changes in T. This fact has been applied by Prof. 
Schuler of Gottingen in the construction of very accurate clocks. 


4. Potential of Attracting Masses. 

We have seen in Chap. II, section 7 (p. 90) that according to Newton’s 
law of gravitation the force which a fixed particle Q with co-ordinates 
(£, iQ, 0 and mass m exerts on a second particle P with co-ordinates (x. y, z) 
and unit mass is given, apart from the gravitational constant y* by 


where r = y/(x — 5) 2 + (y —• 7)) 2 + (z — Z) 2 is the distance between the 
points P and Q. The direction of the force is along the line joining the 
two particles, and its magnitude is inversely proportional to the square 
of the distance. If we now consider the force exerted on P by a number 
of points Q v Q 2 , . . . , Q n with respective masses m l9 m 2 , . . , m n9 we can 
express the total force as the gradient of the quantity 

5i + m i+ . + ™* 9 

r l r 2 “ * r n * 

where r„ denotes the distance of the point Q v from the point P. If a force 
can be expressed as a gradient of a function, it is customary to call this 
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function the potential of the force ; we accordingly define the gravitational 
potential of the system of particles Q u Q 2 , . . . , Q n at the point P as the 
expression 

2 __ 

v-i\/(x— s,,) 2 4- (y — ^) a + ( z — £.•)*" 


We now suppose that instead of being concentrated at a finite number 
of points the gravitating masses are distributed with continuous density p 
over a portion R of space or a surface S or a curve C. Then the potential 
of this mass-distribution at a point with co-ordinates (x, y, z) outside the 
system of masses is defined as 


S!Sr^ la ^ iX ~ 



In the first case the integration is taken throughout the region R with 
rectangular co-ordinates ( 5 , 73 , £), in the second case over the surface 8 
with the element of surface da, and in the third case along the curve with 
length of arc s. In all three formulae r denotes the distance of the point 
P from the point (5, 73 , £) of the region of integration and p the mass 
density at the point (£, 73 , £). 

Thus e.g. the potential at a point P with co-ordinates (z, y , z), due to 
a sphere K of constant density equal to unity, with unit radius and centre 
the origin, is given by the integral 



dWr) d\ _ 


+ 1 r +V(l-£*) /*+ y/ (l—f*—17*) 


/ -ri /*T v u- 

dU dr) 

-1 d_V(i-£ 2 ) 


fW) r 


dl . 


In all these expressions the co-ordinates ( x , y, z) of the point P appear, 
not as variables of integration, but as parameters, and the potentials are 
functions of these parameters. 

To obtain the components of the force from the potential we have to 
difterentiate the integral with respect to the parameters. The rules for 
differentiation with respect to a parameter extend directly to multiple 
integrals, and by section 1 (p. 218) the differentiation can be performed 
under the integral sign, provided that the point P does not belong to the 
region of integration, that is, provided that we are certain that there is 
no point of the closed region of integration for which the distance r has 
the value zero. Thus, for example, we find that the components of the 
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gravitational force on unit mass due to a mass distributed with unit 
density through a region R in space are given by the expressions 

US’9 s «*>«• 

Finally, we point out that the expressions for the potential and its 
first derivatives continue to have a meaning if the point P lies in the 
interior of the region of integration. The integrals are then improper 
integrals, and, as is easily shown, their convergence follows from the 
criteria of section 5 (p. 257). 

As an example we shall calculate the potential at an internal point 
and at an external point, due to a spherical surface S with radius a and 
unit surface density. If we take the centre of the sphere as origin and 
make the z-axis pass through the point P (inside or outside the sphere), 
the point P will have the co-ordinates (z, 0, 0), and the potential will be 



da 

(X — £) 2 -f 7] 2 + 


S 2 ’ 


If we introduce polar co-ordinates on the sphere by means of the equations 

5 = a cos 0 , 

7 ) = a sin 0 cos 9 , 

£ = a sin 0 sin 9 , 

then 


U 




a 2 sin 0 


o \/(x— a cos 0) 2 4 - a 2 sin 2 0 
a 2 sin 0 


d0 


2 n I*" 


0 V ^ 2 4* ° 2 — 2 a# cos 0 


dQ. 



If we put x 2 -j- a 2 ~ 2ax cos 0 — r 2 , bo that ax sin 0 dQ = rdr , then (provided 
that x =$= 0 ) the integral becomes 


* J\x- 


2 tt a r dr 2im . . 


x-a\ 


For | x | > a we therefore have 


and for | * | < a 



U — 47ra. 


Hence the potential at an external point is the same as if the whole 
mass 47 ca 2 were concentrated at the centre of the sphere. On the other 
hand, throughout the interior the potential is constant. At the surface 
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of the sphere the potential is continuous; the expression for U is still 
defined (as an improper integral) and has the value 4na. The component 
of force F x in the ^-direction, however, has a jump of amount — 4n at the 
surface of the sphere, for if | x | > a, we have 


F = 

or 


4na 2 


while jF* = 0 if | z | < a. 

The potential of a solid sphere of unit density is found from the 
above by multiplying by da and then integrating with respect to a. This 
gives the value 

4ra7 3 

«l*l 


for the potential at an external point, which is again the same as if the 
total mass ^7ta 3 were concentrated at the centre.. 


Examples 

1 . Find the position of the centre of mass of the curved surface of a 
right cone. 

2. Find the co-ordinates of the centre of mass of the portion of the 
paraboloid 

z a -}- y 2 — px 

cut off by the plane x = rr 0 . 

3*. A tube-surface is generated by a family of spheres of unit radius 
with their centres in the ary-plane. Let 8 be a portion of the surface 
lying above the ary-plane and II the area of the projection of S on the ary- 
plane. Prove that the z-co-ordinate of the centre of mass of 8 is equal 
to U/S. 

4. Calculate the moment of inertia of the solid enclosed between the 
two cylinders 

x 2 4 * y 2 = R and x 2 4 - y 2 = R' (R > R') 


and the two planes 2 = h and z = —h, with respect to (a) the z-axis, (b) the 
ar-axis. 

5. If A, B, C denote the moments of inertia of an arbitrary solid of 
positive density with respect to the a:-, y-, z-axes, then the “ triangle in¬ 
equalities ” 

A. ~1“ B C 9 A - 0 ^ B, B C ^ A 

are satisfied. 


6 . Find the moment of inertia of the ellipsoid 

9-2 


-.+S+’’ 

a 2 b 2 1 


with respect to 
(a) the z-axis, 
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(6) an arbitrary axis through the origin, given by 

x : y : z * a : p : y (a 2 -f p 2 -f y 2 — 1). 


7*. Find the envelopes of the planes with respect to which the ellipsoid 


a ; 2 

a 2 


+ * -f — — 1 
b 2 c 2 


has the same moment of inertia h. 

8 . Let 0 be an arbitrary point and S an arbitrary body. On every ray 
from 0 we take the point at the distance l/VI from 0, where I denotes 
the moment of inertia of 8 with respect to the straight line coinciding with 
the ray. Prove that the points so constructed form an ellipsoid (the so- 
called -momental ellipsoid). 

9. Find the momental ellipsoid of the ellipsoid 


, r , & 

a 2 fji ’ 1 " c 2 


= 1 


at the point (5, 7), £). 

10. Find the co-ordinates of the centre of mass of the surface of the 
sphere x 2 + y 2 -f z 2 = 1, the density being given by 

1 




V'(* — i ) 2 + ?r + z 2 ’ 


11. Find the s-co-ordinate of the centre of mass of the octant of the 
ellipsoid 

* ^ 0, y ^ 0, 2 ^ 0. 


'+£+?-1. 


a* 


b 2 


12 . A system of masses 8 consists of two parts 8 l and S 2 ; J lf / 2 , 1 are 
the respective moments of inertia of 8 l9 S 2 , 8 about three parallel axes 
passing through the respective centres of mass. Prove that 

7 =/, + /, + <i\ 

m l -f- m 2 

where m 1 and m 2 are the masses of 8^ and S 2 and d the distance between 
the axes passing through their centres of mass. 

13. Calculate the potential of the ellipsoid of revolution 

x 2 + y 2 z 2 _ 

a 2 "" b 2 

at its centre (b > a). 

14. Calculate the potential of a solid of revolution 

V(*» + a£z£b. 


at the origin. 
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Appendix to Chapter IV 

1. The Existence of the Multiple Integral 

1. The Content of Plane Regions and Regions of Higher 
Dimensions. 

In order to obtain the analytical proof of the existence of the 
multiple integral of a continuous function, we must begin with 
a study of the idea of content. 

In Vol. I, Chap. V (p. 269) we saw how the content of a plane 
region can in general be expressed by an integral. Without 
making use of that fact, and without considering the existence 
of the area as guaranteed by intuition, we shall now proceed to 
give a general definition of the idea of “ content ” and investigate 
under what conditions this concept has a meaning. 

We begin with a rectangle with sides parallel to the x- and 
y- axes, and define the area of such a rectangle as the product of 
the base and the altitude. If the given rectangle is subdivided 
into' smaller rectangles by a number of parallels to the sides, it 
is clear from this definition that the area of the rectangle is equal 
to the sum of the areas of all the sub-rectangles. The area of a 
region which is composed of a finite number of rectangles * can 
now be defined as the stun of the areas of these rectangles. 

The area thus defined is independent of the way in which the 
region is subdivided (or resolved) into rectangles. For if we are 
given two different resolutions, we can find a third resolution 
which is a finer subdivision of the two original ones. We do 
this by prolonging throughout the region all the lines which 
occur in either of the resolutions. These lines subdivide the two 
subdivisions into still smaller rectangles. The sum of the areas 
of these small rectangles is equal to the sum of the areas of the 
rectangles both of the first resolution and of the second resolution. 

Now in order to define the area of an arbitrary bounded region 
B we form an inner approximation and an outer approximation 
to the region, that is, we find two regions B { and J5 e , each con¬ 
sisting of rectangles, the region being entirely within B and 

* Throughout this section the word rectangle will always be understood 
to mean a rectangle with sides parallel to the axes. 
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the exterior region B e containing B. For this purpose we first 
enclose the region B in a large square. Then we divide this 
square into small rectangles by drawing parallels to the axes. 
Those rectangles having points in common with B together form 
a region B e which encloses B\ those rectangles which lie wholly 
within B form a region B { which is contained in B. 

We now wish to define the area C(B) of B in such a way that 
for every choice of B { and B e the area of B lies between that of 
B { and that of B e : 

C(Bi) ^ C(B) g C(B 6 ). 

If we make the subdivisions finer, so that the diameters of the 
rectangles tend to zero, then the areas C(B { ) form a mono¬ 
tonic increasing sequence and the areas C(B e ) form a mono¬ 
tonic decreasing sequence. For to the regions B { rectangles can 
only be added, and from B e rectangles can only be removed. 
Therefore C{B i ) has a limit and so has C(B e ), If these two limits 
are equal , we call this common limit the area of the region B. 

Under what conditions are the two limits, C(B*) and C(B e ), 
equal? Of course the answer is, when the difference C(B e ) — C(B t ) 
tends to zero as the fineness of the subdivisions increases. The 
region B e — B { consists of those rectangles which have points in 
common with the boundary of B. Therefore if the area of this 
region B e — B { tends to zero, it follows that the boundary of B 
can be enclosed in a region composed of rectangles and having 
as small an area as we please, namely in B e — B { . Conversely, if 
the boundary of B can be enclosed in the interior of a region S 
consisting of rectangles with a total area as small as we please, and 
if the subdivision is sufficiently fine, the rectangles B e — B { will 
all lie in S; the area of B e — B { will then be less than that of S, 
so that it tends to zero. 

The result is as follows: the limits of C(Bi) and C(B e ) are equal 
if, and only if, the boundary of B can be enclosed in a region consist - 
ing of rectangles of total area as small as we please. In this case 
our definition actually does assign a content * to B. 

* From the geometrical point of view it is somewhat unsatisfactory that 
in defining the content we have singled out a particular co-ordinate system. 
As a matter of fact, however, there is no difficulty in showing that the content 
is independent of the co-ordinate system, not only for two dimensions but also 
for n dimensions. We shall, however, omit this discussion here. For, on 
the one hand, it is not necessary for our particular purpose, which is the 
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In the next sub-section (p. 291) we shall prove the intuitively 
plausible fact that every sectionally smooth continuous curve (that 
is, every continuous curve which has a continuously turning 
tangent except at a finite number of points) can be enclosed in a 
region formed, from rectangles , whose area is as small as we please. 
The condition is therefore satisfied whenever the region B con¬ 
sists of a finite number of parts, each bounded by a finite number 
of sectionally smooth curves. Such regions have a unique area; 
others do not arise in practical applications. 

We shall show on p. 292 that if a region B is subdivided by 
sectionally smooth curves the sum of the contents of the sub- 
regions is equal to the content of the whole region B. Here we 
shall merely show that the present definition of area agrees with 
the integral formulae obtained previously. 



Fig. 15.—Approximation to a region by sets of rectangles 

We begin by considering a region B bounded by the x-axie 
the lines x = a, x = b, and a curve y=f(x). For the regions B t 
and B if respectively contained in and containing B, we can take 
the regions composed of rectangles shown in fig. 15 (the one bv 
dotted lines and the other by continuous lines). According fco 
the definition of a simple integral in Vol. I, Chap. II, section 1 
(p. 78), the areas B { and B e are respectively an upper sum F, 

and a lower sum F n for the integral J ydx. In addition to oui 
formula a 

C(B<) ^ C(B) ^ C(B e ) 

proof of the existence of the double integral; and, on the other hand, the 
fact that the content is independent of the co-ordinate system follows imme 
diately when we represent the content by a multiple integral and recall that 
the transformation formula shows that the value of this integral is unchan u- i 
when new rectangular co-ordinates are introduced. 

(E 012) 


20 
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we accordingly have the further inequality 

C(Bt) ^ fj{x)dx ^ C(B t ), 

by the definition of integral. Since lim C(B t ) = lim C(B e ), it 

follows that C(B) = Jf(x)dx, in agreement with what we have 
said already. 0 

In the case of an arbitrary region B , subdivision of the 
region by lines parallel to the axes shows that our definition 
of content agrees with the expression for the area: 


The present definition of the area can immediately be extended 
to three-dimensional regions, and in fact to regions in n dimensions. 
The content of a parallelepiped with sides parallel to the axes is 
defined as the product of the lengths of the three sides. We then 
extend the definition to regions composed of a finite number of 
such parallelepipeds. For an arbitrary region B we then find 
regions B { composed of parallelepipeds and lying in B and similar 
regions B t containing B. The definition of the content of the region 
B as the common limit of the content of B e and that of B { again 
has a meaning, provided that the boundary of the region B can 
be enclosed in a set of parallelepipeds of arbitrarily small total- 
content. In the next sub-section (p. 292) we shall show that this 
can always be done for regions bounded by surfaces having 
sectionally continuous tangent planes. As before, we shall hence¬ 
forth restrict ourselves to such regions. The word region is always 
to mean a bounded closed region whose boundary consists of a 
finite number of surfaces with sectionally continuous derivatives. 

The volume of a cylinder with its axis in the direction of the 
«-axis and its base in the xy-plane is the product of the area of the 
base and the altitude. This is at once clear when the base is 
composed of rectangles with sides parallel to the axes. In the 
general case the cylinder can be enclosed between two cylinders 
whose bases are regions composed of rectangles and whose 
volumes differ from that of the given cylinder by arbitrarily 
small amounts. The theorem therefore holds for cylinders with 
any base. From this it follows as before that the double integral 

/•//(*’ y ^ dxdy 
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gives the volume of a portion of space bounded above by the 
surface z = f(x, y), below by the plane region B, and at the sides 
by the vertical lines by which the edge of the surface is projected 
into the boundary of B. Further, we see that the definition of 
volume for a general region in space R agrees with the integral 
expression 


f J J dxdydz. 


2. A Theorem on Smooth Arcs. 

In discussing areas we used the theorem that a continuous 
curve with a continuously turning tangent at all but a finite 
number of points can always be enclosed in a region composed 
of rectangles with sides parallel to the axes and having an arbi¬ 
trarily small total content. It is obviously sufficient to prove the 
theorem for the individual arcs with continuous tangents. Let 
such an arc be given by the equations 


* = <H») 

y = <A(«) 


a s ^ b 9 


where the parameter s is the length of arc and <f>(s) and tfj(s) are 
continuously differentiable functions. Then 

I f M I ^ i, 

! m 1 ^ 1. 

By the mean value theorem of the differential calculus, for any 
two values s and s x of s in the interval a <£ s ^ b we have 

I x — * 1 1 = I #*) — M) I £k | «~ * 1 1. 

I y-Vi I = I ^(*) - M) I ^ I«- *x I- 


If, therefore, we subdivide the curve into n arcs of length 
e = (b — a) jn and denote the initial point of the v-th arc by 
(x v , y v ) and an arbitrary point of that arc by {x, y), we have 

| x — x ; | ^ € or x v — e ^ x x v + €, 

| y — y „ | ^ « or 


The points of the v-th arc therefore all lie in a square with side 
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2c and area 4c 2 . The whole curve is included in n such squares, 
whose total area is at most 

4 e 2 n = 4e(6 — a). 

This quantity can be made as small as we please by taking e 
sufficiently small. 

There is no difficulty in proving the corresponding theorem 
for surfaces in space defined by the equations 

x — cf)(u , v) 

y = 0(w, V ) 

z = x ( u > v )> 

where the functions cf>, iff, x fi ave sectionally continuous deri¬ 
vatives. It is found that every such surface can be enclosed in a 
region of arbitrarily small volume, consisting of a number of 
parallelepipeds. 

A consequence of this theorem is that if a plane region R 
bounded by a sectionally smooth curve is subdivided into two sub- 
regions R', R" which are separated by sectionally smooth arcs, 
the area of R is equal to the sum of the areas of R and R". For 
we can subdivide the plane by straight lines parallel to the co¬ 
ordinate axes and so close together that all the rectangles which 
have points in common with the boundary of R or with the 
arcs separating R' and R'' have an arbitrarily small total area. 
As before, we define R e as the region consisting of all rectangles 
having points in common with R, and R t as the region consisting 
of all rectangles entirely within R\ the regions RJ, R-, R e ", R/' 
are similarly defined. The regions RJ and R e " together cover 
R„ some rectangles being counted twice; hence C(R e ') + C(R”) 
^ C(R e ) 2^ C(R). Again, R/ and R/' are contained in R t , and 
are completely separate; hence C(R) 2S C(R { ) ^ C(R/) + C(R/'). 
Since C(R e ') and C(R e n ) can be made to approximate as closely 
as we desire to C(R) and C(R") by making the subdivision fine 
enough, the first of these inequalities gives C(22') + C(R”) ^ C(R); 
the second similarly gives C(R') + C(R") rg C(R). Taken to¬ 
gether, these inequalities prove our statement. 

It is clear that this addition theorem still holds when the 
region R is subdivided into any finite number of regions 22 (1) , R (2 \ 
. . . , iS (n) . The extension to more than two dimensions follows the 
same lines and offers no difficulty at all. 



IV] EXISTENCE OF MULTIPLE INTEGRAL 293 

3. The Existence of the Multiple Integral of a Continuous Function. 

Let the function f(x } y) be continuous in the interior and on 
the boundary of a region R. We wish to show that as the diameters 
of the sub-regions R t> tend to zero the upper and lower sums 
'Lm v &R'„ Y,M v kR v (defined in Chap. IV, section 2, p. 224) tend 
to a common limit which is independent of the mode of sub¬ 
division. The proof is essentially the same as the corresponding 
proof in Vol. I, Chap. II, Appendix (p. 131), and can therefore 
be given quite briefly here. 

We first suppose that the subdivision of R into sub-regions R v 
is effected by polygonal paths. We choose the maximum diameter 
8 of the sub-regions R u so small that for every two points whose 
distance apart is less than 8 the values of the function differ by 
less than e. Then in each of these regions we have 

M v — m v < e. 

Thus for the difference between the upper sum and the lower sum 
we have 

E M v A R v - Em, A R v < S* A R v = eC(R). 

Every subdivision obtained by subdividing the given subdivision 
further obviously has a lower sum which is between the upper 
and lower sums of the original subdivision. 

The proof is complete once we show that for every two sub¬ 
divisions of R into sub-regions with diameters less than 8 the 
corresponding upper and lower sums of the two subdivisions 
differ from one another by as little as we please, provided only 
that 8 is chosen sufficiently small. 

If we are given a second subdivision into sub-regions RJ 
which have diameters less than 8, then in this subdivision also 
the upper and lower sums will differ by less than eC(R): 

SM/Aiz; - Em; AJ2/ < eC(R). 

The two subdivisions together define a new subdivision which is a 
further subdivision of each of the two and which is obtained by 
collecting the common points of each pair of regions R v and RJ 
(if such points exist) into a region R v ^. By the previous remark, 
the lower sum of this third subdivision is not smaller than the 
lower sum of the two original subdivisions, and differs from 
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each of them by less than cC(R). Therefore the lower sums 
and 'LmJARJ differ by less than 2 eC(R). If we now 
let e tend to zero, it follows from Cauchy’s test that the lower 
sums have a limit independent of the mode of subdivision. 
Since we have already seen that the upper sums differ from the 
lower sums by as little as we please, the upper sums have the 
same limit. This proves the existence of the double integral 


J j f(x , y)dS for polygonal subdivisions of R. 


We made this assumption in order to be sure that a common 
subdivision into a finite number of regions R V J’ really exists. 
If, for example, the boundaries of the sub-regions are curves, and 
a portion of a boundary curve in one subdivision consists of 
the line x = 0 and a portion of a boundary in the other consists 


of the curve x 2 sin - = then the common subdivision will 
x 

have an infinite number of cells in the neighbourhood of x = 0. 
We can, however, easily get rid of this assumption of polygonal 
subdivision. For by p. 291 we can replace every curvilinear sub¬ 
division by a polygonal subdivision such that the total difference 
of the areas, and hence the difference of the corresponding lower 
sums, is arbitrarily small. This obviously reduces the case of 
sub-regions of arbitrary boundary to the special case already 
discussed. 

The proof is clearly independent of the number of dimensions. 

The corollaries on the existence of the double integral stated 
in Chap. IV, section 2 (p. 225) follow immediately from the 
approximation formula developed there and require no further 
proof here. 


2. General Formula for the Area (or Volume) of a 
Region bounded by Segments of Straight Lines 
or Plane Areas (Guldin’s Formula). The Polar 
Planimeter. 

The transformations on pp. 299-300 enable us to give a 
simple proof of the following theorems: 

If a straight-line segment S of constant or variable length l 
is in motion in a plane, and if t represents time, then the area 
swept out by the moving segment is 



IV] 


GULDIN’S FORMULA 


295 




at 

where t 0 and ^ correspond to the initial and final positions of 
the segment S, and dnjdt is the component of the velocity of the 
mean centre of S in the direction perpendicular to S. 

Again, the volume V swept out by a moving plane area P 
of area A is f , 

*rn at 


where dnjdt is the component velocity of the mean centre of the 
area A perpendicular to the plane of P. 

Both in these formulae and in the proofs, we assume to begin 
with that the moving segment S or plane area A passes once and 



once only through each point of the region swept out (see fig. 16). 

We first give the proof in the case of a segment moving in a 
plane. The generating segment must be represented by an 
equation of the form 

a (t)x + fi(t)y + y(t) = 0, a 2 + fp = 1, (a) 


or else in the form obtained by solving this equation for the 
variable t: . ,, x 

* = <t>fa y)• 

We first carry out the transformation of A = J jdx dy 
by means of the formula on p. 299 for the special case 


f(x, y) = 1. 


Denoting by ds the line element taken along the segment £, 
we obtain the expression 



ds 

I gradfj 
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for the area. It is easy to see, by substituting t = (f>(x , y) in 
formula (a) and differentiating with respect to x and y> that 


1 

grad<£ 


±(ax + fi'y + y). 


Hence the area is given by 


+ A = f dt f(ax + P'y + y)ds. 

J t 9 


Here a', /?', y* denote the derivatives of a, ft, y with respect to t. 
The integration with respect to s is to be taken along the seg¬ 
ment S. 

The single integral with respect to s is equal to 

Mfi (a'X+pY+yT), 


where (X , T) are the co-ordinates of the mean centre of S. But 
X and Y satisfy the equation aZ+j37 + y== 0. On differen¬ 
tiating this equation with respect to t , we obtain 


Thus 


a'X + P'Y +y+ aX'+ P Y' = 0. 
— (a'X +/3'Y+y')= aX'+ f3Y'. 


Here a, /? are the components of the unit vector perpendicular 
Q' to the segment S, and X', Y ' are 
the velocity components of the 
mean centre at the time t. The 
expression aX + fi'Y + y is thus 
equal to the velocity of the mean 
centre perpendicular to S. This 
proves our formula. 

This result can be shown to be 
intuitively plausible by the follow¬ 
ing argument. We consider two 
neighbouring positions of the segment S, PQ and P'Q', say (fig. 17). 
These two segments determine an area which is given approxi¬ 
mately by the product of the length PQ of S and the distance 
M'M of the mean centre of one segment from that of the other* 
The error in this approximation is of higher order than that of 
the increment of time St corresponding to the displacement. It 
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would be an instructive example for the reader to try to fill 
in the details of this geometrical argument and provide a strict 
proof. 

The corresponding theorem in three dimensions can be proved 
in the same way by the use of the transformation formulae for 
volume integrals given on p. 3(H). There is no need to go through 
the proof here. 

In the special case of a plane region which is rotated about 
an axis while retaining its original size and shape, we have the 
problem already considered in Vol. I (Chap. V, p. 285), where 
Guldin’s rule for the volume of a solid of revolution was given. 

Our formulae associate a definite sign with the area of the 
region swept out. In the two-dimensional case the sign depends 
on which of the two directions normal to S is regarded as posi¬ 
tive. (The same is true in three dimensions.) The area obtained 
is positive if the segment S, as it passes through any point, moves 
in the direction of the positive normal; otherwise it is negative. 

These observations allow us to extend our results to cases in 
which the segment or plane area does not always move in the 
same sense, or covers part of the 
plane (or space) more than once. 

The integrals given above will then 
express the algebraic sum of the 
areas (or volumes) of the parts of the 
region described, each taken with the 
appropriate sign. We leave it to the 
reader to work out how this may be 
taken account of in practice. 

As an example, let a segment 
of constant length move so as 
to have its end-points always on two fixed curves C and C' in 
a plane, as in fig. 18. From the arrows showing the positive direc¬ 
tion of the normal we can determine the sign with which each 
area appears in the integral, and we find that the integral gives 
the difference between the areas enclosed by C and O'. If 
C ' contains zero area, as when it degenerates into a single seg¬ 
ment of a curve, multiply-described, the integral gives the area 
enclosed by C. 

This principle is used in the construction of the well-known 
polar planimeter (Amsler’s planimeter). This is a mechanical 
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apparatus for measuring plane areas. It consists of a rigid rod at 
the centre of which is a measuring-wheel which can roll on the 
drawing-paper. The plane of the wheel is perpendicular to the rod. 
When the instrument is to be used to measure the area enclosed by 
a curve C drawn on the paper, one end of the rod is moved round 
the curve, while the other is connected to a fixed point 0, the pole, 
by means of a rigid member jointed to it. This end of the rod 
therefore describes (multiply) an arc of a circle: that is, a closed 
curve containing zero area. It follows that the normal motion 
of the mean centre of the rod gives the area enclosed by C, apart 
from the constant multiplier l. But this normal component is 
proportional to the angle through which the measuring-wheel 
turns, provided that the circumference of the wheel moves on 
the paper as the rod moves, in which case the position of the 
wheel is only affected by the motion normal to the rod. 

In the instrument as usually constructed the wheel is not 
exactly at the centre of the rod, but this only alters the factor of 
proportionality in the result, and the factor can be determined 
directly by a calibration of the instrument. 

Example 

Let 8 be a tube-surface (cf. p. 182) generated by a family of unit 
spheres whose centres lie on a closed curve C in the a;?/-plane. Prove that 
the volume enclosed by 8 is n times the length of G. 

3. Volumes and Areas in Space of any Number 
of Dimensions 

1. Resolution of Multiple Integrals. 

If the region R of the a^-plane is covered by a family of curves 
<f>(x, y) == const, in such a way that through each point of R there 
passes one, and only one, curve of the family, we can take the 
quantity <f>(x, y) = | as a new independent variable, that is, we 
can take the curves represented by <f>(x, y) = const, as a family 
of parametric curves. 

For the second independent variable we can take the quantity 
rj = y, provided that we restrict ourselves to a region R in which 
the curves <j>{x y y) = const, and y = const, determine the points 
uniquely. 
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If we introduce these new variables, a double integral 
Jf * s ^ ranB f orme( i as follows: 

/ ff( x > V)dxdy = J 


If we keep f constant and integrate the right-hand side with 
respect to 77, the integral with respect to 77 can be written in the 
form 

r f( x > y) V(4>x + W) d 

J vW + <f>f) <t>* 

Since 

ds = + W) 

dr) < i> x 


this integral may be regarded as an integral along the curve 
(f>(x, y) = the length of arc s being the variable of integration. 
Thus we obtain the resolution 


// A x > y)dxdy = M: 


f{x, y) 


V(<f>x 2 + <f>v 2 ) 


ds 


for our double integral. The intuitive meaning of this resolution 
is very easily recognized if we suppose that corresponding to the 
curves <f>(x, y) = const, there is a family of orthogonal curves 
which intersect each separate curve <f> = const, at right angles, 
in the direction of the vector grad cf>. If the orthogonal curves are 
represented by the functions x(a) and y(cr), where a is the length 
of arc on them, then 


Since 


dx _ <f> x dy __ (f) y 

da ~ V(4 2 + <£v 2 )’ da ~ vW + ^7)' 


d£ 

da 


aa 


dy 
da ’ 


we obtain 



V(<f > 2 + <f>v 2 ) = V(g rad <£) 2 * 


We now consider the quadrilateral mesh bounded by two curves 
<f>{x , y) = £, <f>(x , y) = £ + A£, and two orthogonal curves which 
out off a portion of length A s from <j>{x, y) = The area of this 
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mesh is given approximately by the product AsAa, and this 
in turn is approximately equal to 

AsA£ 

vW + <f>« 2 )' 


The transformation of the double integral, 


/ ff( x > y)dxdy=jJ /( x, y) 


dsdg 

V(<t>x 2 + <f>v 2 )’ 


simply means this: instead of calculating the double integral by 
subdividing the region into small squares , we may use a subdivision 
determined by the curves </>(x, y) = const, and their orthogonal 
carves . 

A similar resolution can be effected in three-dimensional 
space. If the region R is covered by a family of surfaces <f)(x, y , z) 
= const, in such a way that through every point there passes 
one, and only one, surface, then we can take the quantity 
£ = cf>(x , y , z) as a variable of integration. In this way we resolve 
a triple integral 


/ y> z ) dxd y dz 


+ </>„* + < f>z 2 ) 


V(<f>X 2 + <f>V 2 + <f>Z 2 ) 
<l>x 


dydz 


into an integration 

ff _ fh Z A _ da 

d d V(<f>x 2 + <t>v 2 + <f>Z 2 ) 


over the surface <f>—£ and a subsequent integration with respect 
to 


////(*> V, z)dxdydz =fd£ff— 


f( x ’ y> _ da. 


1 + ^v 2 + ^* 2 ) 


2. Areas of Surfaces and Integration over Surfaces in more 
than Three Dimensions. 

In ^-dimensional space, that is, in the region of sets of values 
with n co-ordinates, an (n — l)-dimensional surface is defined by 
an equation 


<f>(x li x 2 , . . . , x n ) = const. 
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We suppose that a portion of this surface corresponds to a certain 
region B of the variables x 2 , . . . , x n ^ v where x n is to be 
calculated from the equation (f}(x x , x 2 , ... , x n ) = const. 

We now define the area of this portion of surface as the 
absolute value of the integral 


A~[[ /- VW+ V+--- + Q 

JJ J • K 


dx 1 dx 2 ... dx n - v 


In the first instance this definition is only a formal generalization 
of the formulae for the area obtained by intuition in the case of 
three dimensions. Nevertheless, it has a certain justification in 
the fact that the quantity A is independent of the choice of 
the co-ordinate x n . This may be proved in the same way as for 
the three-dimensional case (cf. Chap. IV, section 6, p. 271). 

The integral of a function /( x l , x 2 , ... , x n ) over this (n — 1)- 
dimensional surface we define as 


//• • • x » ■ • •* x ^ da 

=*//’ ■ X -’ •••’ ^ + ^ dx x dx 2 ... dx n _ j, 


where, as before, we suppose that x n is expressed in terms of 
• • • » x n -1 by means of the equation <f>(x Xi . . . , x n ) = const. 
We again find that the expression is independent of the choice 
of the variable x n . 

As in the case of two or three dimensions, a multiple integral 
over an n-dimensional region R , 

J*J '* • • • • j x n )dx j ... dx n . 


can be resolved as on p. 300. We assume that the region R is 
covered by a family of surfaces 

<f>(x v x 2J ... , x n ) = const. 


in such a way that through each point (x 1 , ... , x n ) of R there 
passes one, and only one, surface. If instead of x 1 ,..., x n _ x , x ni 
we introduce 

x v , x n _ v f = cf>{x v . . . , x n ), 


as independent variables, the multiple integral becomes 
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/*/•■•/ 


fM ...,X n ) V / (<j> x 2 +... + <t> Xn 2 ) 


V (</>*? + • • • + <f>x n 2 ) <f> X* 

f(x v ...,X n ) 


dx 1 ... dx n ^ x 


■M-f 


V0».*+-+*»*> 


da . 


3. Area and Volume of the ^-Dimensional Unit Sphere. 

As an example we shall calculate the area and volume of 
the sphere in n-dimensional space, that is, the area of the 
(n — l)-dimensional surface determined by the equation 

Xj 2 + . . . + x n 2 = R 2 

and the volume interior to the (n — l)-dimensional surface, 
which is the volume given by the inequality 

x ± 2 + . . . + x n 2 ^ R 2 . 

Let a continuous function/(r) of r= \/(x 1 2 +.. .+x n 2 ) be given 
inside the sphere. We shall first find the multiple integral 

///M&i ■ ■ .dx„ over the sphere x x 2 + . •. + x n 2 ^ R 2 . 
We introduce the new variable 

r 2 = <f>(x 1 , . . . , x n ) = V + . . . + x 2 , 
and in virtue of the relations 

V(tx? + • • • + K 2 ) = 2r, 
d(r 2 ) = 2 rdr 

we obtain the resolution 

//• • -ffW dx i ■ • • =j[/( r ) dr J---f da= J 0 f( r )&n(r)dr, 

where Q n (r) is the area of the sphere xf + .. . + x n 2 = r 2 . 

According to our general definition, the area of a hemisphere 
of radius r is given by the integral 

»C.W *5 

2 J J x n 



where the integration is extended throughout the interior of the 
(n — l)-dimensional sphere 

V+... + a 
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If instead of the variables x v we introduce the quantities 
> x„ 


t 1 


we obtain 


Q„(r) = 2f n ~ 1 J. . .f d A • - ^"-1 




where we denote the area of the unit sphere £ x 2 + •.. + £» 2 = 1 by 

Then it follows that 

//' ‘ ■ ■ - dx T> = a> nf^f( r )‘ rn ~ 1 dr. 

We can now calculate a> n conveniently from this formula; we 
extend the integration on the left throughout the whole x x x 2 
space (i.e. we let R increase beyond all bounds) and for /(r) 
we choose a function for which both the w-tuple integral on the 
left and the single integral on the right can be explicitly evaluated. 
Such a function is 

f(r) = e ~ lx > I+ac * ,+ --* fx " z) == e~ r \ 

With this function the equation takes the form 

e-x’d.r'j — cu n Je- r ‘r n - 1 ds. 


Since 


(p. 262) and 


(p. 324), we obtain 


Here T l ~ 1 means 

^2 


e~ x dx = y/rr 

-00 

jy r ,-, dr= l r(») 

2(\/7r) n 

(Jj = — 1_1 -_ 

" r(n/2) 

the elementary expression 
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is even i 


and —- \/tt n is odd. For the general 


definition of the gamma function, see Vol. I, p. 250, and pp. 
323-5 of the present volume. In order to find the volume of the 
n-dimensional unit sphere we now put/(r) = 1 and obtain 


hence 


z J* • • . J* J dx^ dx 2 . . 



V n = 


(V™) n 

r ((n + 2)/2) 


4. Generalizations. Parametric Representations. 

In w-dimensional space we can consider an r-dimensional 
manifold for any r fg n and seek to define its content. For this 
purpose a parametric representation is advantageous. Let the 
r-dimensional manifold be given by the equations 

“ 0i(%> • • • > u r) 


s« = , U r ), 

where the functions <£„ possess continuous derivatives in a region 
B of the variables (%, ... , u r ). As the variables u v . . . , u r 
range over this region, the point {x x ,..., x n ) describes an r-dimen¬ 
sional surface. 

From the rectangular array 


~GX l 

dx 2 

dx n ~ 

CAl^ 

du x 

0% 

dx l 

dx 2 

cx„ 

01^2 

du 2 ' 

du 2 

dx^ 

dx 2 

dx n 

_du r 

du r 



we now form all possible r-rowed determinants 
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the first of which, for example, is the determinant 


dx x 

dx 2 

dx r 

du^ 

dUy ' 


dx x 

dx 2 

dx r 

dii2 



dx 1 

dx 2 

dx r 

du r 

du T 

' * 3 u r 


The content of the r-dimensional surface is then given by the 
integral 

J. . fVD x 2 + D* + . . . -f du^ . . . du r . 

By means of the theorem on the transformation of multiple 
integrals (Chap. IV, section 4, p. 254), and simple calculations 
with determinants which we shall omit here, we can prove that 
this expression for the content remains unchanged if we replace 
the parameters tij, ... , u r by other parameters. We likewise 
see that in the case r = 1 this reduces to the usual formula for 
the length of arc, and in the case r = 2 in a space of three dimen¬ 
sions it becomes the formula for the area. 

We shall give a proof for the case r—n — 1, where n is arbi¬ 
trary; i.e. we shall prove the following theorem: If (f>(x v ...,x n ) — Q 
is an arbitrary (n — l)-dimensional portion of surface in n- 
dimensional space, and if this portion can also be represented 
parametrically by the equations 

. • • , ^n— 1)» ==: 1> • • • > W), 

then its area is given by 

A =J . . .JVT>i + ... + D^du^ ... du n -. v 

where D t is a Jacobian of (n — 1) rows: 

__ 9(a?i,..., »• »> %n) __ j /_ , u n _ 2 ) _ 

d(u v . . ., u n _ x ) / d(x v .. x t - v x i+v ..x n ) 

Here, as always, we assume the existence and continuity of all 
the derivatives involved. 

(B 912) 


21 
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Without loss of generality we may assume that ^ 4= 0. 
Then, since by p. 301 A is given by 

A = f. . dxy... dx n _ 1} 

J J 9 x n 

we have only to show that 

| grad<£ | dx x . . . dx n .= \f1LD?du x . . . du n „ ly 
9 xn * 

or 

| grad</> | 2 = ^(SA 2 ) ( ffl*— ■ trf 2Z) A 

« Y^l? • • • j x n-l)/ i 

Now from the properties of Jacobians we have 

’ * * > 1? » « » > ^n) fi{ x V • • • > ^n-l) 

A> d(«i» .... m„-i) / 3(«i,.... m«-i) 

_ ’ ^V—• ■ • ? *^n) 

3 (® 1 , • • • , *n-l) 


This last Jacobian corresponds to the introduction of ( x v . . ., 
av_ 1? x u+v . . . , x n ) instead of (a^, . . ., a?^) as independent 

02 ? 

variables. But as the partial derivatives —- are obtained from 
the equations Xi 

^„p + ^„ = o, 

OXf 


we have ~ == + 

Dn ~ <t>xn 


Hence 

A 2 = 
AT 2 


which proves the formula for A . 

It may be mentioned here that the expression ED * 2 may be 
represented as a determinant of (n — 1 ) rows, * 


E A 2 — I Xu k I — 

»-i 


x u J x Ui x u% 

X Un- j • • • 


X u x Xun-1 


X 2 
•*u »-1 




so that 
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A—J...JV Gdu x .. . <Zw n _i. 


Here the elements of the determinant are the inner products of 

fe. 

\0w* oUi/ V 


the vectors x. 


u< ■ 


du k ’ ’ * ’ du k / 


i.e. the expressions 


/ 0W t - 0%* 


Examples 


1. Calculate the volume of the ^-dimensional ellipsoid 


*i 2 

a x 


+ ...+ 


= 1 . 


2. Express the integral I of a function of x v depending on x t alone, 
over the unit sphere x x 2 + .. . 4* x n = 1 in ^-dimensional space, as a 
single integral. 


4. Improper Integrals as Functions of a Parameter 


1. Uniform Convergence. Continuous Dependence on the Para¬ 
meter. 

Improper integrals frequently appear as functions of a para 
meter; thus e.g. the integral of the general power 
A 

I y* d v = —ri 

J o X + 1 


in the interval — 1 < x < 0 is an improper integral. 

We have seen that an integral over a finite interval is con¬ 
tinuous when regarded as a function of a parameter, provided 
that the integrand is continuous. In the case of an infinite 
interval, however, the situation is not so simple. Let us consider 
e.g. the integral 


F ( x)=r a ™y 

J 0 y 


dy. 


According as x > 0 or x < 0, this is transformed by the substi- 
tution xy = z into 


r 


sm z 


dz 


or 


r 


smz 


dz. 



3°8 


MULTIPLE INTEGRALS 


[Chap. 


/'*' gjjQ 2 

The integral / - dz converges, as we have seen in Vol. I (pp. 

•'o z 

252, 418), and in fact it has the value 7 r /2 (Vol. I, p. 450, and 
p. 315 below). Thus in spite of the fact that the function 
(sin xy)/y, regarded as a function of x and y, is continuous 
everywhere and its integral converges for every value of x, 
the function F(x) is discontinuous; it is equal to tt/2 for positive 
values of x, to — 7r/2 for negative values of x, and to zero for 
x = 0. 

In itself this fact is not at all surprising, for it is analogous 
to the situation which we have already met with in the case of 
infinite series (Vol. I, Chap. VIII, p. 394), and we must 
remember that the process of integration is a generalized sum¬ 
mation. In the case of an infinite series of continuous functions 
we required, if we were to be sure that the series represented a 
continuous function, that the convergence should be uniform. 
Here, in the case of convergent integrals depending on a para¬ 
meter, we shall again have to introduce the concept of uniform 
convergence. 

We say that the convergent integral 

F{x) y)dy 

converges uniformly (in x) in the interval a ^ x ^ j9, 'provided 
that the “ remainder ” of the integral can be made arbitrarily small , 
simultaneously for all values of x in the interval under consideration; 
more precisely: provided that for a given positive number € 
there is a positive number A = A(e), which does not depend on x 
and is such that whenever J3 ^ A 

| Jj(x,y)dy <€. 

As a useful test we mention the fact that the integral 

/ f(x, y)dy converges uniformly (and absolutely) if from a point 
J o 

y == y 0 onward the relation 

\f(x,y)\<M 

holds , where M is a positive constant and a > 1 . For in this case 
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Jj(x,y)dy < M S’ d y y a ^ M 


1 


(a - l)B a ~ 


< Al¬ 


ia — 1 )A“- 


the right-hand side can be made as small as we please by choosing 
A sufficiently large, and it is independent of x. This is a straight¬ 
forward analogue of the test for the uniform convergence of 
series given in Vol. I, p. 392. 

We readily see that a uniformly convergent integral of a con¬ 
tinuous function is itself a continuous function. For if we choose 
a number A such that 


jf7(z. y)dy 


< € 


for all values of a; in the interval under consideration, we have 


F(x + h) - F(x) 


J {fi x + h, y) —f(x,y)}dy 


+ 2 «. 


In virtue of the continuity of the function f(x, y) we can choose 
h so small that the finite integral on the right is less than €, 
which proves the continuity of the integral. 

A similar result holds when the region of integration is finite, 
but the integrand has a point of infinite discontinuity. Suppose 
e.g. that the function/(x, y) tends to infinity as y -> a. We then 
say that the convergent integral 

F(x) =jf fix, y)dy 


converges uniformly in a ^ x (3 if for every positive number € 
we can find a number k such that 


L 


a + h 

fix, y)dy 


<e, 


provided h ^ k, where k is independent of x. Uniform convergence 
in this sense occurs if in the neighbourhood of the point y — a the 
relation 


I /(*. y) I < 


M 

iy — a) v 


holds , where as before M is a positive constant and v < 1. Just 
as above, we show that in the case of uniform convergence F(x) 
is a continuous function. 
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If the convergence is uniform, the improper integrals F(x) 
are continuous in a certain interval, say in a ^ x /?. We can 
then integrate them over this interval and thus form the corre¬ 
sponding improper repeated integral 


or 


f dxf f(x, y)dy 
Ja *'o 

fdxf f(x, y)dy. 

* / a Ja 


Instead of the finite interval a ^ x ^ (3 we can of course also 
consider an infinite interval of integration. 


2. Integration and Differentiation of Improper Integrals with 
respect to a Parameter. 

It is not true in general that improper integrals may be 
differentiated or integrated under the sign of integration with 
respect to a parameter. In other words, these operations are not 
interchangeable in order with the original integration (cf. the 
example on p. 316). 

In order to determine whether the order of integration in 
improper repeated integrals is reversible, we can often use the 
following test, or else make a special investigation on the lines 
of the following proof. 

If the improper integral 

F(x) y)dy 


converges uniformly in the interval a ^ x ^ /?, then 


/ £ -00 ~*> .p 

dxJ f(x, y) dy —J dyj f(x, y)dx. 


To prove this we put 

//(*» y)dy=f f(x, y)dy + R A (x). 

^0 •'o 

Then by hypothesis | R A (x) \ < e(A), where e(A) is a number 
depending only on A and not on x and tending to zero as A -> 00 . 
In virtue of the elementary theorem for ordinary integrals we 
have 
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J f dxf^ f(x, y)dy =jf dxf^ /( x, y)dy +f R A (x)dx 

~L dy f/( x ’ y ^ dx + f R ^ dx ’ 

whence by the mean value theorem of the integral calculus 
\fdxfy { x,y)dy-f o dyf/(x,y)dx ^ e(A) /3 — a . 


If we now let A tend to infinity, we obtain the formula stated 
above. 


If the integration with respect to a parameter also takes 
place over an infinite interval of integration, the change of order 
is not always possible, even though the convergence is uniform. 
It can, however, be performed if the corresponding improper 
double integral exists (cf. Chap. IV, section 5, p. 262 et seq.). 
Thus e.g. 



if the double integral J J f(x , y) dx dy over the whole first quadrant 


exists. 


The proof of this follows from the fact that the improper double 
integral is independent of the mode of approximation to the region 
of integration. In one case we perform this approximation by 
means of infinite strips parallel to the a-axis, in the other by 
strips parallel to the y-axis. 

A similar result also holds if the interval of integration is 
finite, but the integrand is discontinuous along a finite number of 
straight lines y = const, or on a finite number of more general 
curves in the region of integration. The corresponding theorem 
is as follows: 

If when x lies in the interval a ^ x ^ /9 the function f(x, y) is 
discontinuous only along a finite number of straight Urns y = a 2 , 
y = a 2 , . .. , y = a r , and if the integral 


f a /(x, y)dy 


converges uniformly in x, then in this interval it represents a con¬ 
tinuous function of x, and 
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/ 0 /•£> /•£> /»/3 

dxJ q f(x y y) dy = J q dyf(x> y) dx . 


That is, under these hypotheses the order of integration can be 
changed. The proof of the theorem is analogous to that given 
above. 

It is equally easy to extend the rules for differentiation with 
respect to a parameter. The following theorem holds: 

If the function f(x, y) has a sectionally continuous derivative 
with respect to x in the interval a x fg /? and the two integrals 


^( 3 ) = / f(x, y)dy and / Mx,y)dy 

•'ft 


converge uniformly , then 

F'(x) = f f x (x, y)dy. 

J Q 


That is, under these hypotheses the order of the processes of 
integration and of differentiation with respect to a parameter can 
be interchanged. For if we put 

G(x) = f f z (x, y)dy 9 

J Q 

then, using the theorem of interchangeability just proved, we have 
jf 0(x)dx =jf dxf f x (x, y)dy =jf dyjjjx, y)dx. 

The integrand on the right has the value 

//«(*. y)dx=f(£, y) — /(a, y)] 

therefore 

jf 0(x)dx = F(£) — F( a); 


hence if we differentiate and then replace $ by x we obtain 


dF(x) 

dx 


— G(x) = f f x (x, y)dy, 
Jq 


as was to be proved. 

We can similarly extend the rule for differentiation when one 
of the limits depends on the parameter x. For we can write 
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f /(*» y)dy = f f(x, y)dy + / /(*> y)dy, 

where a is any fixed value in the interval of integration, and we 
can then apply rules previously proved to each of the two terms 
on the right. 

As above, our rules of differentiation also hold for improper 
integrals with finite intervals of integration. 


3. Examples. 

1. As an example we consider the integral 



(x > 0) 


If x 1 this integral converges uniformly, since for positive values of A 
we have 


.00 oo 

J e~ xv dy ^ j er v dy — 


» 


where the right-hand side no longer depends on x and can be made as small 
as we please if we choose A sufficiently large. The same is true of the 
integrals of the partial derivatives of the function with respect to x. By 
repeated differentiation we thus obtain 

f o y n er x *dy = 


If, in particular, we put x = 1, we have 

T(n+ 1) = / y n e~vdy = n\. 

Jo 

This formula has already been established in a different way in Vol. I, 
Chap. IV (p. 251). 

2. Further, let us consider the integral 

Jo ** + y 2 2 x 

Again it is easy for us to convince ourselves that if x ^ a, where a is any 
positive number, all the assumptions required for differentiation under 
the integral sign are satisfied. By repeated differentiation we therefore 
obtain the sequence of formulae 


/. 

f. 


o (** 4- y 2 )* 
dy 

o (** + y*) n ' 


re 1 1 

re 1.3. 
2*2.4. 


/•* dy re 1.3 1 
o (** + y*j* ~ 2 * 2.4 " ‘ 


.. (2» - 3) 1 

.. (2n - 2) * *»»-»• 
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From these formulae we can derive another proof of Wallis’s product 
for 7t (of. Vol. I, Chap. IV. section 4, p. 224). For if we put x = Vn, we have 

/•* dy __ it 1.3 .. . (2 n — 3) / 

J 0 (1 + y*/»)» “ 2'2.4 . . . (2» - 2) 

/•OO 

As n increases the left-hand side tends to the integral I e~v*dy — £\/tc. 
For the difference 

Ce^dy-C _AL_ 

Jo Jo (1 + 2 /*/»)" 


dy 

(1 4* 2/Vw) n 


satisfies the inequality 


I f em'dy — /* -—- ^ f 

\Jo y Jo (l + yVn)* -Jo 


^ - (iw * 


-f e-v‘dy + f 

J f J ji 


f m dy 
t (l + y7»)"’ 


or, since (1 4- y 2 l n ) n > V 2 , 

I f e -v‘dy— f -—-I ^ f j «-*'*-?- f e-*’dy+ 

I Jo V Jo (1+JWI A I (1 + »W”I ? ir T' 

r x 1 e 

But if we choose T so large that / e~* dy 4* - < -, and then choose n so 
large that Jt 2 

f T U 1 - - - dy<*, 

J 0 | (1 + yW y 2 

as is possible in virtue of the uniform convergence of the process 


lim (1 4 yt/n)-" = e~v\ 

co 


it follows at once that 


fo ( e ~* (1 + yVn) n ) dy <e * 


This establishes the relation 

1.3... (2n — 3) . 1 

.U.r 

which is equivalent to that obtained in Vol. I, p. 224. 

00 

3. With a view to calculating the integral f Sm ^ dy, we shall dis- 
8 i n2/ d 0 V 

cuss the function F(x) = / er™ y dy. This integral converges uniformly 

do y 

if x ^ 0, while the integral 

f e~ xv Binydy 
do 
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converges uniformly if * ^ 8 > 0, where 8 is an arbitrarily small positive 
number. Both these statements will be proved below. Therefore F(x) is 
continuous if * ^ 0, and if x ^ 8 we have 

r™ 

F\x) = — / e~ xv sin ydy. 

Jo 


We can easily evaluate this last integral by integrating by parts twice; 
we obtain 


F'(x) = 


1 

1 4 - s 2 ’ 


From this we can find the value of F(x) by integration; this value is 
F(x) =ss arc cots + C t 

where C is a constant. In virtue of the relation 


W 


e-'v^dy 

y 


r e~ x 

£/ e ~ xv dy = — 
Jo x 


e -XV jO 


1 

-■» 

X 


which holds if x ^ 8, we see that lim F(x) = 0. Since lim arc cot* = 0, 

X—>CO X —>00 

C must also be 0, and we obtain 


F(x) — arc cot*. 


On account of the continuity of F(x) for * ^ 0, 

lim F(x) = F( 0) = f Smy dy, 
x-+o Jo y 

which, since lim arc cot* = \ gives the required formula 
*->o 2 


£ 


00 sin y 


(cf. Vol. I, p. 450, footnote). 

We now return to the proof that 

fe-^ y dy 
Jo y 


converges uniformly if * ^ 0. If A is an arbitrary number and kn is the 
least multiple of n which exceeds A, we can write the “ remainder ” of 
the integral in the form 


£ 


e -zv 


emy 




sint/ 

e~ xv —-c 


'4- S 


/ 


(|/+l)»r 




The terms of the series on the right have alternating signs and their absolute 
values tend monotonically to zero. By Leibnitz’s test (Vol. I, p. 370), 
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therefore, the series converges, and the absolute value of its sum is less 
thun that of its first term. Hence we have the inequality 


I r e -*y | < [ {k+1) :-*v i siuy i dy < r +iy *\ dv < 2 ; 

I Ja y I Ja y Ja A A 

in which the right-hand side is independent of x and can be made as small 
as we please. This establishes the uniformity of the convergence. The 
uniform convergence of 

I e~ xv sin ydy 
Jo 

for x 8 > 0 follows at once from the relation 

r°° I r® e~ Ax er j9 

/ e~ xv sin y dy ^ I er xv dy = — ^ 

J a J J A % O 

On p. 310 we learned that uniform convergence of the integrals is a 
sufficient condition for interchangeability of the order of integration. Mere 
convergence is not sufficient, as the following example shows: 

If we put f(x , y) — (2 — xy)xye~ xv , then since 

/(*, y) — ~ ( xy*e ~ xv ), 

dy 

r 00 

the integral / f(x> y)dy exists for every x in the interval 0 < x ^ 1, and 

Jo 

in fact for every such vaJue of a; it has the value 0. Therefore 

f dxf f(x, y) dy = 0, 

Jo Jo 

On the other hand, since 


(*+!)* j 


2n 


f(x,y) = 2 x (*‘ye- xv ), 


for every y ^0 we have 


and therefore 


J Q f( x ’ y) dx==z ii e ~ v ’ 

-j _oo -ao 

f dl J f /(*. y)dx — f yervdy = f e-*dy = 1 . 
J o j 0 Jo Jo 


Hence 
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4. Evaluation of Fresnel’s Integrals. 

The integrals 

Fi = [ sin (r 2 ) dr, F t =J cos(t 2 )dr, 

— oc — oo 

which are of importance in optics, are known as Fresnel’s integrals. 
In order to evaluate them, we apply the substitution t 2 = 
obtaining 




Here we put 




V 77 ^ 


e~ xH dx 


(this follows from the substitution x = r/\/£) and change the 
order of integration, as is permissible by our rules. Then 

Q ..oo /.go n ..oo /»x 

= ----- dx e~ xH sin tdt, F 2 = — dxj e~ xH cos tdt. 
y7r J o J o J o J o 

The inner integrals are easily evaluated by integration by parts, 
and F x and F 2 reduce to the elementary rational integrals 

The integrals may be evaluated by the methods given in Vol. I 
(cf. Vol. I, p. 234); the second integral can be reduced to the first 

by means of the substitution x' — and both have the value 
2 ^ 2 ' Ih “* “• 




Examples 


1. Evaluate 


r *> 

) I x n e~* % dx. 

Jo 


2. How must a , b , c be chosen in order that 


f f e-( axt + 2b *y+cy')dxdy = 1 ? 
J —oo J — oo 
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3. Evaluate 


(a) f + * f + “-(a* 1 +2i>*y+<y)(j a j + 2 Bxy + Cy*)dxdy. 

J —00 J —CO 


/ + 00 /• * 4 *°o 

/ e -<ax'+ 2 ixy+cy *)( ax 2 + 2 bxy + cy*)dxdy. 

- co J ~ 00 

(a > 0, ac — 6 2 > 0). 

4. Evaluate the following integrals: 


X 00 

e** 1 *' cos xdx. 

(6) [ 

J o 


e<x> p—bx _ e-ax 


cos xdx. 


(c) 1(a) = [Z-x'-^dx. 

'* 00 sin(aa:)J 0 (6a:) 


(d) f 

J o 


dx (where J 0 denotes the Bessel function 
x defined in Ex. 4, p. 223). 


5*. Prove that 
and that 


r 

do 

p si 

Jo 


dx is of the order of logn when n is large. 


sin 2 a:r — sin 2 bx , , , a 

- - dx = J log . 

X 0 


f 00 

6. Replace the statement “ the integral / f(x , y)dy is not uniformly 

do 

convergent ” by an equivalent statement not involving any form of the 
words “ uniformly convergent **. (Cf. Vol. I, p. 45, Ex. 1.) 


5. The Fourier Integral 


1. Introduction. 

The theory given in section 2, p. 310 et seq. is illustrated by 
the important example known as Fourier’s integral theorem. It 
will be remembered that Fourier series give a representation of 
a sectionally smooth but otherwise arbitrary periodic function in 
terms of trigonometric functions. Fourier’s integral gives a corre¬ 
sponding trigonometrical representation of a function f(x) which 
is defined in the whole interval — oo < x < + oo and is not sub¬ 
ject to any condition of periodicity. 

We shall make the following assumptions about the function 
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(1) f(x) is sectionally smooth; that is, the function f(x) and 
its first derivative are continuous in any finite interval, except 
possibly for a finite number of jump discontinuities. 

(2) The integral 

/ \f( x ) \dx — O 

is convergent. 

(3) At a discontinuity x of the function it is assumed that 
f(x) is the arithmetic mean of the limits on the right and left. 
Thus 

/(*) = 2 (/(* + 0) +/(* — 0)). 

Fourier’s integral theorem may then be stated as follows: 

f(x) = - / dr/ /(£) cos t(£ — a;)(ft, 

7 T J 0 *'—•00 

or, in complex notation, we have the equivalent formula 

f(x) — ~f drf 

Lit**— oo *'—co 

We may also state the theorem in the following form: if 

V 2 77 

then 

/(*) = 4/Vr^. 

V27r~» 

The two formulae last written are reciprocal equations for 
f(x) and g(x), each equation being the solution of the other. If 
the variable p = t/27t is introduced and finally replaced by r 
again, we can express Fourier’s integral theorem by means of 
the two reciprocal formulae 

h( r ) = f*f(t)e~ 2iritT dt, f(x) = f°h{t)e 2lHtx dt y 
‘' — 00 *' — 00 

where 

k(r) = </(27Tt). 

We shall give some examples to illustrate this theorem and 
then proceed to the proof. We first observe that if f(x) is an 
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even function—i.e. if f{x )= /(—$}—then a short calculation 
shows that the theorem may be stated in the simplified form 

f(x) = - f cos (rx)dr f f(t) cos (rt)(U. 

7T J 0 J o 

If, on the other hand, f(x) is an odd function i.e. if 
f(x ) = —/(—a?)—we obtain in the same way 

f(x) = - f sin (rx)dr f f(t) Bm(rt)dt. 

7T J Q J 0 


Examples 

1. Let f(x) = 1 when s 2 < 1, /(*) = 0 when s 2 > 1. Then 

M-lf coa(rx)drJ cos(hr)d* 

_? *’=!: 

71J 0 T [l, **<1. 

The integral on the right has played a part in mathematical literature 
under the name of Dirichlet’s discontinuous factor. 

2. Let f(x) = e~ kx (k > 0) when x > 0 and /(*) = /(—*). It is easy 
to show that 


2 z* 00 z* 00 2 /* 

/(x) = - / cos(rx)dT / cos (hr) d* = - / 
TCd 0 d 0 71 


2 f 00 A; cos(rx) 

l 2 4- T 2 


But if we put/(--x) = —/(x), we obtain 


2 sin(rx) 

I* + T 2 


dr. 


dr. 


2 /•* r°° 2 r 

f(x) = / sin(rx)dT / sin (hr) d/ = / 

7rd 0 d 0 

Hence we obtain the two integral formulae 

r co ^) dT _ ; !1*! r T dT - 5 «-*•, k > 0. 

J 0 fc* -f T* * T 2 fc ’ Jo * 2 +* s 2 

3. The function f(x) = e~*’/ 2 gives an interesting illustration of the 
reciprocal formulae. Since 


U‘- 


* ,/2 cos xtdt s= e“ T * /2 


{see p. 318, Ex. 4a), the two reciprocal formulae for g(r) and f(x) 
coincide. 
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2. Proof of Fourier’s Integral Theorem. 

The essential steps in the proof of Fourier’s integral formula 
are a transformation and a simple limit operation applied to 
Dirichlet’s limit formula 

nf(x) = lim f f(x + t) ^ dt, 

A-*oo J ~a t 

which holds for arbitrary positive values of a. We shall first 
prove this formula, although the substance of the proof has been 
given in Vol. I, Chap. IX, § 5 (p. 450). We rely on the elementary 
lim i t formula (cf. Vol. I, Chap. IX, p. 448) 

r 0 

lim / sin (At) s(£) dt = 0, 

X —> oo J a 

which holds when s(Z) is continuous or sectionally continuous in 
the interval agigj8 but is otherwise arbitrary. 

Let us first consider the interval from 0 to a. In this interval 

4t)=fj£±±~J<£+3 

is a sectionally continuous function which, by the assumptions 
about f(x)y must have the limit f'{x + 0) as t tends to zero. Thus 

f f(x + t) —dt = f f(x + 0 ) dt + j s(t) sin (Ail) dt, 

J o t J o t J o 

and the elementary formula given above shows that the last 
integral on the right tends to zero as A tends to infinity. 

The first integral on the right has the limit 

lim f(x+ 0)| f* — do= f(x+ 0)| /" — da= J f(x+ 0) 

X —> co J 0 (J J 0 G Z 

(cf. p. 315). If we now apply the corresponding argument to the 
integral from —a to 0, we obtain Dirichlet’s formula. 

The next step in the proof of Fourier’s theorem is the sub 
stitution of the expression 

sin(A^) , 

- :—t = / cos (£t) Cut 

t Jn 


(E 912) 


22 
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in Dirichiet’s formula. We also introduce the notation 

J f( x + 0 dt=J f(x -f t)dtf coq (tr)dr 


J dr J f(x + t) cos (tr)dt = F(X, a). 


0 •'-a 


Dirichiet’s formula then states that 

irf(x) = lim F(\, a). 

A —> * 


Since this limit is independent of a, we may write 
77 f(x) = lim lim F(\, a). 


a 


oo A 


00 


If it were permissible to interchange the order of the limit 
operations in this formula, that is, if we might take the limit as 
a tends to infinity under the sign of integration, we should at 
once have 


7rf(x)— lim f dr f f(x+t)cos{tr)dt=f dr f f(z+t)co&(tr)dt. 

A—>oo* / 0 -- •'ft 


This immediately gives Fourier’s integral formula if we write 
x -f- 1 == t' and then replace t’ by t. Thus the proof will be com¬ 
plete if we establish the change of order of limit operations 

lim lim F( A, a) = lim lim F( A, a). 

a —>co A—>-oo A—>oo a—>oo 


Our previous work (p. 310; cf. also p. 104) shows that it is 
sufficient to prove that the limit 

lim F( A, a) — f f(x + t) dt 

a —> oo — oo t 


exists uniformly with respect to A. 

To prove this, we must show that if e is given in advance 
we can find A independent of A, Buch that | F(A, a) — F(A, b) | < € 
whenever a and b both exceed A . But 


| F( A, a) - F(X, b) | ^/ \f(x + t) | dt 

J a t 
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It follows at once that 


3 2 3 


| F( A, a) - F(A, 6) | < 


20 

T 


so that it is only necessary to take A = 20/e. This gives the proof 
of uniform convergence, and completes the proof of Fourier’s 
integral theorem. 


6. The Eulerian Integrals (Gamma Function) * 

One of the most important examples of a function defined 
by an improper integral involving a parameter is the gamma 
function F(^). Here we shall give a fairly detailed discussion 
of this function. 

1. Definition and Functional Equation. 

The function r(x) is defined for every x > 0 by the improper 
integral 


T(x) = f 

In Vol. I, Chap. IV, pp. 250-1, we studied this integral for integral 
arguments x = n. The method used there shows at once that 
the integral converges for any x > 0, the convergence being 
uniform in every closed interval of the positive a>-axis which does 
not include the point x = 0. The function T(x) is therefore con¬ 
tinuous for x > 0. 

By simple substitutions we can transform the integral for 
r(x) into other forms which are often used. Here we only 
mention the substitution t = u 2 , which transforms the gamma 
function into the form 

F(x) = 2 fV^u^du. 

Thus the frequently-occurring integral 

/ e~ u 'u a du (a > —1) 

Ja 

* A discussion closely related to the present one is given by E. Artin, 
EinfUhrung in die Theorie der T-Funktion (Leipzig, 1931). 




(cf. section 3, p. 303). 

Integration by parts shows, as in Vol. I, p. 251, that the 
relation 

r(z + 1) = xT{x) 

holds for any x > 0. This equation is called the functional 
equation of the gamma function. 

Of course r($) is not uniquely defined by the property of 
being a solution of this functional equation. In fact, we obtain 
another solution merely by multiplying T(x) by an arbitrary 
periodic function p{x) with period unity. On the other hand, 
the functions 

u(x) = r (x)p(x) f p(x + 1) = p{x) 


represent the aggregate of all solutions of the equation; 
u(x) is any solution, the quotient 


f( x )= 


u(x) 

r(z}’ 


for if 


which can always be formed since T(x) 4= 0, satisfies the equation 


f(x+l)=f(x). 


Instead of the function r(x), it is frequently more convenient 
to consider the function u(x) = logr(x); since T(x) > 0 for x > 0, 
this is always defined. The function satisfies the functional 
equation (difference equation) 

u(x +1) — u(x) = logic. 


We obtain other solutions of this equation by adding to 
logr(z) an arbitrary periodic function with period unity. In 
order to specify the function logTOr) uniquely, therefore, we must 
supplement the functional equation by other conditions. One 
very simple condition of this type is given by the following 
theorem, due to H. Bohr: 

Every convex solution of the difference equation 

u(x + 1) — u(x) = logx 
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is identical with the function logr(x) in the interval 0 < x < 00 , 
except perhaps for an additive constant. 

2. Convex Functions: Proof of Bohr’s Theorem. 

We say that a function f(x) is convex in a region a^x^b 
if for every two points x 1 and x 2 of the region and every two 
positive numbers a, f$, where a -f ft = 1, the expression 

a/fo) + Pf(x 2 ) —/(a*! + px 2 ) 

never changes sign; or, intuitively speaking, if the chord joining 
two points of the curve y = f(x) either never lies beneath or 


O 

Fig. 19.—A function which is convex downwards 

never lies above the arc of the curve itself between x 1 and x 2 
(cf. fig. 19). (Cf. also Chap. I, section 1, p. 8 and Chap. II, p. 100.) 

Before proving this theorem we shall establish certain pro* 
perties of convex functions. We restrict ourselves to functions 
which are “ convex downwards ”, for which 

<*/(2i) + £/(z 2 ) + fo) ^ 0 

holds; functions which are “ convex upwards ” can always be 
changed into functions which are “ convex downwards ” by 
multiplying by — 1. 

If a convex function f(x) is twice continuously differentiable, 
the expression 

°/(*1) + Pf( x a) 
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can be represented by tbe double integral 

P(x 2 ~ Ziff <bf f"{x l + (x 2 — xjr }dr, 

J 0 J £t 

as is easily verified. Thus the inequality of the definition is 
certainly satisfied, provided that 

rw ^ o. 

On the other hand, the passage to the limit x 2 ->x 1 shows that 
this condition is also necessary, and it is therefore a characteristic 
property of convex functions which are twice continuously dif¬ 
ferentiable. 

A fact which is noteworthy and useful in applications is that 
we need not assume the continuity of a convex function f(x ); 
on the contrary, this property follows from the definition of 
convexity. We can in fact replace the above inequality by an 
apparently weaker one, which, however, is equivalent to it, 
expressed in the following theorem: 

If for every x and h for which the arguments x ± h still lie in 
the region of definition the hounded function f(x) satisfies the inequality 

/(® + h) +f(x - A) - 2f(x) ^ 0, 

that is, if the mid-point of every chord of the curve y = f(x) lies 
above or on the curve , then f(x) is convex. 

We first show that every bounded function f(x) which satisfies 
the inequality 

f(x + h) +f(z — h) — 2 f(x) ^ 0 

is continuous. 

To prove this we write the condition in the form 
f(x) —f(x — h) £f(x + h) —/(*), 

from which we derive the inequalities 
f(x — vh) —f(x — (v + l)h) <;/(;x + h) —f(x) 

^f(x+(v+l)h)-f(x + vh), 

valid for every integer v ^ 0. If we add these for values of v 
from v = 0 to v = n — 1, we obtain the estimate 


/(*) —f(x 


^f(x + h)-f(x) 


.f(x + nh) 


n 


n 
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and hence if we assume that | f(x) | ^ C 9 
\f(x+ h)—f(x) I ^ 

n 

Here n can be any positive integer such that the argument 
x^hnh lies in the interval of definition. If we let k tend to zero, 
the largest possible number n increases without limit, that is, 
the expression f(x + h)—f(x) tends to zero. This proves the 
continuity of f (x). 

From the continuity of f(x) we can now easily prove its con¬ 
vexity, that is, we can establish the inequality 

a/(%) + Pf('Xz) ~ f(*Xi + Px 2 ) ^ 0. 

From the inequality 

f(x) —fix — nh) <> n{f(x + h) —f(x)}, 
by means of the substitution 

g = x— nh, 

we obtain the relation 

f(£+nh)-m +(n+l)*)-/(fl 

n n+1 

and hence in general 

m n 


If we put £ + nh = £ v a few transformations give 

+ >>*/((!-?)*+54 

which is exactly the inequality we require for rational values of a 
and /?. We then deduce its validity for any values of a and ft 
from the continuity * of f(x). 

* From the inequalities 

/(a + c) - f(x) ^ f(x + g) - f(z) ^ }(x + 6) - /(g) 
c a b 

whose validity for any numbers c ^ a ^ 6 differing from zero is a direct con- 
e definition of convexity, wo see that the difference quotient 

is bounded and monotonio if a tends to zero through positive 

values or through negative values, and it therefore possesses a limit. Thus a 
convex function has a derivative on the right and on the left at every point. 


sequence of th 
/(a + a) - /(») 
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Finally, we apply the following inequality, which is obvious 
from the geometrical interpretation of a convex function: 

fix + A) +f(x - A) - {f(x + S) +f(x - 8)} ^ 0. 

Here 8 and A are two positive numbers, 8 ^ A. 

This is proved by adding the two relations 

2 ( l + h) f(X " A) + K 1 “ h) f(X + k) ~ f(X " S) “ °’ 

2 i 1 ~ t) f(X ~ h) + l( l + h) f(x + h) ~ f{x + ^ °- 

We now return to the theorem of Bohr stated above (p. 324-5). 
We see at once that logr(x) is convex. For if we write T(x) 
in the form 

r(x) = 

•'o 

where h has any positive value and x any value greater than h , 
and apply Schwarz’s inequality (cf. Vol. I, Chap. IX, p. 451), 
we have 

{r(z )} 2 <; F(x -f h) T(a; — A), 

and therefore * 

logr(z + A) + logr(a? — A) — 2 log]» ^ 0. 

Again, if f(x) and g(x) are two continuous convex solutions of 
the functional equation 

u(x + 1) — u(x) = logx, 


* This fact is a special case of a general theorem. If the functions /„(ar), 
v *» 1 , 2, . . ., n satisfy the conditions 

/„<*)£ 0 and { f v (x)}*^f v (x-h)f v (x + h). 


so that the functions log f v (x) are convex, then the sum S/„( x) also satisfies 
these conditions. 1 

For if we write 2 f v (x) in the form 






? '/Jj* - '*) V/„(* + h) vf ' f ' x h) 


_ fjte) _ 

v?„(a: ~ *) VJJxTT) 


£1. 


and use the relation 
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the difference 

</>(%) =f(x) — g(x) 

is a continuous periodic function of period unity. Moreover, since 
f(x+ 1 )—/(*)= log a; 

and 

/(*)-/(*-1)= log (*-l), 

f(x) satisfies the relation 

f(x + 1) +f(x — 1) — 2 f(x) = log — 

X — 1 

Since f(x) is convex, the inequality 

f(x + h) +f(x — h) — 2f(x) g log ——, 

X — 1 

holds for every h in the range 0 < h <; 1 (cf. p. 328). 

We likewise obtain 

g(x +h) + g(x - h) - 2 g(x) g log , 

X — 1 

and therefore 

| <f>(x + A) + <f>(x — h) — 2<f>(x) | ^2 log- 

X — 1 

If we now let x increase beyond all bounds, the expression 

log-- tends to zero, and so does the function 

x— 1 

<f>{x -f- h) + (f>(x — h) — 2 (f>(x). 

we obtain the inequality 

S (L Vf r ( X - h) Vfji + h) )*; 

if we now apply Schwarz ’b inequality to the right-hand side, we have 

{£/„(*)}» s £/,<*- h)if v ( X + h). 

An analogous theorem holds for integrals of the form 
J'f(x, t)dt, 

if for all values of the parameter t the functions/(a:, f) satisfy the conditions 
/(*. *)^0 and {/(*, 0> a g/(x - A, J)/(* + h, t). 

The gamma function is of this type. 
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Since this function is periodic, we obtain the equation 
<f>(x -f h) + <f>(x — h)— 2 <f>(x) = 0, 

valid for every x > 0. 

A continuous periodic function <f>(x) which satisfies such a 
condition for every positive value of h and every value of x greater 
than h must be a constant.* This, however, proves that any 
continuous convex solution of the equation u(x-\- 1) — u(x) = log# 
can differ from logT(#) only by an additive constant. 


3. The Infinite Product for the Gamma Function. 

In this sub-section we shall give the infinite products for the 
gamma function found by Gauss and Weierstrass. 

We first show that the relation 


holds, where 


T(#) = lim G n (x) 

n —> qo 


G„(x) = 


1 . 2 ... (n - 1) 

-:- 1 -tt* 

x(x + 1) • • *(z + n — 1) 


This statement is plausible, since for integers x = v we have 


G.W-O'-l)! 


n n 
n n + 1 


n 

n+V—1 9 


and as n increases this obviously tends to the value (y — 1)!. 

We must show in general that the sequence G n (x) converges 
for every x 4 = 0, —l, — 2, ..., and then that the limit function 
G(x) coincides with the gamma function for positive values of 
x. To prove this last statement we notice that if x > 0 the 
function log G(x) satisfies the functional equation 

u(x + 1) —■ u(x) = log#. 

By Bohr's theorem we have only to show that log 6r(#) is 
convex. 


♦ If, say, $1) * 0(2) - a, then by the equation 0(f) “ i(0(l) + 0(2)) 
we have 0(|) — a, and likewise <j>{x v ) «=> a at all points x v of the interval 1 <£ 
x 5^ 2 which are obtained by repeated bisection of the sub-intervals. Since 
these points x v are everywhere dense, from the continuity of <f>(x) it follows 
that 0(x) - a throughout the interval 1 x ^ 2, and by the periodicity of 
0(x) this holds for every x > 0. 
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In order to prove the convergence of the sequence 6 n (x) for 
x 4 = 0, — 1, —2, ... we introduce the expression 

”“<1 + 1>( 1 + 0( 1 + O ' ( I + »--- i ) 

for the number n , and accordingly write 

ojh - 1 - n'J + W 

X 1 1 + x/v 

By a test proved in Vol. I, p. 421, the product 

”- x (! + l/v) x 
1 1 + x/v 

converges absolutely and uniformly provided that the series 
|(1 + 1/v)*_ 1 [ 


1 + xjv 


converges uniformly. If we use the Taylor expansion in powers 
of \jv up to the terms of second order, the general term of this 
series can be written in 1 the form 


(i +1 M* 


(1 + xjv) _ 1 x(x - 1) (1 + 0/v) x - 2 
2 ^ 


1 + xjv 2 k 2 1 -f- xjv 

where 0 is a number between 0 and 1. From this it follows that 


(1 + l/v) x — (1 + x/v) 
1 + x/v 


< 


C 

V 2 ' 


where C is a constant independent of v. In every closed region 
which contains none of the points x = —1, —2, ... we can re¬ 
place the estimate C by a number which is also independent of x. 
In every such region the series converges uniformly, and therefore 
the product does so too. 

The limit function 


G(x) = lim 


1.2,,.(n-l) i 

kx{x+ 1).. ,(x + n — 1) 


is continuous for every x + 0, — 1, —2, . . . and, as we see at 
once, satisfies the functional equation 

G(x + 1) = xG(x). 



332 


MULTIPLE INTEGRALS 


[Chap. 


In order to show that if x > 0 the function G(x) is identical 
with the function r(x), we consider the function log G(x) for x> 1. 
It is the limit function of the sequence 

«—i 

log6? n (x) = log(n — 1)! -j- cc logn — S log(x + v). 

v-0 


For any positive value of A and any value of x greater 
than A the functions log G n (x) satisfy the condition for con¬ 
vexity, 

log(? n (a; + h) + log G n (x — h) — 2 logG n (a;) 

n —1 

= 2 (2 log(x + v) — log(x + A + v) — log(x — A -4- *>)) ^ 0, 

which consequently applies to the function \ogG(x) also. Since 
in addition 

iogff(i) = 0 = io g r(i), 


by the general theorem G(x) must be identical with F(x). 
have therefore obtained Gauss’s infinite product for T(x): 


We 


T{x) = lim 


1.2 ... (n — 1) 


= 1 n 


aoX(x + 1 ) • 

(i +1 M* 


. (x + n — 1) 


1 + xjv 


The theoretical importance of this expression arises from the 
fact that we can regard it as defining the gamma function, not 
only for all positive values of x, but also for all negative non¬ 
integral values of x. 

This product can easily be put in a somewhat different form* 
If in the expression 

n x = 


we substitute for logn the value 

logn = l + £ + *.. + -~ y+e«> 
n 


where y is Euler’s constant (cf. Vol. I, p. 381) and e„ tends to 


zero as n -*■ <x>, we obtain an expression for 


1 
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r(i> - * fl+*) ('+|) • • • (i+ 

= xe yx lime””*"*”“n II ^1 + 

Since the factor e“ e **“n tends to 1 as n increases, the product 
* / x\ * 

n H + - j e~ v also converges and gives Weierstrass’s intinite 
product for 


r~(xy 




from which we see at once that —— has zeros of the first order at 

n*) 

the points x = 0, — 1, —2, .... 

4. The Function logT(x) and its Derivatives. 

If we form the logarithm of Weierstrass’s infinite product 

we obtain an expression for the function logr(x): 

logI» = —log a; — yx -S^log (l + X J — 0. 

By the relation 

log (l +*)-*=- 1 

\ vj v vJq v -f- t 


whence 




the right-hand side of the equation for logr(x) is dominated by 

x 2 oo i 

the series -- 2 and therefore converges absolutely and uni¬ 
formly in every closed interval of the positive x-axis. 

The derivatives of the function log F(x) are of particular 
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interest, since they provide an explicit representation of the 

°° / 1 \ m 

values of the series 2 (-) . 

o \x -f v) 

If we differentiate the expression for logr(x) term by term 
with respect to x , we again obtain a series which, since 

1 _ 1 = _ x 
X -j- v v v(x -f- v)' 

converges absolutely and uniformly in every closed interval of 
the positive x-axis. Hence, by known theorems on the differentia¬ 
tion of infinite series, 

r». 




* logics) = — - — y — 2 (-L. - X ). 

ax x i \x + v vf 


If we again differentiate term by term, we similarly obtain 

✓72 ® 1 

, 2 logH*) = 2 j-i— 

ax 2 y^o(x + v ) 2 

and finally, forming the higher derivatives, 

£ 1 __ (-l) m d m 


o (x + v) m (m — 1 )! dx m 


logr(x) {m 2). 


5. The Extension Theorem. 

The values of the gamma function for negative values of x 
can easily be obtained from the values for positive values of 
x by means of the so-called extension theorem. If we form the 
product r(x)r(—x), which is 


lim 




n x lim 




«->«#($+1)... (x+n— 1) n~>oo—x{l—x) (2—x).. .(n— 1— x) 
and combine the two limiting processes into one, we obtain 

r(x)r(-x) = -Ilim 


xK-+„{l-(x/l)*}{l-(x/W} •. .{l—(x/(w—I))*}’ 


But by the infinite product for the sine, 
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deduced in Vol. I, p. 445, we have 


Hence 


r(z)T(-x) = 


X SHl7rX 


TH = - 


77 1 

x sin77X r*(x)’ 


We can put this relation in a somewhat different form by 
calculating the product r(x)T(l — x). Since 

T(1 — x) = —xr(—x), 

r(x)T(l — x) = —xr(x)F(—x), and we obtain the extension 
theorem 

r(x)r(i-a:)== -A-. 

sm7rx 


Thus if we put x = we have r(§) = VW. Since 

r(^) = 2 / e~ ul du, here is a new proof for the fact that the 
J o 

integral J e~ u 'du has the value In addition, we can 

calculate the gamma function for the arguments x—n+|,. 
where n is any positive integer: 

r KH-;)(-!) IHO 

(2» — 1) (2n — 3) ... 3.1 , 

== ——-—-V w, 

2 n v 


6. The Beta Function. 

Another important function defined by an improper integral* 
involving a parameter is Euler’s beta function. The beta 
function is defined by 

B(x, y) = /Vi( 1-f)*- 1 *. 

•'o 

If either x or y is less than unity, the integral is improper. By 
the criterion of section 4, p. 307, however, it converges uniformly 
in x and y, provided we restrict ourselves to intervals x ^ e, 
rj, where e and r\ are arbitrary positive numbers. It therefore- 
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represents a continuous function for all positive values of x and y. 

We obtain a somewhat different expression by using the 
substitution $ = r + |: 

B( * If) =/_* t 0 + - t)" 1 *. 


or, in general, if we now put r = t/2s, where s > 0 , 
(2*)“+»- 1 B(*, y) = (s + — ty^dt. 

If, finally, we put t = sin 2 <£ in the original formula, we obtain 

r rr/2, 

B($, y) = 2 / sin 2 * -1 ^ cos 2 v ~ 1 ^d<^. 

■'o 

We shall now show how the beta function can be expressed 
in terms of the gamma function, by using a few transformations 
which may seem strange at first sight. 

If we multiply both sides of the equation 

(2 S )«+v- i b(cc, y)=f (s + t^-^s — ty-'dt 

by e' 23 and integrate with respect to s from 0 to A, we have 
B(x, y) f er 2 *(2s) x + v - 1 ds = f e~ 2s ds f(s + t) x ~ l (s — t) v ~ l dt . 

•'O •'O — s 

The double integral on the right may* be regarded as an 
integral of the function e~ 2 *(s + — t) v ~ x , the region of 

integration being the isosceles triangle bounded by the lines 

s 1 = 0 and s = A. 


If we apply the transformation 

<7 = S -f- t, 
T = S — t, 

this integral becomes 


1 

2 



<r - r <j*- l T*- 1 dadT. 


As the region of integration we now have the triangle in the 
oT-plane bounded by the lines <r = 0, r = 0, and a + r = 2 A. 
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If we now let A increase beyond all bounds, the left-hand side 
tends to the function 

lB(x,y)T(x + y). 

The right-hand side mnst therefore converge also, and its limit 
is the double integral over the whole first quadrant of the crr-plane, 
the quadrant being approximated to by means of isosceles 
triangles. Since the integrand is positive in this region and the 
integral converges for a monotonic sequence of regions, by 
Chap. IV (p. 263) this limit is independent of the mode of 
approximation to the quadrant. 

In particular, we can use squares of side A, and accordingly 
write 

r A r A 

B(x, y)r(x-f y) = lim / / e~ <r ~ T cr B ~ 1 T v “ 1 da dr 

A->oo •'o 

= / er*o*- l dal e^r^dr. 

•'o •'o 

We therefore obtain the important relation * 

r(s + y) 

From this relation we see that the beta function is related to 

the binomial coefficients m \ : j n roughly the same 

\ n / n\ ml 6 J 


* This equation can also be obtained from Bohr’s theorem. We first show 
that B(ar, y) satisfies the functional equation 

B(* + 1, y) “ -JL- B(z, y), 
x + y 

so that the function 

u{x, y) - T(x + y) B(x, y), 

considered as a function of x , satisfies the functional equation of the gamma 
function, 

u(x + 1) — xu(x). 

Since by the theorem in the footnote on p. 328 it follows that log u(x, y) is 
a convex function of x , we have 

T(x + y)B{x, y) - 

and finally, if we put x - 1, a(y) - T(y). 

(E 912) 


23 
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way as the gamma function is related to the numbers ft!. For 
integers x = n, y=m, in fact, the function 


(*+ y+ i)B(a; + 1, y + l) 


has the value 


( ft + m\ 
ft / 


Finally, we mention that the definite integrals 


~ir/2 ~nl2 

/ am a tdt and / cos a tdt, 
Jr\ J(\ 


which are identical with the functions 


ltt/a+1 lp/1 a+l\ 


can be simply expressed in terms of the gamma function: 
0 Jq cl T(a/2) 


Examples 

1. Prove that the volume of the positive octant bounded by the planes 
x = 0, y — 0, z sas h, and the surface 


x j_ y 
a™ + b” 


(m > 0) 


* r(i +1)* 

u (h\m \ mf 

U ^F 


2, Prove that 


ffPQ + v + 

fit ji2 

taken throughout the positive octant of the ellipsoid — -}— ^ 1 

is equal to a b * 


, r © r © r Q /W 

r ( P+g+r ) V 
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(Hint: Introduce new variables tj, £ by writing 

*+£+*-1 x - aVW ^) 

a 2 6 a c 2 

n t ^ or y = fc V^(i - o 

6 2 c 2 

T=&)t: z = cy/'W» 

c 2 

and perform the integrations with respect to tj and £.) 

3. Find the x-co-ordinate of the centre of mass of the solid 

& + & + C>'- 

4. Find the moment of inertia of the area enclosed by the astroid 

+ y i = R* 

with respect to the x-axis. 

5. Prove that 

2 2x D = 2Vir 

jT(2x) 

7. Differentiation and Integration to Fractional 
Order. Abel’s Integral Equation 

Using our knowledge of the gamma function, we shall now 
carry out a simple process of generalization of the concepts of 
differentiation and integration. We have already seen (p. 221) 
that the formula 

-£'%=&*** -mfo- tr ' /m 

gives the m-times-repeated integral of the function f(x) between 
the limits 0 and x. If D symbolically denotes the operator in 

differentiation and if D -1 denotes the operator f ■■ dx, which is 
the inverse of differentiation, we may write 0 

F(x) = D~ n f(x). 

The mathematical statement conveyed by this formula is that 
the function F(x) and its first (n — 1) derivatives vanish at 
x — 0 and the n-th derivative of F{x) is f(x). But it is now 
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very natural to construct a definition for the operator D~ K even 
when the positive number A is not necessarily an integer. The 
integral of order A of the function f(x) between the limits 0 and x 
is defined by the expression 

D~ x f(x) = A f*(x — t) x ~ 1 f(t)dt. 

This definition may now be used to generalize nth-order 

d n 

differentiation, symbolized by the operator D n or to/xth-order 

CLX 

differentiation, where p is an arbitrary non-negative number. 
Let m be the least integer greater than p, so that p — m—p , 
where 0 < p < 1 . Then our definition is 

D-n*) - =£ JL f\x - tr'fm- 

A reversal of the order of the two processes would give the 
definition 

D»f(x) = D~ 9 D m f(x) = _l- fix - 
I (p) J o 


It may be left as an exercise for the reader to employ the 
formulae for the gamma function to prove that 


D»D*f(x) = D*D*f(x), 


where a and ft are arbitrary real numbers. He should show that 
these relations and the generalized process of differentiation have 
a meaning whenever the function f(x) is differentiable in the 
ordinary way to a sufficiently high order. In general D^f(x) 
exists if f(x) has continuous derivatives up to and including the 
mth order. 

In connexion with these ideas we may mention Abel’s integral 
equation, which has important applications. Since r(§) = \Ztt, 
the integral of a function f(x) to the order \ is given by the formula 


D~'f(x) = ~f 

/— •'n 


■&= & = <p(x). 
y x — t 


If we assume that the function ip(x) on the right-hand side 
is given and that it is required to find f(x), then the above formula 



rv] 


ABEL’S INTEGRAL EQUATION 


34i 


is Abel’s integral equation. If the function tft(x) is continuously 
differentiable and vanishes at x — 0, the solution of the equation 
is given by the formula 

or 

f( X ) = J- ~ f -WL dt. 

V TT dx \/x — t 

8. Note on the Definition of the Area of a Curved 

Surface 

In section 6 of Chap. IV (p. 269 ) we defined the area of a 
curved surface in a way somewhat dissimilar to that in which 
we defined the length of arc in Vol. I, Chap. V (p. 277 ). In the 
definition of length we started with inscribed polygons, while in 
the definition of area we used tangent planes instead of inscribed 
polyhedra. 

In order to see why we cannot use inscribed polyhedra, we 
may consider a cylindrical surface in xyz- space with the equa¬ 
tion x 2 + y 2 — 1, lying between the planes z= 0 and 2=1. 
The area of this cylindrical surface is 2tt. In it we now 
inscribe a polyhedral surface, all of whose faces are identical 
triangles, as follows. We first subdivide the circumference of the 
unit circle into n equal parts, and on the cylinder we consider 
the m equidistant horizontal circles z = 0, z = A, z = 2 A, ... , 
z~ (m— 1)A, where h — 1/m. We perform the subdivision of 
each of these circles into n equal parts in such a way that the 
points of division of each circle lie above the centres of the arcs 
of the preceding circle. We now consider a polyhedron inscribed 
in the cylinder whose edges consist of the chords of the circles and 
of the lines joining neighbouring points of division of neighbouring 
circles. The faces of this polyhedron are congruent isosceles tri¬ 
angles, and if n and m are chosen sufficiently large this polyhedron 
will lie as close as we please to the cylindrical surface. If we now 
keep n fixed, we can choose m so large that each of the triangles 
is as nearly parallel as we please to the xy-plane and therefore 
makes an arbitrarily steep angle with the surface of the cylinder. 
Then we can no longer expect that the sum of the areas of the 
triangles will be an approximation to the area of the cylinder. 
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In fact, for the bases of the individual triangles we have the 
value 2 sin 7r/w, and for the altitude, by Pythagoras’ theorem, 
we have 

\l— 0 + (\ — cos — a / + 4 sin 4 —. 

\ m 2 \ n) v m 2 2w 

Since the number of triangles is obviously 2mw, the surface 
area of the polyhedron is 

F n m = 2 mn sin- 77 a/ \ + 4 sin 4 77 — 2n sin 77 a/ l + 4 m 2 sin 4 77 . 

’ " n V m 2 2n w V 2w 

The limit of this expression is not independent of the way in 
which m and n tend to infinity. If, for example, we keep n fixed 
and let m -* oo, the expression increases beyond all bounds. If, 
however, we make m and n tend to oo together, putting m = n, 
the expression tends to 2ir. If we put m = n 2 , we obtain the 
limit 2irVl + vr 4 / 4 , and so on. From the above expression F n m 
for the area of the polyhedron we see that the lower limit (lower 
point of accumulation; cf. Vol. I, p. 62 ) of the set of numbers 
F nm is 27 r; this follows at once from F nm ^, 2nsin7r/w and 
lim 2 n aimr/n = 27 t. 

n—>ao 

In conclusion we mention—without proof—a theoretically 
interesting fact of which the example just given is a particular 
instance. If we have any arbitrary sequence of polyhedra tending 
to a given surface, we have seen that the areas of the polyhedra 
need not tend to the area of the surface. But the limit of the areas 
of the polyhedra (if it exists), or, more generally, any point of 
accumulation of the values of these areas, is always greater than, 
or at least equal to, the area of the curved surface. If for every 
sequence of such polyhedral surfaces we find the lower limit 
of the area, these numbers form a definite set of numbers associated 
with the curved surface. The area of the surface can be defined 
as the lower limit (lower point of accumulation) of this set of 
numbers* 

•This remarkable property of the area is called semi-continuity, or more 
precisely lower semi-continuity. 
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Integration over Regions in Several 
Dimensions 

The multiple integrals discussed in the previous chapter are 
not the only possible extension of the idea of integral to the case 
of more than one independent variable. On the contrary, there 
are other generalizations, corresponding to the fact that regions 
of several dimensions may enclose other manifolds of fewer 
dimensions and we can consider integrals over such manifolds. 
In the case of two independent variables, in addition to integrals 
over two-dimensional regions we can consider integrals along 
curves, which are one-dimensional manifolds. In the case of 
three independent variables, besides integrals throughout three- 
dimensional regions and integrals along curves, we have to con¬ 
sider integrals over curved surfaces, which are two-dimensional 
manifolds enclosed in three-dimensional space. These concepts 
of integrals along curves (curvilinear integrals), integrals over 
surfaces, and so on, with many straightforward applications, will 
be introduced and their mutual relations will be investigated 
in the present chapter. 

1. Line Integrals 

We associate the definition of the single integral with the 
intuitive idea of area (Vol. I, Chap. II, p. 77 ) and arrive at the 
multiple integral by straightforward generalization to the case of 
a greater number of dimensions. On the other hand, the physical 
idea of work also leads us to the single integral (Vol. I, Chap. V, 
p. 304 ). If we seek to give a mathematical definition of work 
for an arbitrary field of force in space of more than one dimension, 
we obtain the curvilinear or line integral as a new generalization 

343 
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of the original concept of the integral of a function of a single 
variable. 

1. Definition of the Line Integral. Notation. 

We begin with the purely mathematical definition of the 
integral along a curve (line integral , curvilinear integral), in three- 
dimensional xyz- space. Let a sectionally smooth * curve G in 
this space be given parametrically by the equations 

x = x(t ), y = y(t), z = z(t), 

where, as usual, x(t ), y(t), z(t) are continuous functions with sec¬ 
tionally continuous first derivatives. We consider an arc of this 
curve joining the points P 0 and P with co-ordinates (# 0 , y 0 , z 0 ) 
and (x, y, z) respectively and corresponding, say, to the values 
of the parameter t in the interval a ^ t / 3 . If a continu¬ 
ous function f(x, y, z) is defined in any region containing this 
arc, then along the arc this function will be a function 
f(x(t), y(t), z(t)) of the parameter t alone. In order to define, 
in analogy with the ordinary integral, a line integral of the 
function along the curve C, we divide up the arc into small 
pieces by means of the points P 0 , P l5 P 2 , . . . , P n , (P n = P) and 
denote the difference of the abscissae of P t and P i+l by Ax { . 
We now form the sum 

n~ 1 

2/(*(<<), y(ti), z(t i ))\x i , 

«- 0 

where t { can be given any value in that interval of the parameter 
which corresponds to the arc between P t and P t+1 . If we let the 
number of points of subdivision increase beyond all bounds and 
assume that the length of the longest of the arcs P* P i+1 tends 
to zero, then we may expect that the above sum will tend to a 
definite limit. This limit we denote by 

jf/fo y, z ) d * 

and call it a line integral of the function f(x, y, z) along the curve 
C. That this limit does exist and is actually independent of the 

* Here, as before (cf. p. 41), we say that a curve is sectionally smooth (Ger. 
8tilckwei8e glatt ) if it consists of a finite number of arcs, each one of which has- 
a continuously turning tangent at each of its points, including the end-points. 
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choice of the points of division can be proved directly, just as 
we proved the existence of the ordinary integral. It can be 
proved even more simply, however, by writing the sum in the 
form 

1 Arti 

. 2 /(*(*,)> 

where A t { denotes the increment of the parameter t as we pass 
from one point of subdivision to the next. By the definition of 
the ordinary integral, in the passage to the limit the right-hand 
side tends to 

fmt), m m ~ dt, 

and for the line integral we obtain the expression 

f '/(*, y, z)dx =//(*, y> z ) ^ dt, 

which expresses the line integral as an ordinary integral with 
respect to the parameter t. 

The ordinary integral is a special case of the line integral, 
which arises if we take an interval of the z-axis as the path of 
integration. 

We can now define the line integrals 

f f(x, y, z)dy =fj( x > y> z ) ^ dt 

and 

fj{x, y, Z)dz =jf/(a;, y^ z )\dt 

just as above. Using the right-hand side of the formulae, we can 
verify the fact that the line integral depends only on the curve 
itself and not on the way in which it is expressed, i.e. not on the 
choice of parameter. For if we use the continuously differentiable 
function <f>(t) to introduce a new parameter t = <f>(t) and if in 
the interval in question d<f>{t)/dt > 0, then we have a one-to-one 
transformation of the parameter interval into a parameter 
interval ^ r 5 * J 3 V and 




346 


LINE AND SURFACE INTEGRALS [Chap. 


In applications line integrals usually occur in the following 
combination. Let a{x, y, z), b(x, y, z), c(x, y, z) be three functions 
which are continuous in a region containing 0. We consider the 
sum of the three line integrals 


J a{x,-y, z)dx+j b(x, y, z)dy + J c(x, y, z)dz, 


which can also be written in the form 

& 


J{adx + bdy + cdz} (ax + by + cz)dt, 


where, as before, dxjdt = x, and so on. We suppose that the func¬ 
tions a , b, c are respectively the x -, y-, and 2 -components of a 
vector A and that x is the position vector of the point (x, y, z) 
of the curve. Then the quantities x, y, z are the components 
of the vector x — dxjdt , and we can write the integrand as the 
scalar product Ax. For the line integral we thus have the 
expression 

jAx dt = l Adx, 

^ c 


where the meaning of the notation is obvious. 

Just as we have considered line integrals in three-dimensional 
space, so we can of course consider similar integrals in the plane: 

Jj(x, y)dx, Jj{x, y)dy, £ {adx + bdy}. 


Moreover, these ideas can be extended to line integrals of func¬ 
tions of n variables. In this general case we can most simply 
define a line integral 


/ f( X U * 2 . • • • , x n )dx t 


by supposing that in w-dimensional space the n quantities 
x v x 2 , , x n are all given as functions of a parameter t in the 

interval a ^ /3. The values x l (t), x 2 (t), . . . , x n (t) in this 

interval then correspond to a curve C in n-dimensional space. 
We then define the line integral 
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by the expression 

fnm, ,x n (t)) d ^dt. 

If we consider n functions a v a 2 , . . . , a n of the n variables 
x 2 , . . . , x n9 then we can again form the general line integral 

J {%(&! 4- a 2 dx 2 + . . . 4 - a n dx n ] 

and express it in vector notation in the form 

f Axdt = f A dx , 

*4 J c 

where, as above, by A we mean the “ vector ” with components 
(a v a 2) . . . , a n ) and by x the position vector of the point 
(®n x 2 , . . . , x n ). 

The formulae for the area of a region bounded by a closed curve C 
(Vol. I, Chap. V, section 2, p. 273) provide an instance where a line integral 
occurs naturally. If the closed sectionally smooth curve C in the rry-plane 
is given by the equations x — x(t\ y = y(t), the area A of the region bounded 
by the curve is given by 

rP rP 1 rP 

A == — J yxdt = J xydt == — - J {yx — xy}dt . 

In our new terminology these are simply the line integrals 

A = — fydx = fxdy == — ].[ {ydx — xdy], 

Jo Jo J * Jc 

taken round C in the direction in which the value of the parameter 


2. Fundamental Rules. 

From the expression for line integrals in terms of ordinary 
integrals we may draw several immediate conclusions. 

The value of the line integral depends on the sense in which the 
curve C is described , and in fact is multiplied by if the sense 
of description is reversed , i.e. if the curve is described from P to P 0 
instead of from P 0 to P. The proof of this is self-evident. This 
sign property makes it always convenient to think of the curve 
C as having a definite direction; we then call it an oriented curve 
(cf. Vol. I, Chap. V, section 2, p. 268 ). We shall occasionally use 
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the symbol — C to denote the curve obtained by describing G 
in the reverse direction. 

If the curve C is formed by joining together two curves 
and 0 2 described in succession (which we may indicate by writing 
C — C x + C 2 ), then the relation 


j = J + f 

Jc Jo* 


holds for the corresponding line integrals, the meaning of the 

notation being obvious. 

The following rule is particu¬ 
larly important. If we restrict 
ourselves to the case of two 
variables x, y and consider a line 
integral 

J [a dx + bdy } 

along a dosed curve C (like that 
in fig. 1) within which the vector 
field a, b is everywhere defined 
and continuous, then the formula 

J {adx + bdy} 

=J {adx-}- bdy} + J {adx -f bdy}+ ... + J{adx-{- bdy} 



holds for every resolution of the dosed region R bounded by the 
oriented curve C into similarly bounded sub-regions R 1? R 2 , . . . , R n 
with boundary curves C v C 2 , , C n . Here we assume that all 

the regions are described in the same sense. To prove the state¬ 
ment, we notice that in the addition of the integrals on the 
right the parts which are taken over a portion of the boundary C 
add together as is required to form the integral round C , while 
every boundary curve lying within R is the common boundary of 
two sub-regions and is consequently described twice, once in each 
direction, so that the integrals along these arcs cancel one 
another. 

Exactly the same result applies to the resolution of a line 
integral along a curve C in three (or more) dimensions, provided 
that the curve forms the boundary of a portion of a surface and 
this portion is subdivided by the curves C v C 2 , . . . , C n . 
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A somewhat different application of this principle occurs in 
the following theorem. Let two oriented closed curves C and C' 
(cf. fig. 2 ) be subdivided by the points A v ...,A n and A t \..., A n ' 



respectively, in the order of the sense of orientation, and let 
each pair of corresponding points A { and A ■ be joined by a 
curved line. If by C { we denote the closed oriented curve 
AjA i+ 1 A-yA ,•, then 

2 f (adx -f bdy) — f (adx -f bdy) — f (adx + bdy). 

* Jo J C‘ 

The proof of this theorem is immediately suggested by the 
figure. In order that it may hold, it is not necessary to assume 
that the two curves C and C' never intersect themselves or one 
another. 

Finally, we mention an integral estimate far line integrals : 

f c {adx + bdy + cdz } ^ ML, 


where M is an upper bound of <\/(a 2 + 6 2 + c 2 ) on C and 
L is the length of C. The proof follows at once from the 
inequality 


dx , r dy , dz 
a- + b-~ + c-~ 
dt dt dt 


^*\fa 2 -{-b 2 -\-c 2 


dx \ 2 , /dy \ 2 , /dz \ 2 

,dt) + \<fe/ + W 


which is obtained by applying Schwarz’s inequality (Vol. I, 
p. 12). 
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3. Interpretation of Line Integrals in Mechanics. 

As we have already mentioned, the line integral is closely related to 
the idea of zoork. If a particle moves along a curve under the influence of 
a field of force—which in general may vary from point to point—and if 
the field of force is given by the vector A with components a, 6, c, the 
line integral represents the work done by the field on the particle. For, if the 
force is constant and the motion takes place in a straight line, the work 
is defined as the scalar product of the force vector and the “ displacement ” 
vector. In order to generalize this definition convincingly, we replace 
the path C by the polygon with vertices p 0 , p v p 2 ,...,p n = P, and 
instead of the actual force we take a “ substitute force ” which is con¬ 
stant along each of these segments being equal to the actual 

value of the force at the initial point P t . The work performed by this 
substitute force along the segment from P { to P i+1 is 

«(*<> Vi< z,)A*« + b(Xi, y t , z { )hy { + c(x { , y { , z,-)Az,., 

since the displacement vector from P { to Pi+i has the components 
Ax iy AA z { . If we sum over the whole polygon, we obtain an expression 
which tends to the line integral as we pass to the limit n-+ oo. Thus the line 
integral is actually the expression for the work done during the motion. 

Other physical interpretations of the line integral will be given later 
(cf. section 3, pp. 370-1). 

4. Integration of Total Differentials. 

A particularly important case is that in which the vector A 
with components (a, b, c) is the gradient of a potential* i e. there 
exists a function F(x, y , z) of the co-ordinates such that 

A = grad F 
or 

a = F Xi b = F v , c = F a . 

Although in general the value of a line integral in a vector 
field depends not only on the end-points but also on the entire 
course of the curve C, the following theorem is valid here: 

The line integral over a gradient field is equal to the difference 
between the values of the potential function at the end-points and does 
not depend on the course of C between the end-points. That is, we 
obtain the same value for all curves which join the two end¬ 
points and remain entirely within the region in which the potential 
function F is defined. 

* If A ss grad F, then the function F is often called the potential of the 
vector field. 
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In this case the line integral takes the form 

J{adx + bdy + c<fe}= J {F x x + F v y + F z z}dt, 

and the expression in brackets on the right is simply the derivative 
dFjdt of the function F with respect to the parameter t. We 
can therefore perform the integration explicitly, and obtain on 
the right the difference of the values of F at the end point and 
the initial point of the path of integration. In this case, therefore, 
we at once have the formula 

f"{adx+bdy+cdz} = F(x(i3), y(f}), z(f}))—F(x(a), y(a), z(a)). 

This applies e.g. to the field of force due to a gravitating 
particle, which we have already (Chap. II, section 7, p. 91) 
recognized as the gradient field of the potential 1/r. The work 
done by this gravitational force when another particle moves 
from its initial position to its final position is therefore indepen¬ 
dent of the path. 

The expression adx -f bdy + cdz is formally identical with 
what we have (p. 66) called the total differential of the function 

F(x, y > 

adx + bdy -f cdz — dF. 

We may therefore write our formula in the form 

fdF— F(x(I 3) 9 y(l 3), z(fi)) - F(x(a), y(a), z(a)) 

and speak of integrating the total differential adx + bdy + cdz. 

The following fact is of fundamental importance. The state¬ 
ment “ the integral is independent of the path ” is equivalent to 
the statement “ the integral round a dosed curve has the 'value 
zero ”. For if we subdivide a closed curve by means of two 
points P 0 and P into two arcs C and C l9 the equality of the 
two line integrals taken along G and C 1 from P 0 to P means 
exactly the same thing as the vanishing of the sum of the integral 
taken along G in the direction from P 0 to P and the integral 
taken along G x in the direction from P to Po, and this snm is 
the integral taken round the closed curve. 
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5. The Main Theorem on Line Integrals. 

As we have already emphasized, it is only under very special 
conditions that a line integral is independent of the path, or, 
what is equivalent, that the line integral round a closed curve is 
zero. For example, if a closed curve C forms the boundary of a 
region of positive area, then by p. 347 the line integral [xdy or 
f(xdy-ydx) is not zero. The chief problem of the theory of line 
integrals is to show that the sufficient condition for independence 
of the path, given on p. 350, is also necessary , and then to express 
this necessary and sufficient condition in a convenient and useful 
form. 

We shall first investigate this question of independence of the 
path in the case of plane curves. We may add in advance that 
the results in the case of three or more variables are exactly 
analogous. 

We now make the following assumptions. Let the functions 
a(x, y) and b(x, y) (which we shall again interpret as components 
of a plane vector field A), together with their partial derivatives 
a v and b x , be continuous in a region R of the plane. The follow- 
ing theorem then holds: 

The line integral 

J {adx + bdy } 

taken along the curve C in R is independent 
of the path C and is determined solely by the 
of the curve C, if, and only if, adx + bdy 
of a function U(x, y), that is, if, and only 
exists in R such that the relations 

D x = a, V „ = 6 

or 

A = grad TJ 


of the particular choice 
initial and final points 
is the total differential 
if, a function U(x, y) 


hold everywhere in R. 

We have already proved on p. 351 that this condition is 
sufficient , i.e. that from this it does actually follow that the 
integral is independent of the path. 

It is easy to see that the condition is necessary . If the integral 
is independent of the path, then for a fixed initial point P 0 of C 
it is a (one-valued) function U(£, rj) of the co-ordinates (f, rj) of 
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the end-point P. U(£, rj) is differentiable with respect to £ and t], 
and in fact for every interior point of R we have 

U t (i, V ) = lim + h, r,) - U(£, r,)} 

= lim ~ I f {adx + bdy } — f {adx -f bdy] 
h->oh L j o+ch j o J 

= lim \ f{adx + bdy}. 

h->oh J Ck 


Here C is any sectionally smooth curve whatever joining P 0 to 
the point P in jR, and C h is a sectionally smooth curve in R joining 
P to the point P x with co-ordinates (£ + A, 77). Since for suffi¬ 
ciently small values of h the line-segment PP l belongs to R, this 
segment can be taken as the path of integration C h . Then the 
parametric representation x= t, y ~ rj } £ t h of this 

curve O h gives 

1 r& +k 

U((€, v) = bin - / a(t, rj)dt= a(f, rj). 
Similarly, we find that 

U V (L rj) = lim - f b(g, t)dt = b(g, tj). 


Hence it is actually true that TJ x (x, y) = a, U v (x, y) = 6, as 
was stated. This result, which has so far been proved only for 
interior points of R , holds on the boundary also, in virtue of the 
continuity of all our functions. 

The above theorem, however, is of no great value, since as 
yet we have no general way of finding whether the vector field 
A is a gradient field or not. Instead of the gradient character of 
the vector field, we therefore attempt to state some other condition 
referring only to the functions a and 6 themselves. This is given 
in the following main theorem: 

If R is a simply-connected (open) region , a necessary and at the 

same time a sufficient condition that the integral J (adx + bdy) 

shall be independent of the path C joining two given points in R 
is that the “ condition of integrability ” 

a v = b m 


(E912) 


24 
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is satisfied for all points of R. For a fixed initial point of C the 
integral J( adx + bdy) then represents a function U(f, rj) of the 

co-ordinates (£, rj) of the end-point , and the vector field A is the 
gradient field of this function U, which may therefore be called 
the potential of the field. 

That the condition is necessary follows from the theorem 
which we first stated and proved. For by this theorem, 
if the integral is independent of the path, a function 
U(x, y) exists in R for which U x = a and U y = b. Since the 
derivatives 

V vx = a v (x, y) and U xv = b x (x, y) 


are continuous, by Chap. II, section 3 (p. 55) the equation 
U m — V yx holds, and therefore 

a*(®. y) = bjx, y), 

as stated. 

In order to show that the condition a y = b x is also sufficient. 

and consequently equivalent to 
the condition that A is a 
gradient, we must now use the 
assumption a y = b x to construct 
a function U(x, y) in R such that 
V x = a(x 9 y) and U v = b(x , y). 
We first consider the simple casfr 
in which R is a rectangle witib 
sides parallel to the axes, given 
by the inequalities a < x < p, 
y <y < 8. The fixed point F 0 
of the region with co-ordinates 
(£o> Vo) is joined to the point P with co-ordinates (£, rj) by means 
of two line-segments PqP', P'P parallel to the axes, meeting 
at the point P f with co-ordinates (£ 0 , rj). The line PqP' is para¬ 
metrically represented by *= ^ 0 . y = ty where and 

P'P by x = t 9 y = rj, where £ Q ^t^>£ (cf. fig. 3). Hence tha 
integral j(adx+ bdy) from P 0 to P taken along this pair oi 
lines is given by 

J{adx + bdy}= j 6(f 0 , t)dt + J a(t, 



Fig. 3 
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The function 

Ud, ri) = ['b(€» t)dt + f a(t , rj)dt 

defined in this way is the function required. For by differentiation 
we at once have 

&*($> v) = <*(£> v) 

and 

v) — b($ 0 , -q) + 9 - f a(t, t j)dt. 

cr) J U 

Since a v (t, rj) is continuous, we may differentiate under the 
integral sign on the right: 

U„(£, v) — b (£o> v)+f «,(*» 

''to 

As a v (x , y) =-• b x (x , y), we have 

v) = *•&» v)+f h t(t, y)dt 

''to 

— Hto> v) + b (t, v) — b(U rj) = b(i, r)). 

Thus the statement about the derivatives of Z7(f, 77 ) is proved, 
and from this it follows at once that the line integral is inde¬ 
pendent of the path. In general, therefore, 

U(£, r )) (adx + bdy), 

where C is an arbitrary sectionally smooth curve joining P 0 to P 
and lying in the rectangle. The theorem is accordingly proved 
for the case of a rectangular region R. 

To generalize the result for any simply-connected region R 
we have merely to extend the construction of the function U 
to such a general region. We say that a two-dimensional 
open region is simply-connected if every closed polygon within it 
can, by a continuous deformation within the region, be made 
to shrink up to a point. This pictorial idea of shrinking to a point 
can be made precise in the following way. Let the vertices of the 
polygon II be P& • • - » P n with co-ordinates (x 0 , y 0 ), 
(x x , yj, . . . , ( x n , y n ) respectively. We now think of these vertices 
as moving continuously with the time, starting at P 0 , P v . . . , P n 
respectively when t = 0 and all coming together at time t = 1 
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at one and the same point (£, 77 ) in 22. That is, we suppose that 
there are points P 0 (t), P\(t), . . . , P n (£), whose co-ordinates (x 0 (t), 
y 0 (t)) 9 • • • > 2 /n( 0 ) are continuous functions of 

t for 0 ^ t ^ 1 , and also that 

^,(0) - (x 0 (0), Vo(0)) = P 0 , • • •. Pn(0) - (*.(0), y n (0)) - P n 
and 

P 0 (l) - (*0(1), t/o(l)) = ((, V),..P„(l) = (*n(l), y„(l)) = (€,V). 


Of course any closed polygon can be made to shrink to a point 
if we do not restrict its position in any way. The essential feature 
of our definition of a simply-connected region is that every closed 
polygon in the region can be shrunk to a point, the polygon II (t) 
unth vertices P 0 (t), P x (t) . . . , P„(t), P 0 (t) remaining in the region 
during the whole process of shrinking , i.e. for all values of t in the 
interval 0 ^ t ^ 1 . 

It is intuitively clear that this definition agrees with that on 
p. 41. For if our region R is multiply-connected in the sense of 
p. 41, there is a “ hole ” in it, and a closed polygon in R enclosing 
this “ hole ” cannot be shrunk to a point without crossing the 
“ hole ”, i.e. without leaving R. Conversely, if there are no 
“ holes ” in 22 , any closed polygon can be shrunk to a point. 
We shall not prove this analytically, however, as the proof is 
lengthy and, moreover, we require only the definition given 
here. 

We shall see that in the generalization o\ our main theorem 
the limitation to a simply-connected region R is essential. 

This generalization for any simply-connected region follows 
the same lines as the proof for rectangles, in that we again con¬ 
struct a function U(x, y) in the region R for which U x ~ a and 
U y = 6 . Starting from an arbitrary point P 0 in 22, we define 
U(x, y) by the statement 

U(x, y) =f (adx + bdy), 

where the path of integration is any polygonal path in R joining 
the point P 0 to the point P(x, y). If we can show that the value 
U(x, y) thus defined is independent of the particular polygonal 
path which we have chosen, then we have actually constructed 
a function which satisfies the conditions U K = a, U v = 6 . 



V] 


LINE INTEGRALS 


357 


We therefore have merely to prove that the integral is in¬ 
dependent of the path, or instead, that the integral \(adx + bdy) 
round a closed polygon II containing the point P 0 vanishes. For 
this purpose we make II shrink to a point in R ; that is, in R we 
form the polygon II (t) with vertices P 0 (t), P^t), .. ., PJf) which 
coincides with II at t = 0 and reduces to a single point at t = 1. 
Since the “ line integral 55 for a single point—a curve of zero 
length—clearly has the value zero, our problem is merely that of 
showing that the line integral along II(£) remains constant as t 
varies from 0 to 1 ; we shall then know that the integral along 
U(t) is 0 for all values of t, and, in particular, that the integral 
along II is 0 for t = 0 . 

Now consider any value t' of t. Since the polygon 11(0 lies 
within R y we can choose a sequence of points (not necessarily 
vertices) Af = P 0 {t'), A A 2 ', ... A m ' — A 0 ' on II(£') so close 
together that each pair A /, A/ +1 lies within a rectangle R { interior 
to R. If t is any parametric value close enough to the polygon 
II(£) lies so close to II (t f ) that on II(£) we can choose points 
A 0 , A v ..., A m = A 0 for which the segments A/Ai and A/ n A i+1 
and the whole arc A t A i+1 all lie in the rectangle R { . Then by 
what we have already proved for rectangles, the integral round 
the closed polygonal path A/A/+ 1 A i + 1 A i A/ is zero. Thus if we 
denote that polygonal path by C if we have (cf. p. 349) 

J /i /» m —1 /• 

' (adx + bdy) — / (adx + bdy) — 2 / (adx + bdy) = 0 . 
n(t) * * / ri(t') i-o *'oi 

For all values of t close enough to t', therefore, the integral 
round II (t) is equal to the integral round II (t'). Thus if we think 
of the integral round II (t) as a function cf>(t) of the parameter t, 
it follows that is a constant; that is, the integral round 
Il(t) has the same value for every value of t, which is what was 
required to complete the proof of the theorem. 

Finally, we emphasize that for three or more dimensions 
an exactly analogous theorem holds and is proved in an exactly 
analogous way. We content ourselves by stating the theorem 
for three variables: 

If in an open region R within which any closed polygon can 
be made to shrink continuously to a point we are given a continuous 
vector field A with components a(x, y, z), b(x, y, z), c(x, y, z) and 
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continuous partial derivatives a y , a z , b z , b x , c x , c y , then a necessary 
and sufficient condition that the line integral 



adx + bdy -f- cdz} 


may he independent of the path C in E is that the conditions 
a v = b x , b z = c y , c x = a z , 


or, in vector notation, the condition 

curl A — 0, 

shall be satisfied . 

For a fixed initial point P 0 the line integral is a function 
U(x, y, z) of the co-ordinates of the end-point, and in fact 

f {adx + bdy + cdz}= U(x, y, z) — U(x 0 , y 0 , z 0 ), 

o 

or, in vector notation, 

f P Adx=U(P)-U(P 0 ), 

where the convenient abbreviation U(P) denotes the value of the 
function V at a point P. 


6. The Significance of Simple Connectivity. 

Throughout the above discussion it is essential that the 
region under consideration should be simply-connected. If the 
connectivity of the region were not simple, we should not be 
certain that the function V could everywhere be determined 
uniquely by integration along polygonal paths. 

We give the following example to show that in multiply- 
connected regions the conditions of integrability are not suffi¬ 
cient to ensure that the integral is independent of the path. 


The functions 


a(x, «/)== — 


y 


b(x, y) = 


x 

x 2 + y 2 


are defined and continuous for all values of x , y except x = 0, y = 0. Their 
derivatives 


1 , 

<? + * + 


1 _ 2x 2 

x* 4- y 2 (z 8 + y 2 ) 2 


y) 


y) 
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are also continuous, except at the origin, and satisfy the condition 


359 


y) = y) = 


(** + y*f 


If we now take the integral 


J {a dx + bdy} 


round the circle C with centre at the origin given by x = cos£, y — sin t, then 
C cannot be enclosed in a simply-connected region It in which the assump¬ 
tions are satisfied; for the region R we must take a ring-shaped region 
that does not contain the point (0, 0). Then 

/» /*2n /*2 tt 

I {adx -f bdy} = / sin<) -f oosf. cos t}dt — I dt = 27r, 

^<7 Jq 

and the integral round the closed curve is therefore not zero.* 


Examples 


1. Evaluate the integral 


I ( e x sin ydx -f e x cos ydy\ 
Jo 


where C is a curve joining the points (0, 0) and (£, vj). 

2.* Evaluate the integral 

C f e x e x \ 

/ V ; (* cosy + y sin y)dy + — (x sin y — y cos y)dx ) 

Jo 'a? -f- y 2 x 2 + y 2 J 

along a closed curve enclosing the origin, which does not intersect itself. 


2. Connexion between Line Integrals and Double Inte¬ 
grals in the Plane. (The Integral Theorems op 
Gauss, Stokes, and Green.) 

1. Statement and Proof of Gauss’s Theorem. 

For functions of a single independent variable one of the 
fundamental formulae stating the relation between differentiation 
and integration is 

f‘f'(x)dx=f{x 1 ) —/(*„). 

*• 

*We may remark in passing that the value of the integral f(adx + bdy ) 
for any curve which does not intersect itself and which encloses the origin is 
the same, namely, 2ir. This follows immediately from the general theorem on 
subdivisions (cf. p. 349) if we subdivide the ring-shaped region between two such 
curves G and C' into a number of simply-connected regions by cross-curves C { 
and apply the theorem to each of these. 
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An analogous formula—Gauss’s theorem—holds in two dimen¬ 
sions. Here again a differentiation is cancelled by an integration, 
in the sense that double integrals of the form 


J j f x dxdy or Jfj} v dxdy 


are transformed into integrals that are only taken round the 
boundary curve C of R. We here regard the boundary C as an 
oriented curve and indicate the sense of description by means of 
a sign. Gauss’s theorem is then as follows: 

If the functions f(x, y) and g(x, y) are continuous and have 
continuous derivatives in a region R hounded by a sectionally smooth 
curve C, then the formula 

'■> y) + 0v(z> y)]dxdy = J{f(x, y)dy — g(x, 

+ 0 

holds , where the integral on the right is a line integral round 
the closed boundary 6 of the region, taken in the positive sense 
of description, i.e. in such a way that the interior of the region 
R remains on the left as the boundary is described. 

In the proof we first restrict ourselves to the case in which 
the boundary C is cut by every line parallel to one of the axes 
in two points at most; in addition, we assume that g(x, y) is 
zero everywhere in R. Then by the results of the previous chapter, 
section 3 (p. 243), we can express the integral 

Jf x M x > y) dxd v 

as a repeated integral in the form 

ff/*( x ’ y) dxd y = f d y ff*( x > y) dx > 




where y ranges over the interval to which points of R correspond 
and the integral jf x (x, y)dx is to be taken along the segments 
common to the lines y = const, and the region R. If x 0 (y) (fig. 4) 
denotes the point of entry and x l {y) the point of emergence of the 
parallel at the distance y from the x-axis, where x x ^ x 0 , then 

X x t (y) 

fx(x, y)dx=f(x 1 (y), y) —f(x 0 (y), y). 

-.(*) 

If, further, we denote the least and greatest values of y to which 
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points of R correspond by rj 0 and rj v then by integrating this 
equation with respect to y from rj Q to % we obviously obtain 


ffU x . y) dxd v = rf( x i(y)> y) d v +f’f( x o(y)> y) d y- 


For the 


special case g(x, y) = 0 , however, this equation is 



equivalent to the theorem of Gauss stated above, as follows 
immediately from the definition of the line integral 

ff(x, y)dy. 

+ 0 


It is to be noted that the case in which the boundary of R contains 
portions parallel to the z-axis is included in the above. These 
portions contribute nothing to the boundary integral, for along 
every such portion the line integral \f(x, y)dy vanishes, since y 
is constant there. 

If we make use of our assumption that no parallel to the 
y-axis cuts the boundary of R in more than two points, the same 
considerations lead us to the formula 


or’ 


/ f*9v( x > y'i&cdy =jf \g{x, &(*)) — g(x, y 0 (x))}dx 
f fjvfa y)dxdy = —Jg(x, y)dx. 


* The occurrence of the negative sign on the right-hand side should not 
cause surprise; the x-axis and i/-axis in the plane are not exactly equivalent, 
as the 2 -axis is transformed into the y-axis by a •positive rotation of % r/2, while 
the jy-axis is transformed into the x-axis by a negative rotation of w/2. 
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Addition of the two formulae finally gives Gauss’s theorem in 
the general form 

h y) + 9v(x, y)]dxdv =J^{f(x, y)dy — g(x, 
stated above. 

We can now extend our formula to more general regions, 
which do not possess the property of being cut by every parallel 
to the axes in two points at most. We start from the fact 
that by piecing together a finite number of regions with that 
property we can construct regions which in general do not possess 
such a property (cf. fig. 5). For each separate region Gauss’s 

theorem holds; and, on addi¬ 
tion, the parts of the line 
integrals along the internal 
connecting lines cancel one 
another in the usual way (p. 
349), since each of these is 
traversed twice, once in each 
direction, and we are left with 
Gauss’s theorem for the entire 
region. Conversely, this proves 
Gauss’s theorem for all regions 
R which can be divided into a finite number of sub-regions 
in such a way that the boundary of each of these sub-regions is 
intersected by parallels to the co-ordinate axes in not more than 
two points. We mention without proof that Gauss’s theorem 
does actually hold for any region with sectionally smooth boun¬ 
daries.* The proof can be obtained by a passage to the limit. 

In conclusion we remark that the condition that the region 
can be divided into a finite number of sub-regions, each of which 
is cut by every line parallel to an axis in two points at most, can 
be replaced by the following condition: the boundary of the 
region can be subdivided into a finite number of portions, each of 
which has a unique projection on the two co-ordinate axes; here, 
however, we allow the projection on one of the two axes to 
consist of a single point, i.e. we allow the boundary to contain 
portions parallel to the axes. 

* For such regions our assumption is not necessarily satisfied. For example, 
the boundary may partly consist of the curve y «* x* sin 1/x, which is cut by the 
jr-axis in an infinite number of points. 



Fig. 5.—Non-convex region formed from 
convex regions 
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As a special application of Gauss’s theorem we deduce our previous 
formulae for the area of the region It. We put f(x, y)—x and g(x, y) — 0, 
and at once obtain 



for the area A. In exactly the same way, if f(x, y) = 0 and g(x, y) — y, we 
obtain 



in agreement with previous results (Vol. I, p. 273). For the sign, see 
section 4, 1, below (pp. 374 et seq.). 

2. Vector Form of Gauss’s Theorem. Stokes’s Theorem. 

Gauss’s theorem can be stated in a particularly simple way 
if we make use of the notation of vector analysis. For this 
purpose we consider the two functions f(x , y) and g(x , y ) as 
the components of a plane vector field A. The integrand is 
then given, by the equation 

W, y) + g v (x, y) = divA, 

as the divergence of the vector A (cf. p. 91). In order to obtain 
a vector expression for the line integral on the right-hand side 
of Gauss’s theorem, we introduce the length of arc s of the boundary 
curve C; the positive sense of description is to be taken as the 
direction in which s increases. The right-hand side then becomes 

y)y — y( x > y)*}^ 

where we put dx/ds = x and dyjds = y. 

We now recall that the plane vector t with x-component 
x and ^-component y has the absolute value unity and the 
direction of the tangent, and points in the direction in which s 
increases, while the vector n with x-component y(s) and y-com¬ 
ponent —x(s) has the absolute value unity and is perpendicular 
to the tangent, and, moreover, has the same position relative 
to the vector t as the positive x-axis has relative to the positive 
y-axis.* Hence if the direction in which the length of arc increases 

♦ We see this from considerations of continuity; we may suppose that the 
tangent to the curve is made to coincide with the y-axis in such a way that 
the ^-direction is the same as the direction in which y increases. Then x -* 0, 
y » 1; and from this it follows that the normal vector ft must point in the 
•direction of the positive £>axi8. 
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is that in which the boundary of the region is positively described, 

n is the unit vector in the 
direction of the outward-drawn 
normal (fig. 6). It is useful to 
notice that we can also write 
the components of the normal 
vector n in the form 



Fig. 6 . —Tangent and normal directions where 0/071 denotes differentia¬ 

tion in the direction of the 
^outward-drawn normal; * Gauss’s theorem can therefore also be 
written in the form 

J J(fx + 9v)dxdy + g ds. 


We now see that the integrand is simply the scalar product 
An or the normal component of the vector A. Consequently 
we obtain Gauss’s theorem in the important form 


f f div A dxdy = f Ands — f A n ds . 
J Jr Jo Jo 


In words: the integral of the divergence of a 'plane vector field over 
a closed region R is equal to the line integral , along the boundary , 
of the component of the vector field in the direction of the outward- 
drawn normal. 

In order to arrive at an entirely different vector interpre¬ 
tation of Gauss’s theorem in the plane, we first replace g(x , y ) 
by — g(x, y). Gauss’s theorem then gives 

! > V) — 9v( x > y)] dxdy =j[g(x, y)x +f(x, y)y] ds. 

+ 0 



If the two functions f{x, y) and g(x, y) are again taken as com¬ 
ponents of a vector field A, g this time being the ^-component 
and / the y-component, and if we again interpret x(s) and y(s) 
as the components of the tangential unit vector t, we see that 
the integrand on the right can be written in the form At = A t , 
where At is the scalar product of the vectors A and t, i.e. the 


* For “ differentiation in a given direction ” see Chap. II, section 4 (p. 62). 
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tangential component of the vector A. The integrand on the 
left we have already met with (p. 92) in forming the curl. In 
order to apply the concept of curl here we imagine the vector 
field A extended in any way in space, e.g. by taking the ^-com¬ 
ponent everywhere equal to zero. The integrand on the left is 
then just the component of the vector curl A in the z-direction, 
so that the above equation for the plane can be written in the 
following form: • 

J J*(curl A) z dxdy = JA t d$. 

If by the curl of a vector field in the xy -plane we mean the 
z-component of the vector curl A, where A is any vector field 
obtained by extension as above, we can formulate Gauss’s 
theorem as follows: 

The integral of the curl of a plane vector field over a closed region 
is equal to the integral of the tangential component taken round 
the boundary. This statement is commonly referred to as Stokes’s 
theorem in the plane.* 

If we now make use of the vector character of the curl of a 
vector field in space and observe that the above result involves 
the components of the vector field in the a^-plane only, we can 
free Stokes’s theorem for plane regions from the restriction that 
these plane regions lie in the xy- plane. We thus arrive at the 
following more general statement of Stokes’s theorem: 

/jf(eurlit) n dS = fA t ds, 

where T is any plane region in space, bounded by the curve C, 
and (curl^4) n is the component of the vector curl ^4 in the direction 
of the normal to the plane containing T. 


* We remark in passing that Gauss’s theorem or Stokes’s theorem can be 
used to give a new simple proof for the main theorem on line integrals 
(section 1, p. 353), in particular, for the fact that the condition/* — g v is suffi¬ 
cient to ensure that the line integral is independent of the path. We have seen 
that this independence of the path is equivalent to the vanishing of the integral 
round every closed path. If such a path is the boundary of a region i? of the 
type considered, Stokes’s theorem transforms the line integral 

${g(x,y)dx +f{x.y)dy} 

+0 

into the integral of the expression /* - g v over the region; and if this expression 
vanishes, the vanishing of the line integral immediately follows. 
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3. Green's Theorem. Integral of the Jacobian. 


Certain other integral transformations, usually known as 
Green’s theorems, are closely related to Gauss’s theorem. They 
have many applications in the theory of differential equations. 
In order to obtain these theorems we consider two functions 
u(x, y) and v(x , y) y which we assume to have continuous deriva- 
tives of the first and second order in the region R. In virtue of 
the equations 


- (uv x ) = u x v x + uv xx , 
ox 


d 

dy 


(UVy) = UyVy + UVyy , 


Gauss’s theorem gives the formula 

//< u x v x + uv xx + UyVy + uv yy )dxdy = J{uv x dy — uv y dx} 


JJ ( u x v x + 11 v^v) d /x( ty “ “ J JuAvdxdy+ j{— uv y dx + uv x dy}. 


where, as in Chap. II (p. 93), we use the symbol 

kV = V XX + Vyy. 


This last integral formula is called Green’s (first) theorem. 
It has been proved above, subject to the assumption that the 
functions u X) v x , u v , v y> v xx , v yy are continuous in the closed 
region. If in addition we assume the continuity of the functions 
u xx and u vv , we can in a similar way obtain the formula 


J J (u x v x + u y Vy)dxdy= — J J vAudxdy+J{-~vu y dx-{-vu x dy}, 


+» +O 


and from these two formulae we obtain by subtraction the relation 
known as Green’s (second) theorem: 

JJ (uAv — vAu)dxdy = J{(vu v — uv y )dx — (vu x — uv x )dy}. 


We can write the line integral in Green’s theorem somewhat 
differently if we recall that the derivative of a function f(x, y) 
in the direction of the outward-drawn normal to the curve is 
given by the equation 
0 

^My)=f x y-f v d>, 
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provided that the direction in which s increases is that corre¬ 
sponding to positive description of the boundary. Thus, if in 
general we use the symbol d/dn to denote differentiation with 
respect to the outward-drawn normal to the curve, Green’s 
theorems can be written in the form 


//< u x v x + u v v v )dxdy = —J J vAudxdy +Jv^ds 


dn 


and 


f f (uAv — vA u)dxdy = f (u^ 1 * — v ds . 

J Jr +0 \ ™ 


We can also express the first form of Green’s theorem in yet 
another way, by means of the vector notation: 

J y*(grad u grad v)dxdy = — J Jv div grad udxdy ~\-J v ^ d s . 


Here the quantity under the integral sign oij the left is the scalar 
product of the two gradients, grad u and grad and the symbol 
A u is replaced by the equivalent symbol div gradw. 

We obtain another remarkable relation between integrals if 
we transform the double integrals of the products u x v y and u y v x 
respectively into line integrals by means of Gauss’s theorem and 
then subtract: 


J J( u x v v — u v v x )dxdy == J{uv x dx + uv y dy }. 

R +0 

This formula gives us a new insight into the nature of the 
Jacobian. As the integrand on the left we have the Jacobian 

^^’ v ). We assume that the Jacobian is positive throughout the 
o(x, y) 

region It and that the region R of the zy-plano is mapped on a 
region R' of the w-plane by means of the equations 

u = u(x, y), v = v(x, y), 


the sense of description of the boundary being preserved since 

— > 0. The area of the region R, as we already know, is 
S(a;, y) 

given by the line integral 
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taken round this boundary in the positive sense, 
tegral of the Jacobian 



Thus the in- 


gives the area of the image region, and 

f f dudv = f f ^ dxdy. 

J K J K d(z, y) 

Thus we have once again obtained the transformation formula 
of Chap. IV (p. 253) for the special case in which the integrand 
on the left is unity. If we divide the integral 



by the area of the region R and then let the diameter of R tend 
to zero, in other words, if we carry out a space-differentiation 
of this integral, in the limit we obtain the integrand, that is, the 
9(w v) 

Jacobian The Jacobian is therefore the limit of the quotient 

d(x,y) 

of the area of the image region and the area of the original region 
as the diameter tends to zero , or, as we may say , it is the local ratio of 
areal distortion * 


4. The Transformation of Dlu to Polar Co-ordinates. 


A process like that of the last sub-section enables us to trans¬ 
form the expression A u = u xx + u vy to new co-ordinates, e.g. to 
polar co-ordinates (r, 0). For this purpose we use the formula 


JjAudxdy ds , 


which arises from Green’s theorem if we put v = 1. If we divide 


* Since by the mean value theorem of the integral calculus the ratio of the 
area of a region to the area of its image is given by an intermediate value of 
the Jacobian, the definition of the double integral now leads us almost at once 
to the general transformation formula 

Jfnu,«)dudv - jfj^dxdy-, 

the reader may work out the details for himself. For another complete proof 
of the transformation formula cf. section 3, No. 3 (p. 373). 
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both sides of this equation by the area of the region R and 
let the diameter of R tend to zero—that is, if we carry out a 
space-differentiation—in the limit we again obtain the expres¬ 
sion for A u. 

In order to transform A u to other co-ordinates, we therefore 
have only to apply the corresponding transformation to the simple 

line integral J ~~ ds, divide by the area, and perform a passage 

to the limit. The advantage over the direct calculation is that we 
need not carry out the somewhat complicated calculation of the 
second derivatives of u, since only the first derivatives occur in 
the line integral. 


As an important example we shall work out the transformation of A u 
to polar co-ordinates (r, 0). For the region B we choose a small mesh of 
the polar oo-ordinate net, say that between the circles r and r + h and 
the lines 0 and 0 -f k* whose area, as we know, has the value Mp, where 
p = r + 

By our general discussion we then have 

A u — lim ” f ~~ ds, 

/*—>0 pkhJ dn 
k->o +c 


or, if we calculate the line integral for our special boundary. 


A U — lim 
h —> 0 P 
k ~^0 


1 f 1 r e+k (r -f h)u r (r 4 - h, 0 ) — ru r (r, 0 ) 

U Je 


tf0 


+ 


1 f r + h u e (r, 0 -f k) — u e (r, 0) 


/ 

hj r 


hr 


dr 


If we use the mean value theorems, we can also write this equation in 
the form 

Aw = lim - fatiiyfa, 0d + u r (r v 0 X ) 4- - u ee (r 2 , 0 2 )}, 

0 P r 

k~>0 

where r v r z and 0 lf 0 2 denote values of the variables r, 0 which lie between 
r and r 4“ h and between 0 and 0 4- For the limit as h -► 0, k -+ 0 
we at onoe obtain 

A= - (ru r ) r 4- ~ 
r r a 


which is the required transformation formula* 


(8 912 ) 


25 
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3. Interpretation and Applications of the Integral 
Theorems for the Plane 


1. Interpretation of Gauss’s Theorem. Divergence and Intensity 
of Flow. 

We shall now interpret the integral theorems given in the previous 
section in terms of the steady flow of an incompressible fluid in two dimen¬ 
sions. Such a flow (which of course is only an idealization of actual physical 
conditions) occurs when a fluid distributed over a plane with constant 
surface density unity moves in such a way that the state of motion, that is, 
the velocity vector at each point, is independent of the time (which is what 
wo mean by the term “ steady ”). Such a flow is therefore determined by 
the field of its velocity vector v. We shall call the components of this 
velocity vector v l and v 2 . If we consider any curve C to which we 
arbitrarily assign a positive direction of the normal—we denote the unit 
vector in the direction of the normal by n —then the total amount of the 
fluid which passes across the curve in the positive direction of the normal 
in unit time is given by the integral 

J f vnda 9 
o 

if we denote * the length of arc on C by .9. If the curve is closed and encloses 
a region R> and if n is the outward-drawn normal, then Gauss’s theorem 


/ vnds * / / div vdxdy 
Jq J Jr 


states that the total amount of fluid leaving the region R in unit time is 
equal to the integral over the region of the divergence of the velocity field. 
This statement at once leads us to the intuitive interpretation of the concept 
of divergence. The line integral on the left will not in general vanish. If 
it has a positive value, the total amount of fluid in the region is decreasing; 
if it has a negative value, the amount of fluid is increasing. If the whole 
phenomenon is steady, i.e. independent of the time, so that there can be 
no increase or decrease in the amount of the fluid in the region, the sub¬ 
stance is necessarily being created or destroyed in the region itself. We 
say that the region encloses sources or sinks ; the steady character of the 
flow is then expressed by the fact that the sources or sinks regulate the 
entry or exit of the fluid in the interior in such a way that the amount 
of fluid remains constant within each region. The total amount of fluid 
leaving the region may be called the total flow out of the region. This is 
positive or negative according as the sources or the sinks predominate. 
If we divide the total flow by the area of the region, we obtain the average 


* In order to see that the integral actually has this meaning, we first think 
of the curve as replaced by a polygon with sides of length A^, A s v ...» A s Hf 
assume that on each side of the polygon the velocity vector is constant, and then 
perform the usual passage to the limit from polygon to ourve. 
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or mean intensity of flow. If we now let the diameter of the region tend to 
zero, that is, if we carry out a space-differentiation, we obtain in the 
limit the intensity of flow at the point in question. Gauss’s theorem tells 
us that div v, the divergence of the velocity field , is equal to the intensity of 
flow . Gauss’s theorem accordingly leads to an intuitive interpretation of 
the hitherto purely formal concept of divergence. 

This interpretation of the divergence can also be roughly expressed in 
the following way: we think of the flow as divided into a flow in the direc¬ 
tion of the a:-axis with velocity i\ and a flow in the direction of the y-axia 
with velocity v 2 , and consider a rectangle with corners P r ( £, 7 )), P 2 ( ? + h, 7]), 
rj -f k) y P 4 (£ + h, 7 ] -j~ k ). If the velocity v x were constant along 
each of the two sides P X P^ and P 2 P 4 and had the respective values 
v,(£, 7)) and ^(5-j- h, tj) there, the total amount of fluid leaving the 
rectangle in the ^-direction in unit time would be given by the difference 
kv x (£ -f- h , 7j) — kv j(5, 7]). If we divide by hk, the area of the rectangle, 
we obtain 

t>i (5 + h, 7[) — 7] ) 

h 

The average net flow out of the region in the direction of the y-axis is 
obtained in the same way. The expression 

M S + h, T)) — MS> 7]) Mg, 7] + fc) — MS. T]) 

h k 

therefore gives an approximation to the average net flow out of the region, 
and the passage to the limit h -> 0, k -» 0 again leads to the meaning of 
the divergence given above. 

Special interest attaches to the case of a source-free flow , that is, a flow 
in which fluid is neither created nor destroyed in the region under con¬ 
sideration. This type of flow is characterized by the condition 

div v — 0, 

which by Gauss’s theorem is equivalent to the condition 



where the integral is taken round any closed curve. 


2. Interpretation of Stokes’s Theorem. 

Stokes’s theorem can also be interpreted in a simple way in terms of 
the flow of an incompressible fluid in two dimensions. Let the velocity of 

flow be given by the vector v with components v l9 v t . The integral v t ds 

* + 0 

taken round a closed curve C we shall call the circulation of the fluid along 
this curve. By Stokes’s theorem this can at once be expressed in the form 

I v t ds = / / cuilvdxdy, 

Jo J Jr 
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and this equation further shows us that the expression curl v is to be 
regarded as the specific circulation or circulation-density at a given point. 
Stokes’s theorem then states that the circulation along the curve C is 
equal to tho integral of the circulation-density over the region enclosed 
by the curve. 

Here again special interest attaches to cases of flow for which the 
circulation along every closed curve is zero, so that by Stokes’s theorem 
the circulation-density vanishes everywhere. Such flows are said to be irro * 
tational , and are characterized by the equation 

curl v = 0. 


If a steady flow is both source-free and irrotational, it satisfies the two 
systems of equations 

, 8v r dv 2 
curl v = 1 — ~ 2 — 0, 

dy dx 

dvt . dv 2 A 
div v = 1 4 . -_? = 0. 

dx dy 


These two equations, by the way, are of special interest in that they 
occur in other branches of mathematics, in particular, in the theoiy of 
functions of a complex variable*, thus forming the connexion between the 
latter subject and hydrodynamics. 

We shall mention yet another interpretation of Stokes’s theorem. 
If we think of v as representing a field of force instead of a velocity field, 
the line integral 


J v t ds = J {v x dx + v 2 dy). 


taken round any curve, closed or not, gives the work done by the field 
of force on a particle describing the curve C . If C is a closed curve which 
forms the boundary of a region R, then Stokes’s theorem states that the 
work done in describing the boundary of R is equal to the integral over R 
of the curl of the field of force. If the work done in describing a closed 
path is always to have the value zero, the equation 

. dv x dv o A 

curl v — — — 0 

dy dx 

must be true everywhere. Conversely, if this equation is true everywhere, 
it follows from Stokes’s theorem that the integral 

Jv t d8 — J(v x dx 4 v 2 dy) 

+ 0 -rO 

vanishes everywhere (cf. p. 365, footnote). 


♦ Cf. Chapter VIII, pp. 532, 550. 
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This result shows, in accordance with section 1, p. 358, that the work 
done is independent of the path if, and, only if, 

curl v — 0 

throughout the region . 


3. Transformation of Double Integrals. 

As an application of Gauss’s theorem we give another method 
for deriving the transformation formula for double integrals 
(cf. Chap. IV, section 4, p. 253, and p. 368, footnote). Let us 
suppose that R is a closed region of the xy -plane bounded by the 
curve G and that the transformation x = x(u , v ), y = y(u , v) 
gives a one-to-one mapping of R on the region R' of the m?-plane 
bounded by the curve C\ the sense of description of the boundary 
being preserved. Let the two regions satisfy the conditions for 
the applicability of Gauss’s theorem. In order to transform the 
integral 

Iz =ff f(x, y)dxdy 


into an integral over the region R' we first transform it into a 
line integral round the boundary C. This line integral, being a 
simple integral, can at once be transformed into a line integral 
round (7, the boundary of R', and the latter, by Gauss’s theorem, 
can be transformed into a double integral over R!. In order to 
carry out this process we consider any function A(x s y), obtained 
from/by indefinite integration, for which 

A X =/■ 

Then by Gauss’s theorem 


I =JJ A x dxdy =jAdy. 


If in the line integral on the right we now introduce the variables 
u 9 v instead of x 9 y y i.e. if we transform it by means of the func¬ 
tions x(u, v) and y{u, v) into an integral along the boundary 
C " of R\ we at once obtain 

I—f A(y u du + y v dv). 

+<r 


To the boundary integral on the right we apply Gauss’s theorem 
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in the reverse direction, transforming it into a double integral 
over R'\ 

f (Ay u )du + (Ay v )dv = JJ [( Ay v ) u — (Ay u ) v ]dudv. 


From tlie equations 
and 


(Ay u ) v = AvVu + Ay« 

(Ay v ) u — A u y v -f- Ay u ^ 


as well as 

A. u — A SB x u -f- A y y u , A v = Aj£c, v ~f~ A v y vi A x — y* 

we find after a short calculation that 

{Ay v ) u ( Ay u ) v = {x u y v x v y u )ff 

so that finally 

I=ff fdxdy =ff (s«y« — x v y u )fdudv, 

& JB' 

as was to be proved. 


4. Surface Integrals 

The theory of integration for three independent variables 
includes not only triple integrals and line integrals but the third 
concept of the surface integral. In order to explain the latter 
we begin with some considerations of a general nature, which at 
the same time will serve to refine our previous ideas, in par¬ 
ticular those relating to double integrals. 


1. Oriented Regions and Integration Over Them. 


We start from the ordinary integral J f(x)dx of a function/(£) 


of the independent variable x. The region of integration is the 
interval between x = a and x=b. We are necessarily led 
(Vol. I, p. 81) to the convention 


f f(x)dx = —J f(x)dx, 


which we can also express in the following way: the region of 



V] 


SURFACE INTEGRALS 


375 


integration, that is, the interval R under consideration, is given 
a definite direction, or, as we say, a definite orientation. If we 
reverse the orientation, that is, if we describe the interval in the 
opposite direction, the value of the integral is multiplied by — 1 . 
This convention may also be expressed by the equation 

f f(x)dx-^—[ f(x)dx, 

J +o J -o 

where the region of integration is denoted by +C when it is 
described in the direction a b and by —C when it is described 
in the direction b -> a. 

In the case of line integrals in the plane and in space we have 
likewise seen that it is necessary to assign a definite sense of 
description to the curve along which we are integrating, and that 
if this orientation is reversed the integral is multiplied by —1. 
It is now evident that a full treatment of the case of integration 
over regions of several dimensions demands the adoption of 
analogous conventions, and that our previous definitions should 
be extended accordingly. 

In Vol. I, p. 268, we gave a definite sign to the area of a region 
R, the sign being positive or negative according as the sense of 
description of the boundary is positive or negative. A plane 
region to which we attach a definite sign in this way we call 
an oriented region (fig. 7); in accordance with what we have just 
said, we shall call it positively oriented if the sense of description 
of the boundary is positive, otherwise negatively oriented. Now 
we have represented the area of a region R by the double integral 

JJ dxdy. If this area is to be taken as positive, we shall attach 

to the region a positive sense of description of the boundary, 
and we accordingly represent the absolute value of the area 
symbolically by the expression 

f f dxdy — | A |. 

J J + X 


If we think of the region as negatively oriented, so that its area 
is negative, we express the actual value of the area by the symbol 

JJ dxdy , and accordingly have the definition 
f f dxdy — — | A |. 
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Again, the area is expressed * as a line integral by the formula 
| A | = —Jydx = Jxdy. 

If nothing special is said to the contrary, we shall always 
take R as a positively oriented region. 



Fig. 7.—Oriented regions 


In the same way, we now state the general definition for any 
double integral whatever : 

Jf /(». y)dxdy = fJf( x > y)dxdy\ 

Jff( x > y)dxdy = —jJ f(x, y)dxdy. 


This definition corresponds exactly to the convention already 
adopted in the case of ordinary integrals and line integrals. 
The equations do not represent any newly-proved fact: they 
are simply definitions and are justified solely on grounds of con¬ 
venience. 


An example will illustrate the usefulness of this convention. We saw 
(p. 253) that in the one-to-one mapping of the region R of the xy -plane 
on a region R' of the tw-plane the area of the region R is given in the new 
co-ordinates by the integral 


iff*-fi 


a(s> y) 

d(u, v) 


dudVp 


provided that the Jacobian is positive everywhere in R. We know that 


♦It is useful to verify by an example that the integral - § ydx is really a 

positive number. If, for example, R is a square O^argl, on both 

the vertical sides we have dx — 0. The side y ** 0 likewise contributes nothing 
to the line integral; and on the third side we have dx < 0 and y — 1. 
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if the Jacobian is positive, the orientation (i.e. the sense of description of 
the boundary) of R and R' is the same, while if the Jacobian is negative, 
the regions have opposite orientations. The above formula therefore would 
not hold if the Jacobian were negative, if we considered the double integral 
without regard to the orientation. But it remains true for the case of a 
negative Jacobian if by R we mean a (positively or negatively) oriented 
region and by R' the oriented, region which arises from R as a result of the 
transformation. For if the orientation is reversed, the effect of the negative 
sign of the Jacobian is cancelled by the above convention. 


In the same way, we can now regard the general transformation 
equation 

X, y)dxdy = f f f(x, y) ^ dudv 



• 3(x w) 

as valid, whether the Jacobian -- is positive everywhere or * 

d(u , v) 

negative everywhere in the region R, it being assumed that the 
integrals are taken as integrals over oriented regions and that 
in the mapping the oriented region R becomes the oriented region 
R'. Thus only by introducing orientation and the sign 'principle 
do we arrive at transformation formulce for double integrals which 
are valid without exception . 

The orientation of a region can also be defined geometrically 
without reference to the boundary in the following way. We 
first consider any point of the region whatever, and to this point 
assign a sense of rotation, which we can represent e.g. as the 
sense of description of a small circle with this point as centre. 
We now say that the region R is oriented if such a sense of rotation 
is assigned to every point of R and if on continuous passage 
from one point to another the sense of rotation is preserved. 

By means of this remark we can now assign an orientation to 
a surface lying in a^-space. On the surface we can first assign 
a sense of rotation to a point by surrounding it by a small curve 
lying on the surface and assigning a definite sense of description 
to this curve. If we now move the point continuously over the 
surface to any other position and along with the point move the 
oriented curve with its orientation, we assign a sense of rotation 
to every point of the surface in this way (exceptional cases will 


* The formula does not hold, however, if the Jacobian changes sign in the 
region; in this oase the assumption that the mapping is one-to-one cannot be 
satisfied. 
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be discussed later). We call the surface with this sense of rotation 
an oriented surface (fig. 8). 

We can get a better grasp of this orientation of a surface in 
space as follows. A portion of a surface in space will have two 
different sides, which we can best distinguish as the positive side 
and the negative side. (Which of the two sides we call positive 
and which negative is of no intrinsic importance.) For example, 
as the positive side of the xy -plane we can take the side indi¬ 
cated by the positive z-axis. We now mark the positive side of 
a surface S by constructing at each point of the surface a 
vector pointing out into space on the positive side; e.g. the 
normal to the surface, if a unique normal exists at the point. If 
we think of ourselves as standing on the surface with our heads 
on the positive side, we say that the surface is positively oriented 



if the orientation of the surface and the line from feet to head to¬ 
gether form a right-handed, screw (cf. Chap. I, p. 2), or, in other 
words, if the surface together with its orientation can be con¬ 
tinuously deformed in such a way that it becomes the positively 
oriented ay-plane and at the same time the direction of the positive 
normal becomes the direction of the positive z-axis. Otherwise, 
we say that the surface is negatively oriented. We thus see that 
there is a natural way of determining the sign of the orienta¬ 
tion of a surface, provided that the two sides of the surface are 
given signs to begin with. Any difficulty which the beginner may 
find in these matters lies simply in the fact that here we are 
discussing not proofs but definitions , which are justified solely 
by their convenience in simplifying subsequent discussion. 

We must not omit to mention that curved surfaces exist to 
which no orientation can possibly be assigned, since on them 
it is not possible to distinguish two separate sides. The simplest 
surface of this type was discovered by Mobius and is called the 
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Mobius band; it is shown in fig. 9. We can easily make such a 
surface from a long strip of paper by fastening the ends of the 
strip together after rotating one end through an angle of 180° 
from its original position. The Mobius band has the property 



Fig. 9.—The Mbbius band 



that if we start from a definite point, say on the centre line of 
the band, and move along the centre line, after a complete circuit 
we come back to the same point, but on the opposite side of the 
surface.* If during this motion we carry with us a small oriented 
curve, without altering its orientation, we shall find that we 
return to the starting-point with the orientation reversed. We 
see that with such a surface we can pass from one side to the 
other without crossing the boundary, and hence that it is 
impossible to assign to the surface an orientation in the sense 
described above. Such non-orientable surfaces are definitely 
excluded from the subsequent discussion. 


* We can obtain a parametric representation for the Mobius band as follows. 
Consider first the circle x =* 2 cos u, y = 2 sin u. At the point of the circle 
corresponding to the value u of the parameter we construct the unit vector j, 
which starts from the point of the circle, lies in the same plane as the z-axis 
and the radius to the point, and makes the angle \u with the positive z-axis. 
At the same point we also construct the vector -j. Thus we have a line segment 
composed of the two vectors, with length 2 and its mid-point on the circle. As 
u goes from 0 to 2v this line segment travels with u> turning through an angle 
rr, so that finally j comes to the original position of -j. It is therefore clear 
that the line segment describes a Mobius band. For each value of u the point 
on the lino at the distance v from the circumference in the direction of j (where 
-1 ^ v + 1 ) has the co-ordinates 

x — 2 cos u + v sin ^ cos u. 

At 

y - 2 sin u + v sin ~ sinti. 

At 


U 

Z — V cos 

At 

where 

0 ^ u 2n 


These equations therefore represent the Mobius band parametrically. 
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We can also express the orientation of a surface by thinking 
of the surface as represented parametrically by two parameters 
u and v . Then a definite region R of the uv -plane will be mapped 
on the surface S. If in the region R we choose any orientation, 
the mapping transfers this orientation to the surface S, thus 
defining an orientation of the surface. 

Just as we can assign an orientation to a region in the plane 
or to a surface, we can also assign an orientation to a three- 
dimensional region. For this purpose the following convention 
is advantageous. We consider a region of space R bounded by 

a closed surface S. We take the 
side of the surface towards the 
interior of the region as the positive 
side. If we give the surface an 
orientation which with the direction 
from negative to positive across the 
surface determines a right-handed 
screw, we say that the region of 
space R is positively oriented (cf. 
fig. 10); if, on the other hand, we 
give the surface an orientation 
which with the negative to positive 
Fig. 10.—Positively oriented sphere direction determines a left-handed 

screw, we say that the region is 
negatively oriented. For example, the cube 0 ^ x 1, 

is positively oriented if we give its base 
in the a^-plane a positive orientation. 

For regions in space, just as for regions in the plane, it is 
convenient to assign a positive or a negative sign to the volume 
according as the region is positively or negatively oriented 
(cf. p. 376). We shall again agree that an integral taken over 
an oriented region has its sign changed if the orientation of the 
region is reversed: 



fff + f( x ’ y< z ) dxd y dz — —J ff f( x > y, z)dxdydz. 


The same argument as we have already developed for two 
dimensions shows again that the transformation formula 


J Jf f( x > V> z)dxdydz =J J jf{x, y, z) 


d ^A dudvdw 
d(u , v , w) 
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t»nly acquires full validity when these conventions are adopted, 

since it now continues to hold when the Jacobian d s^y.i z ) is 

o(u , V , w) 

negative everywhere in the region. For, as we explained for two 
dimensions in Chap. Ill (p. 151), a mapping of R on R' with a 
negative Jacobian reverses the orientation. 

2. Definition of the Integral over a Surface in Space. 

Having made these preliminary remarks, we can now give a 
general definition of the concept of surface integral. We consider 
a region of aryz-space in which the three continuous functions 
a ( x > y> z )> y, z), c(x , y, z) are defined as components of a 
vector field A — A(x, y, z). We first consider a surface S which 
has a one-to-one projection on a closed region R of the cry-plane 
and is defined by an equation z = z(x, y); we assume that this 
surface is given an orientation which is transferred by projection 
on the ary-plane to the region R. We use the letter ri to denote 
the unit vector in that direction normal to the surface S which 
in conjunction with the orientation of the surface forms a right- 
handed screw. We now divide the surface S into n portions * 
/Si, S 2 , ... , S n with areas A S v A& 2 , . . . , AS n . The projections 
of these portions on the ary-plane form a number of sub-regions 
R y of the region R , with areas A R v AZ? 2 , . . . , AJS n , and these 
regions cover the region R exactly once. We take the areas 
A/S„ as positive, and accordingly have to assign a positive or 
negative sign to the area A R v according as the projection gives 
a positive or a negative orientation to the corresponding regions 
R or R v in the ary-plane. The areas A 8 V A S 2 , . . . , A S n and 
A R v Ai? 2 , . . . , A R n are connected by an equation of the form 

&R V = q v AS v . 

where q v denotes a quantity which tends to the cosine of the 
angle y(ar, y, z) between the positive normal direction «' and the 
positive 2 -axis as the diameter of the portion S v approaches 
zero. Now let ( x v , y v , z v ) be a point in the v-th sub-region of the 
surface; i.e. z v = z(x v , yj). Then if the greatest diameter of the 
portions S v (and with it the diameters of the sub-regions R t ) 
tends to zero, the sum 


♦ In this connexion see Chap. IV, section 6 (p. 269). 
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2c(x„, y,„ zJ)AR v = Sc(®„ y,„ z y )q„AS r 


P-1 


tends to a quantity which we denote by the symbol 
f fc(x, y, z)dxdy 


or 


JJc(x, y , 2 ;) cos ydS. 


We call this expression the surface integral taken over the oriented 
surface S. This limit does actually exist, since we may regard 
the integral as an ordinary integral over the two-dimensional 
oriented region R , namely as the integral 





where the integrand is the function c{x , y, z(x, y)}. 

For the generalization to which we now proceed and for 
applications it is essential that in this integration the region R 
should be regarded as oriented . 

If the surface S also has a one-to-one projection on the 
yz~plane or the zz-plane, that is, if it can be represented by a 
single-valued function x = x{y , z) or y — y(z } x), we can in the 
same way define the integrals 


J ja(x , y, z)dydz = JJ^a{x(y,z),y,z}dydz = JJa(x , y, z) cosadS 
and 


J Jb(x } y, z)dzdx— J J b{x,y(z,x),z}dzdx = J Jb(x,y,z) cos f3dS, 


where B' and B" are the oriented projections of the oriented 
surface S on the corresponding co-ordinate planes and a and j8 
are the angles between the positive normal to the surface and the 
positive x - or y-axis respectively. 

Adding these expressions, we obtain the general definition of 
the surface integral taken over the surface S, 


f f{ a ( x > y> z )dydz + b(x, y, z)dzdx + c(z, y, z)dxdy} 

—JJ{a(x, y, z) cos a + b(x, y, z) cos j8 + c(x, y, z) 00 s y}dS. 
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If by d/dn' we denote differentiation in the direction of the 
unit vector n' in the positive normal direction,* we can also write 

dx a dy dz 

006,1 — aif’ co *' , = s* COBy= 0^'* 

and consequently we can express the surface integral in the form 





If a , 6, c are the components of a vector A , the quantity 
in brackets under the integral sign is the component of the 
vector A in the direction of the positive normal to the surface, 
which we can also write in the form Ari or A n >. 

Incidentally, if we think of the surface as given parametrically 
by the equations x = x(u, v), y — y(u, v ), z = z(u , v), where the 
oriented surface S corresponds to the oriented region B in the 
wv-plane, we can write the surface integral in the form 


I I.*■ ■> if!+ y • z > »■ 0) srsl iudv 


d(u, v) 


d(u y v) j 


and thus once again express it as an ordinary integral, namely, 
as a double integral over B. 

It is now easy to get rid of the special assumptions about the 
position of the surface S relative to the co-ordinate planes. We 
assume that the oriented surface 8 can be divided by a finite 
number of smooth arcs of curves into a finite number of por¬ 
tions S v S 2 , ... in such a way that each portion satisfies the 
assumptions made above. The exceptional case in which a 
portion of the surface S or the whole surface S is normal to 
a co-ordinate plane, so that its projection on that plane is only 
a curve instead of a two-dimensional region, can be dealt with 
by disregarding this projection in the formation of the integral, 
since a double integral vanishes when the region of integration 
shrinks down to a curve. We can now form the surface integral 
for each of the portions S according to the above definition, and 
we can define the integral over the oriented surface S as the sum 
of the integrals thus defined. 

If, for example, the surface S is a closed surface, a sphere, 
say, we recognize that the projections of the various portions S v 


* The letter n f is used here for the positive normal because n has been used 
for the outward-drawn normal in two dimensions. 
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lie partly above one another and have opposite orientations. If 
the parametric representation x *= x(u, v), y = y(u, v), z = z(u r v) 
gives a one-to-one mapping of a bounded surface S on an oriented 
region B of the w-plane, the parametric expression given above 
for the surface integral is always valid; if we make use of this 
parametric expression in defining the surface integral, there is 
no need to subdivide the surface S. 


3. Physical Interpretation of Surface Integrals. 

The concept of surface integral can also be interpreted intuitively in 
terms of the steady flow of an incompressible fluid (this time in three 
dimensions), whose density we take as unity. Let the vector A be the 
velocity vector of this flow; then at each point of a surface S the product 
An' gives the component of the velocity of flow in the direction of the 
positive normal to the surface; the expression 

An'AS „ = A8 v {a(x„ y v9 z v ) cos a,. -f b(x v9 y v , z„) cos + c(x„, y v , z,,) cosy,,} 


is therefore approximately equal to the amount of fluid which flows in 
unit time across the clement of surface S from the negative side of the 
surface to the positive side (this quantity may of course be negative). 
The surface integral 


JJjadydz -f- bdzdx -f* cdxdy} — JJA n ,dS 


therefore represents the total amount of fluid flowing across the surface S 
from the negative side to the positive in unit time. We notice here that 
an important part is played in the mathematical description of the motion 
of fluid by the distinction between the positive and negative sides of a 
surface, i.e. by the introduction of orientation. 

In other physical applications the vector A denotes the force, due to a 
field, acting at a point (x, y f z). The direction of the vector A then gives the 
direction of the lines of force and its absolute value gives the magnitude 
of the force. In this interpretation the integral 


if. 


{adydz -f bdzdx -f cdxdy} 


is called the total flux of force across the surface from the negative side 
to the positive. 


5 . Gauss’s Theorem and Green’s Theorem in Space 

1. Gauss’s Theorem and its Physical Interpretation. 

By means of the concept of a surface integral we can extend 
Gauss’s theorem, which we proved in section 2 (p. 360) for two 
dimensions, to three dimensions. The essential point in the 
statement of Gauss’s theorem in two dimensions is that an integral 
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taken over a plane region is reduced to a line integral taken round 
the boundary of the region. We now consider a closed three- 
dimensional region R in a^z-space and assume—as always—that 
its boundary surface $ can be divided into a finite number of 
portions with continuously turning tangent planes. In addition, 
we assume to begin with that each line parallel to a co-ordinate 
axis which has internal points in common with R cuts the 
boundary of R in exactly two points; this last assumption will 
be removed later. 

Let the three functions a(x, y, z), b(x , y, z), c(x, y, z ), together 
with their first partial derivatives, be continuous in the region R 
and on its boundary; we take them to be the components of a 
vector field A = A(x , y , z). We now consider the integral 

taken over the region R. We suppose that the region R is pro¬ 
jected on the xy-plane; we thus obtain a region B in that plane. 
If we erect the normal to the 27 /-plane at a point (x, y) of B and 
if we denote the 2 -co-ordinates of its point of entrance and point 
of exit by z = z 0 (x, y), z = 2 1 (x, y) respectively, we can transform 
the volume integral over R by means of the formula 

/ f f/ dxdydz = / S dxdy L f dz ' 

Since /-- dc/dz, the integration with respect to z can be carried 
out, giving 

r c)c 

J dz d ~ = c{x, y, z x ) — c(x, y, z 0 ) — q — c 0 , 

so that 

f f f t dxdydz = J J c x dxdy — J J c 0 dxdy . 


If we think of the surface S as positively oriented with respect to 
the region R, then the portion of the surface 8 consisting of the 
points of entry z = z 0 (x, y) has a positive orientation when pro¬ 
jected on B, while the portion 2 = z x (x, y) consisting of the points 
of exit has a negative orientation. Hence the last two integrals 
combine to form one integral 


—f jfofc y, z)dxdy 


(E 012) 


26 
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taken over the whole surface S. We thus obtain the formula 
/// dxdydz = —Jjc(x, y, z)dxdy. 


This formula obviously remains valid if S contains cylindrical 
portions perpendicular to the #y-plane; for these contribute 
nothing to the surface integral, as the regions obtained by pro¬ 
jecting them orthogonally on to the xy -plane merely consist of 
curved lines. 

If we obtain the corresponding formulae for the components 
a and b and add the three formulae, we obtain the general formula 

Iff .{***£’ 8) + sy ‘ } +— 

= —f f{x(x, It z)dydz + b[x, y,z)dzdx+ cfx, y, z)dxdy). 


which is known as Gauss’s theorem. Using the notation of p. 382, 
we can also write this in the form 


f j j( a x+K+ c z)dxdydz^— j j{a cos a + 6 cos j 8 + c cos y) dS. 


Here the surface is to be positively oriented with respect to R ; 
a, /}, y are accordingly the angles which the inward-drawn normal 
ri makes with the positive co-ordinate axes. 

This formula can easily be extended to more general regions. 
We have only to require that the region R is capable of being 
subdivided by a finite number of portions of surfaces with con¬ 
tinuously turning tangent planes into sub-regions R v , each of 
which has the properties assumed above, in particular, is such 
that every line, parallel to an axis, having points in common with 
the interior of R v cuts the boundary of R u in only two points. 
Gauss’s theorem holds for each region R v . On adding, we obtain 
on the left a triple integral over the whole region R\ on the 
right, some of the surface integrals combine to form the surface 
integral over S, while the others (namely, those taken over the 
surfaces by which R is subdivided) cancel one another, as we 
have already seen in the case of the plane (pp. 348, 362). Finally, 
we remark that, as before (p. 362), it is sufficient to require that 
the boundary of R consists of a finite number of portions of 
surfaces, each of which has a unique projection on all three 
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co-ordinate planes, except that cylindrical portions whose pro¬ 
jections are curves are again permissible. 

As a special case of Gauss’s theorem we obtain the formula for the 
volume of a region R hounded by an oriented closed surface. If, for example, 
we put a « 0, h = 0, c — z, we immediately obtain the expression 


V — J JJdxdydz ~ ~~ J J zdxdy 


for the volume. 

In the same way, we also obtain the expressions 


for the volume.* 


V = — Jjxdydz — — JJydzdx 


As in the case of the corresponding formula in the plane, it 
is usual to express Gauss’s theorem in another form. In the 
first place, if a, 6, c are the components of a vector field A, 
we can write the expression 

3« 36 dc 
dx dy dz 

in the abbreviated form introduced in Chap. II, section 7 (p. 91), 


A da db 
divA = + 

ox oy 


dc 
dz * 


In the second place, the discussion on p. 383 enables us to express 
the surface integral as the integral of the normal component A n > 
of the vector A in the direction of the inward-drawn normal ri . 
Thus we obtain the vector form of Gauss's theorem , 


JJj div A dxdydz = — J J AridS = — J J A n >dS . 


* It is noteworthy that cyclical interchange of x, y, z in these expressions 
brings about no change of sign, whereas in the case of the corresponding formula 
for the area of a two-dimensional region the formula 

A = J xdy — - J ydx 
+o +o 

shows that interchanging x and y causes a change of sign in the integral expres¬ 
sion. This is due to the fact that in two dimensions an interchange of the positive 
aj-direction with the positive ^-direction reverses the sense of rotation of the 
plane, while in three dimensions a cyclical interchange of the positive co¬ 
ordinate directions, that is, replacement of x by y, of y by z, and of z by x, 
does not change a right-handed system of axes into a left-handed system. 
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In Gauss’s theorem for space, as in the case of the plane, it is 
convenient to introduce the outward-drawn normal instead of 
the positive normal ri. We denote this normal unit vector by 
n , so that 

n = —n\ 


and on introducing n instead of n f in our formulae we have to 
make corresponding changes of sign. We can now express Gauss’s 
theorem in the following form: 

11 ^ ( ^ Z f f ^ 71 ^ — J 

or. if we denote the cosines of the angles which the outward- 
drawn normal n makes with the positive co-ordinate axes by 
dx dy dz 

—-, - , - , we can write 
dn 9 n 0 n 

Iffj a * + + c z )dxdydz ^ + c |^ 


As in the case of the plane, we here obtain an intuitive interpretation 
of Gauss’s theorem by taking the vector A as the velocity field of a steady 
flow of an incompressible fluid of unit density. The total mass of fluid 
which in unit time flows across a small surface AS from the interior of B 
to the exterior is given approximately by the expression A n AS, where 
A n is the component of the velocity vector A in the direction of the 
outward normal n at a point of the surface element. Accordingly, the 
total amount of fluid which flows across a surface S from the inside to 


the outside in unit time is given by the 


A n dS taken over the 


surface. In this interpretation, therefore, the right-hand side of Gauss’s 
theorem represents the total amount of fluid leaving the region R in unit 
time. This amount of fluid is transformed into the integral of the diver¬ 
gence throughout the interior of the region R. From this we obtain the 
intuitive interpretation of the expression div^4. Since we have taken 
the flow as incompressible and steady, that is, independent of the time, 
the total amount of fluid flowing outwards must be continuously supplied; 
that is, in the interior of the region there must be sources producing a 
(positive or negative) quantity of fluid. The surface integral on the right 
represents the total flow out of the region B; if we divide by the volume 
of the region, we obtain the average flow out of B. If we think of the 
region B as shrinking to a point, so that its diameter tends to zero, in 
other words, if we carry out a space-differentiation of the integral 


/// 


di vAdxdydz, 


we obtain the source-intensity at the point under con¬ 


sideration. On the other hand, this space-differentiation gives the integrand 
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div A at that point, and we thus see that the divergence of the vector A is 
the source-intensity of the steady incompressible flow represented by A . 

Particular interest attaches to casus of flow which are source-free, so 
that fluid is neither created nor annihilated at any point of the region. 
A flow of this type is characterized by the fact that the equation 


div A 


da db dc 
dx dy dz 


0 


is satisfied everywhere. It then follows that for every closed surface S the 
integral over S of the normal component j J A n dS has the value zero . We con¬ 
sider two surfaces S 1 and S 2 , both 
bounded by the same oriented 
curve G in space, which together 
enclose a simply-connected region 
of space R, and we apply Gauss’s 
theorem to the region R. For the 
positive normal direction on the 
surface S 19 however, we shall take 
the normal pointing towards the 
inside of the region R (as in fig. 11) 
instead of that towards the outside, 
so that the sense of description of 
C in conjunction with the positive 
normal for either surface forms a 

right-handed screw. In Gauss’s theorem, then, we must insert different 
signs for the surfaces S 1 and S 2 . We thus obtain 

J JJ div A dxdydz — JJ A n dS — H,y a - 
Since, by hypothesis, the left-hand side is zero, we have 

If/ ndS== fl AndS ■ 



In words: if a flow is source-free, the same amount of fluid flows in unit 
time across any two surfaces with the same boundary curve. This amount 
of fluid, therefore, no longer depends on the choice of the surface S with 
the closed boundary curve C . It can therefore only depend on the choice 
of C , and the problem arises how the amount of fluid can be expressed 
in terms of the curve 0. This question is answered in the next section 
(p. 396) by means of Stokes’s theorem. 


2. Green’s Theorem. 

Just as in the case of two independent variables (p. 366), 
Gauss’s theorem leads to some important consequences, which 
are known as Green’s theorem. 
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We arrive at these formulae by applying Gauss’s theorem (in 
vector form) to a vector field A which is given in the special form 

A = u grad-y 

and therefore has the components uvuv y , uv e . Then in R we 
have 

div A — (uv x ) + (uv v ) + (uv,), 

ox oy cz 


and on the boundary 


A n ~ u 


dv 
' dn 


Then if we use the familiar symbol 

A-u = v xx + v yv + v zs , 

Gauss’s theorem immediately gives us Green’s theorem: 
Iff UyVv + u z v z)dxdydz 

dv 


=—f f f u &vdxdydz + J j fu ^ dS. 


If we apply the same argument to the vector field A = v grad w, 
we obtain the formula 


/ /f + u * v v + u z v e)dxdydz 


= —ff JvAudxdydz -f J Jv ~ dS. 

If we subtract this last formula from the first one, we obtain the 
second form of Green’s theorem, 

Iff ~~ ^A u)dxdydz = J — v dS. 


3. Application of Gauss’s Theorem and Green’s Theorem in Space. 

1. Transformation of Au to Polar Co-ordinates. 

If in the second form of Green’s theorem we substitute the special 
function v = 1, we obtain 
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Just as in the plane, we can use this formula to transform A u to polar 
co-ordinates (r, 9 , 0) by choosing for the region R a cell of the polar 
co-ordinate net in space between the co-ordinate surfaces r and r -f h> 
9 and 9 k, 0 and 0 + L We obtain 

A u — —-— ( ~ (r 2 u r sin 0 ) -j- -- ( -f (u# sin 0 ) 1 . 
r 2 sin 01 dr V r ' 09 W 0 / 00 7 

The calculations, which are analogous to those for the plane case (cf. 
p. 369), are left to the reader. 

2. Space Forces and Surface Forces . 

The forces acting in a continuum may be regarded either as space 
forces or as surface forces. The connexion between these two points of 
view is given by Gauss’s theorem. 

We content ourselves by considering a special case, namely, the force 
in a fluid of constant density, say p = 1 , in which there is a pressure 
p(x y y, z) which in general depends on the point (x, y, z). This means that 
on every surface element through the point (x, y, z) the fluid exerts a force 
which is perpendicular to the surface element and has the surface density 
p(x, y, z). If we consider a region R bounded by the surface S and lying in 
the fluid, the volume R will be subject to a force whose total x-component 
is given by the surface integral 



where dx/dn is the cosine of the angle between the x-axis and the outward- 
drawn normal to the surface. In the same way, the y- and z-components 
of the total force are given by 

7 = 

£ = 

Gauss’s theorem now gives 

X = —f ffp x dxdydz. 


~U’Z« 


-lb 


dS. 


T = — JJJp v dxdydz t 

Z — J J Jp z dxdydz f 


and we thus obtain 


- 


for F, the total force exerted on R. 
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We can express this result as follows. The forces in a fluid due to a 
pressure p(x , y, z) may on the one hand be regarded as surface forces 
(pressures) which act with density p(x , y, z) perpendicular to each surface 
element through the point ( x , y , z), and on the other hand as volume 
forces, that is, as forces which act on every element of volume with volume 
density —gradp. 


1*. Let the equations 


Example 


x i = x i(Pv P 2 > Ps) (i = h 2, 3) 


define an arbitrary “ orthogonal ” co-ordinate system p v p 2 , p z ; that is, 
if we put a ilc — *, then the equations 


are to hold. 

(a) Prove that 


where 

(0) Prove that 


a lJ a 2l + a u a 22 -f a ln a i9 = 0 

^11^31 4 * ®i2 tf 32 ® 13^33 " 9 
a 2l a 21 + a 22 a 32 d" a 23 a 33 “ 9 


2(Pi> Pv Pa) 




e,e 2 e 3 


«< = a u + a u + a 3i- 


dp ( = ^ 8x k 1 

8z k e { 8 Pi e { M ' 

(c) Express Aw = u XiXi + w XiXt + u x>Xt in terms of p v p 2 , p 3 , nsing 
Gauss’s theorem. 

(d) Express Aw in the focal co-ordinates t v t 2 , t z defined in Ex. 6, p. 158. 


6 . Stokes’s Theorem in Space 

I. Statement and Proof of the Theorem. 

In this section we shall give a discussion of Stokes’s theorem 
for any curved surface. We have already (p. 365) met with 
Stokes’s theorem in two dimensions. 

Let C be a closed sectionally smooth oriented curve in space, 
and let S be a surface, bounded by C, whose positive normal is 
continuous or sectionally continuous and in conjunction with the 
sense of description of the boundary curve forms a right- ha nded 
screw. Further, let B be a vector field defined in a neighbour¬ 
hood of S, with components y , z\ i/j(x , y 9 z ), x( x y y, z). 
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Stokes’s theorem then states that 

JJ(ouilB) n dS ~fj3 t ds, 

where the arc s of the curve C increases in the direction in which 
C is described, and B t is the tangential component of B along C. 
Written in full, Stokes's formula is 

JiM- £)**+(£-£)**+GS- a !M 

=f^<f>dx + iftdy+ x dz )- 

This transforms a surface integral taken over the oriented 
surface S into a line integral taken round the correspondingly 
oriented boundary of the surface. 

The truth of Stokes's theorem can immediately be made 
plausible by the following train of thought. The theorem has 
already been proved for a plane surface (p. 365). Then if S is a 
polyhedral surface composed of plane polygonal surfaces, so that 
the boundary curve C is a polygon, we can apply Stokes's theorem 
to each of the plane portions and add the corresponding formulae. 
In this process the line integrals along all the interior edges of the 
polyhedra cancel, and we at once obtain Stokes’s theorem for 
the polyhedral surface. In order to obtain the general statement 
of Stokes’s theorem we have only to perform a passage to the 
limit, leading from polyhedra to arbitrary surfaces S and to 
arbitrary sectionally smooth boundary curves C. 

The rigorous performance of this passage to the limit, how¬ 
ever, would be troublesome; having made these heuristic re¬ 
marks, therefore, we shall carry out the proof by means of a simple 
calculation. 

If for brevity we put 

A = curl B y 

the components of A are given by 


a{x, y , z) 


y ,«) : 


az ex ex 


dj> 

dy 


and (cf. p. 93) 


div-4 = div curl B = 0. 
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We take the oriented surface S bounded by the oriented 
curve C and consider the problem of changing the integral 


JJ^A n dS = JJ(adydz + bdzdx + cdxdy) 


taken over S into an expression depending only on the boundary 
curve C. To do this, we imagine the surface represented in the 
usual way by two parameters u , v, so that the surface corre¬ 
sponds to a closed region D in the m;-plane. By the general 
rule, the transformation of the surface integral to the region D 
gives the expression 


JJ {adydz + bdzdx + cdxdy } 


r r I /dx dip\ /dy dz dz 3*A , /d<p 9;A /dz dx__ dx 3A 
J Ju[\dy ~dz)\dudv dudv) \ 3 z dx) \dudv dudv) 

+ ( a i- d< t)(™ d y- d A d i\\ dudv . 

\dx dy ) \du dv dudv/f 


We can transform the expression on the right by collecting the 
terms involving </>, those in ip, and those in x- For the terms 
involving <f>, for example, we obtain 

__ d(f> /dx dy dy SaA d<p /dx dz dz 3x\ 

dy \3u dv du dv) dz \3w dv du dv) 


If to this we add the expression 


d(f> /dx dx 
dx \du dv 


dx dx 
du dv, 


which is identically zero, the terms involving <f> in the integrand 
are 

dx /d<p dx d<f> dz\ __ dx /dj> dx , 0^ Dy d<f> dz\ 

dv \dx du dy du dz du) du \dx dv dy dv dz dv) 

_3^ 3a?_ d(f> dx 

du dv dv du 

In the same way we obtain the two other terms 

dip dy _ dtp dy ^ dx dz dx dz 
du dv dv du du dv dv du 
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in the integrand. The double integral is therefore split up into 
the sum of the integrals of the three expressions 

d(<f>, a?) 9(0 L 2/) d (x^) 

d (u,v)* d(u,v)’ d(u,v)’ 

taken over the oriented region D, whose boundary curve K has 
an orientation corresponding to that of C. Now by Stokes’s 
theorem for two dimensions (cf. p. 364) we have 

// & f - f fU* -/ L 3 * du+A *) = u * *, 

J Jd \ou ov ov du/ Jk\ cu dv / Jr ds 

where the integrals are to be taken with corresponding orienta¬ 
tions and the length of arc s on C increases in the direction in 
which the curve is positively described. If we add this formula 
to the two other corresponding ones, we obtain on the left the 
value of the surface integral and on the right the integral 

dx du dz 

The expression c£ -- + 7 ~ + X however, is just the tangential 

ds ds ds 

component B t of the vector B in the direction of the oriented 
boundary curve C, and we thus obtain Stokes’s theorem 

JJ (curl B) n dS = J B t ds , 
nr, written out in full, 

1 )**+(& - s) ** + (& -£)**) 

+ tfidy + xdz). 

This formula is true provided that the vector A = curl B is con¬ 
tinuous in the region under consideration and that the surface S 
consists of one or more portions each of which can be continuously 
represented as above by parametric equations x = x(u, v), 
y = y(u, v), z = z(u, t?) with continuous first derivatives. 

Stokes's theorem gives the answer to the question raised at 
the end of No. 1 of the preceding section (p. 389). We have seen 
that for a vector field whose divergence is identically zero the 
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integral of the normal component over a surface bounded by a 
fixed curve C depends on the boundary curve C only and not on 
the particular nature of the surface. Since, as we shall prove 
in section 2 of the Appendix (p. 404), every vector field A whose 
divergence is identically zero has the form 

A = curl B, 

Stokes’s theorem enables us to express the surface integral in a 
form which depends only on the boundary. 

2. Interpretation of Stokes’s Theorem. 

The physical interpretation of Stokes’s theorem in three dimensions 
is similar to that already given (p. 371) for Stokes’s theorem in two dimen¬ 
sions.* Once again we interpret the vector field B as the velocity field of 

a steady flow of an incompressible fluid, and we call the integral JB t ds 

taken round a closed curve C the circulation of the flow along this curvo. 
Stokes’s theorem states that the circulation round a curve is equal to the 
surface integral of the component of the curl in the direction of the positive 
normal to any surface bounded by the oriented curve, the orientation of 
the surface being given by that of the boundary curve. Suppose that we 
apply Stokes’s theorem to a portion of a surface S with a continuously 
turning tangent plane. If we divide this surface integral by the area of the 
portion of surface and then perform a passage to the? limit by letting the 
portion of surface and its boundary curve shrink to a point while remaining 
on the large surface 8, on the left this process of space-differentiation gives 
us the component of the curl in the direction of the normal at that point 
of the surface to which the boundary curve C has shrunk. We therefore 
see that the component of the curl in the direction of the positive normal 
to the surface is to be regarded as the specific circulation or circulation- 
density of the flow in the surface at the corresponding point, where the 
sense of the circulation and the positive normal together form a right- 
handed screw, t 

If we interpret the vector B as the field of a mechanical or electrical 
force, the line integral on the right-hand side of Stokes’s theorem represents 
the work done by the field on a particle subject to the force when it is 
made to describe the curve C . By Stokes’s theorem the expression for 
this work is transformed into an integral over the surface 8 bounded by 
the curve, the integrand being the normal component of the curl of the 
field of force. 

* The student should note that in two dimensions Gauss’s theorem and 
Stokes’s theorem differ from one another formally by a sign only, while in 
throe dimensions both the intuitive interpretation and the formal nature of the 
two theorems are essentially different. 

f These considerations also show that the curl of a vector has a meaning 
independent of the co-ordinate system and therefore is itself a vector. 
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From Stokes’s theorem we obtain a new proof for the main 
theorem on line integrals in space (cf, also p. 365, footnote). 
The chief question was, what must be the nature of the vector 
field B if the integral of the tangential component of the vector 
taken round an arbitrary closed curve is to vanish? Stokes’s 
theorem yields a new proof of the fact that the vanishing * of 
this line integral is ensured if the curl of the vector field vanishes. 
The vanishing of the curl or, as we shall say, the irrotational nature 
of a vector field is therefore a sufficient condition—and, as we 
know from section 1 (p. 358), also a necessary one—that the 
line integral of the tangential component of the vector round 
any closed curve shall vanish. In this case the vector field B 
can itself, as we know from section 1 (p. 352), be represented as 
the gradient of a function f(x , y , z): 

B = grad/. 


If the vector field B is not only irrotational but also source-free, 
that is, if its divergence vanishes, then the function / satisfies 
the equation 

divgrad /= 0, 


or, in full, 


A/= 


d 7 

dx~ 


02 / 

dy 2 



For the scalar quantity /, which as before we call the potential of 
the vector B , we have Laplace’s equation 

A/=0, 

which we have already met with (p. 93). 


7. The Connexion between Differentiation and 
Integration for Several Variables 

It is useful to reconsider, from a single point of view, the facts 
developed in this chapter. 

In the case of one independent variable we regard the reci¬ 
procal relation between differentiation and integration as the 

* Here, of course, we assume that a surface of the type described above and 
bounded by this curve exists. Since this may lead to difficulties or compli¬ 
cations—for example in the case of curves with multiple points—the proof of 
the theorem given in section 1 (p. 352) is preferable. 
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fundamental theorem of the differential and integral calculus 
(Vol. I, Chap. II, p. 117). For one independent variable this 
fundamental theorem is as follows: if f(x) is a continuous function 
in the closed region a^x^b and if F(x) is a primitive of f(x) 9 
then 

f*f( x )dx = F(b) — F(a); 


conversely, for every function F(x) with a continuous derivative 
we can construct the corresponding function f(x) = F'(x) in 
the above formula. In the present connexion the essential 
point is the first part of the fundamental theorem, that is, the 
transformation of an integral over a one-dimensional region into 
the expression F(b) — F(a) depending only on the boundary 
points, which form, as we may say, a region of zero dimensions. 
In other words, if the integrand is given as the derivative of a 
function F(x) f the one-dimensional integral can be transformed 
by means of the function F(x) into an expression depending on 
the boundary only. 

The various integral theorems for regions in several dimen¬ 
sions now give us something analogous to the fundamental 
theorem for one independent variable. The point in question is 
always that of transforming an integral over a certain region lying 
in the region of the independent variables, no matter whether 
this region of integration is a curve, a surface, or a portion of 
space, into an expression that depends only on the boundary of 
the region. For example, Gauss’s theorem in two dimensions is 


J f (®x + b v )dxdy = J(ady — bdx). 

R +0 

This states that if the integrand of an integral J J f(x, y)dxdy 
over a closed region R is represented in the form 


f(x, y) = a x (x, y) + b v (x, y), 


then the double integral over the two-dimensional region can be 
transformed into an expression depending only on the one¬ 
dimensional boundary, namely, into a line integral round the 
boundary curve. Thus Gauss’s theorem reduces the number of 
dimensions of the region of integration by 1. Instead of the 
boundary expression F(b) — F(a) considered above, we have a 
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line integral round the boundary of the plane region. Here, of 
course, we cannot speak of a primitive function F. The single 
primitive function is here in a sense represented by the vector 
field with components a{x , y) and b(x, y). On the other hand, 
the application of Gauss’s theorem does require that the integrand 
of the double integral shall be expressed by means of the dif¬ 
ferentiation process, in fact, as the sum of a derivative with 
respect to x and a derivative with respect to y. The requirement 
that the integrand / shall be capable of being expressed in this 
way still allows a great deal of freedom in the choice of the 
primitive vector field (a, b), whereas for ordinary integrands the 
primitive function F(x) is uniquely determined except for an 
arbitrary additive constant.* 

For the case n — 2 , besides Gauss’s theorem and Stokes’s 
theorem, which are essentially equivalent to one another, there 
is yet another generalization of the fundamental theorem, namely 
the main theorem on line integrals (p. 352). Within the two- 
dimensional region we have a closed one-dimensional bounded 
manifold, that is, a portion of curve with two end-points, and 
the problem is that of the reduction of this line integral to an 
expression depending only on the boundary. The main theorem 
on line integrals in section 1 (p. 352) states that this reduction 
is possible if, and only if, the integrand can be represented by 
means of a primitive function U (x, y) in the form 

t grad U, 

where t is the tangential unit vector and the integration is with 
respect to the length of arc s. The value of the integral is then 
given by the equation 

f t grad Uds = U(£, rj) — U(£ 0 , tj 0 ), 

>i.) 

which obviously corresponds to the state of affairs for n = 1 . 

* For a given integrand f(x, y) there are many ways of finding a pair of 
functions a(x, y) and 6 (ay) which satisfy the above equation. For example, 
we can take b(x , y) as identically zero, or as equal to an arbitrary function, and 
then determine the corresponding function a{x , y) in accordance with the 
equation a x *=/ ~ b v , choosing for a(x f y) any indefinite integral of the function 
f(x, V) ~ b y {x, y) with respect to x f y acting as parameter. Every other vector 
field which arises by the addition of an arbitrary divergence»free field to the 
vector field found as above is likewise a primitive Vector field. 
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The transformation of the line integral 
J (adx + bdy) 

into a boundary expression can therefore be carried out if, and 
only if, the vector A with the components a, b can be represented 
as the gradient of a potential. By comparing this with the 
ordinary fundamental theorem, we see that instead of expressing 
the integrand as the derivative we here express the integrand by 
means of a gradient and that the part played by the primitive 
function is taken by the potential of this gradient. An essential 
difference still remains between this case and the preceding one, 
however, since it is by no means true that the integrand of 
every line integral can be expressed as a gradient in this 
way; on the contrary, this depends on the condition of integra- 
bility a y = b x . 

When there are three independent variables the conditions 
are very similar. By Gauss’s theorem a triple integral over a 
bounded closed three-dimensional region is transformed into an 
integral over the closed boundary, which is a closed unbounded * 
two-dimensional region enclosed in three-dimensional space. The 
transformation is related to the expression of the integrand of 
the triple integral as the divergence of a vector field (a, 6, c), and 
to a certain extent this vector field again plays the part of the 
primitive function.*)* 

With regard to line integrals, the case of three independent 
variables is exactly like that of two independent variables and 
requires no further discussion. 

In the case of three independent variables, the surface in¬ 
tegral over a two-dimensional region, that is, a surface bounded 
by a space-curve, occupies a position between the line integral 
and the triple integral. Here the condition for the transformation 
of an integral taken over such a surface into an expression in¬ 
volving the boundary only is given by Stokes’s theorem in section 
6 (p. 393). The process of differentiation by means of which 
the integrand is constructed in Stokes’s theorem amounts to 
the construction of the curl of a vector field, which here takes 
the place of the primitive function. Here again the situation 

* That is, one having no boundary curve. 

t Just as in the case of two independent variables, there are many different 
ways of constructing a primitive vector field corresponding to a given integrand. 
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resembles that in the case of the line integral. In order that the 
integrand of a surface integral 


JJ(adydz + bdzdx + cdxdy) 


may be expressible as the normal component of a curl the con¬ 
dition a x + b v + c g = 0 must necessarily be fulfilled. Thus the 
transformation of the surface integral into a line integral is 
not always possible. We may remark that the necessary condition 
stated above is in fact a sufficient condition also.* 

The situation is similar if there are more than three inde¬ 
pendent variables; we need not, however, discuss this here. 


Examples 


1. Evaluate the surface integral 


«j2 

taken over the half of the ellipsoid - ■ -f * 4- 
tive, where (1 ' 

1 __ lx my nz 
V a 2 b 2 c 2 ’ 


1 for which z is posi- 


l , m, n being the direction cosines of the outward-drawn normal. 
2. Evaluate the surface integral 


taken over the sphere of radius unity with centre at the origin, where 
H = a t x* -f -f- a 3 z 4 + 3 a t x 2 y 2 -f 3 a$ 2 z 2 + 3 a^xh 2 . 

3*. Prove Gauss’s theorem in n dimensions. That is, let B be a region 
in w-dimensional x x ... space and let its boundary S be given by an 
equation 

G(x v . . . , aej = 0 

such that O 0 in B. Let the functions a t (x v ...» x n ), where i = 1 ,... , n. 
be continuously differentiable in B. Then 

//•••Z(£ + "- + £) dx, -" d * n 

= /• • I (“ l * + • • • + 

* For the proof of this see section 2 of the Appendix, p. 404. 

(E 912) 


27 
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where dS is the element of surface defined in Chap. IV, p. 301, and .. . 

dv 

are the derivatives of the co-ordinates with respect to the outward 
normal, that is, 


dx { _ w x. 

ev = +... + <Q- 


Appendix to Chapter V 

1. Remarks on Gauss’s Theorem and Stokes’s Theorem 

In Chapter V we proved Gauss’s theorem and Stokes’s theorem 
by starting with multiple integrals and transforming them by 
simple integrations into boundary integrals. We can, however, 
arrive at the formal expressions of these theorems in the reverse 
way. The corresponding transformations, which in themselves are 
instructive, will be briefly discussed here. 

For example, in order to obtain Stokes’s theorem in the plane 
we consider two fixed points P and Q in the plane, joined by a 



curve C. This curve C, whose points are represented by means 
of a parameter t , is supposed to be deformed in such a way that 
during the deformation from its initial position to its final position 
it sweeps out the region R simply. We make this idea analyti¬ 
cally precise in the following way: let the curve C , which depends 
on the parameter a, be given by the parametric equations 

x = x(t, a), y = y(t, a); 

where x(t 0i a), y(t 0 , a) and a), y(^, a) are the co-ordinates of 
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the two fixed points P and Q , which are independent of a. We 
suppose that when a describes an interval a 0 a ^ a x the curve 
describes a closed region R . We assume that the functions x(t, a), 
y(t, a) have continuous derivatives with respect to t and a and 
also continuous mixed second derivatives 


d*x 
da dt 


at> 


da dt 


= y a t> 


and, moreover, that everywhere in the region R except at the 

d(x y) 

points P and Q the Jacobian ~~ is different from zero, say 

o(t , a) 

positive. Then the region R, except for the points P and Q, is 
mapped in a one-to-one way on the rectangle a 0 a ^ a 1 and 
t 0 t <L t x of the a^-plane. 

We assume that in the closed region R we are given the two 
functions a(x , y) and b(x, y) with continuous partial derivatives, 
and we consider the line integral 

1(a) = [ (a(x,y)dx+b(x, y)dy) = f (ax t + by t )di, 

J O a J U 

taken along the curve C a corresponding to the parameter a. 
Our object is to investigate how this integral 1(a) depends on 
the variable a. For this purpose we form the derivative 

dI ~ = f 1(«A + a v y a )x t + (6a + 6 „y a )y t + ax at + byjdt 
(la *'r 0 

according to the rules for differentiating an integral with respect 
to a parameter. On integration by parts we obtain 

/»*i 

/ («A<+ byjdt = [ax 0 + by a ] t l —J («**„+ b t y a )dt 

**• *o 

n&X 

= — / [(a x x t + a v y t )x a + (6a+ 

J u 

the last formula is obtained if we notice that the hypotheses 
assure that x a and y a vanish at t = t 0 and t = t,. It follows 
that 

-p- = f K(yA — ytxj + b x (x a y t — x t yj]dt, 

da \ 
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dl( a) 
da 



b x ) 


y) m 

d(t,a) • 


If we integrate this last equation with respect to a between the 
limits a 0 and a v we obtain 



V 


-K) 


d(x,y) 
d(t 9 a) 


dtda\ 


or, if we introduce the independent variables x, y on the right 
instead of t , a, 

I(a 0 ) — I(a 1 ) = J f(b x — a v )dxdy. 


On the left-hand side, however, we have simply the line integral 
§(adx-\- bdy) taken round the boundary curve C a# — C ai of the 
region R, and thus, subject to the assumptions made, we have 
obtained Stokes’s theorem for the plane. 

The reader may be left to deduce Stokes’s theorem in three 
dimensions by the same method. Gauss’s theorem in three 
dimensions may likewise be obtained by starting from a surface 
integral over a bounded surface and deforming this surface in 
such a way that it describes a region R of space. 

It should, however, be pointed out that this way of deducing 
the integral theorems does not give exactly the same results as 
the proofs developed previously. In order to attain the same 
generality we must, e.g., show for Stokes’s theorem in two dimen¬ 
sions that every region R of the type considered in § 2 (p. 362) in 
the plane can be covered by a family of curves C with the 
required properties of continuity and differentiability. Such a 
proof is possible, but it is so complicated that the previous 
method of proving Stokes’s theorem remains preferable. 


2. Representation op a Source-free Vector Field as a Curl 

In view of the remarks at the end of Chap. V, section 6, No. 1 

(p. 396), we shall investigate whether every source-free vector 

field, that is, every vector field A for which the expression div^4 

vanishes everywhere in a closed region R of xyz- space, can be 

represented by means of a second vector B according to the 

formula A , „ 

A = curl 2?. 
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Wo shall show that this is actually the case. If a(x, y , z), 
b(x , y , z ), c(x , y , z) are the components of the vector ^4, the 
problem is to find a vector 2? with components u(x, y, z), v(x, y, z), 
w(x , y, z) such that the three equations 

a — io y — v z 

b = 

c = v x — u v 

are satisfied in R. For the sake of simplicity we assume that 
the region R in which the vector A is defined and satisfies the 
condition a x + b y + c z — () is a parallelepiped. We can then 
determine the vector B in many ways, e.g. in such a way that 
its third component w(x ., y , z) vanishes everywhere. If we make 
this assumption, we obtain the equations 

a = —v z 
b=r- u z 
c=v x — u v . 

The first equation is satisfied if we put 
v=—f a(x , y, 

where x and y act as parameters during the integration, and z 0 
and subsequently y 0 are the z- and ^/-co-ordmates respectively of 
an arbitrary fixed point of R. To satisfy the second equation 
we put 

u b(x, y, Qd£ + a(x, y), 

where a(x, y) is a function of x and y as yet undetermined. 
In virtue of the assumption a x + b v = ~c z we can now satisfy 
the third equation also. We first arrive at the equation 

c = v x u v = f [ct’xfa, y , £) -f- b y (x, y , £)]<££ a, y (x, y), 

J z 0 

and thus from a x + b y = —c z we obtain the further relation 

/ z 

y,O d C— a v( x > y) = c ( x > y, A— c ( x , y, h )—««(*. y), 

-0 

which we now use to determine the function a(x } y) 9 putting 
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a v = —c(x, y, z 0 ), 

r y 

a = — / c(x, 7], z 0 )d7j. 

J yo 

The vector B defined by the functions 

/ z i*y 

b(x, y, QdC— I c(x, y, z 0 )drj, 

*0 J y 0 

v — — f a (x, y, Qdi, 
w— 0 


is a solution of our problem. We at once arrive at the most 
general solution by writing down the three functions 


V=u + 


dx 


v — 


v + 


30 

dy' 


W — w + 


30 

dz 


where <b(x, y, z) is an arbitrary twice-continuously differentiable 
function. For we see at once that the vector 2?'= 2?-f gradO 
with components (V, V , W) satisfies our condition. Conversely, 
if B' is any vector which satisfies the condition curl B' = A, we 
must have curl (B' — B) = 0. Thus the vector B' — B is irro- 
tational, and by Chap. V, section 1 (p. 352) can be represented 
as the gradient of a function <$>(x, y, z ), so that our statement is 
proved. 


Examples 

1 . Let f(x, y) be a continuous function with continuous first and 
second derivatives. Prove that if 

fxxfvv fxy 2 ^ 0 

the transformation 

u = Sm (*> VU v “ fv( x > Vh w = —z + xf tt (x 9 y) + yf y (x, y) 
has a unique inverse, which is of the form 

* « g u (u , v ), y = g v (u t v ), 2 = —w + ug u {u, v) + vg v (u 9 v ). 



V] 


SOURCE-FREE VECTOR FIELD 


407 

2. Represent the gravitational vector field 
Y __ _*_ y _ y __ 2i = _ 2 _ 

' v /(« 2 + y * + * 2 ) 8 ' v (** + y 2 + z2 ) 3 ’ V (* 2 + y a + 22 ) 8 

as a curl. 


Miscellaneous Examples 

1. Let 9, a, and b be continuously differentiable functions of a para¬ 
meter t, for 0^^2 tc, with a(27u)=a(0), &(2rc) =6(0), 9(27 t) = 9(0) + 2ti7i 
( n a rational integer), and let x, y be constants. Interpreting the equa¬ 
tions 

£ ass x cos 9 — y sin 9 + a, r\ = x sin 9 4 - y cos 9 4- b 

as the parametric equations (with parameter t) of a closed plane curve I\ 
prove that 

i f(Zd 7 i — T]i£) = A( 3 ? + y 2 ) + Bx+ Cy + D, 

where 

A = ifd<p 9 B == cos 9 -f 6 sin 9)^9, 

G —J (—a sin9 4* b 0089)^9, D = £ J(adb — bda). 

2*. Let a rigid plane P describe a closed motion with respect to a 
fixed plane II with which it coincides. Every point M of P will describe 
a closed curve of II bounding an area of algebraic value S(M). Denote by 
2 nn (n a rational integer) the total rotation of P with respect to II. Prove 
the following results: 

(a) If n 4= 0, there is in P a point G such that for any other point M 
of P we have 

8 (M) = 7 vnCM 2 + 8 (C); 

(P) If w = 0 , then two cases may arise: (p x ) there is in P an oriented 
line A such that for every point M of P 

S{M) = \d(M ), 

where d(M) is the distance of M from A and X is a oonstant positive factor; 
or else (p 2 ) 8 (M) has the same value for all the points M of the plane P. 
(Steiner’s theorem.) 

3*. A rigid line-segment AB describes in a plane II one closed motion 
of a connecting-rod: B describes a closed counter-clockwise circular motion 
with centre G , while A describes a (closed) rectilinear motion on a line 
passing through G . Apply the results of the previous example to de¬ 
termine the area of the closed curve in II described by a point M which 
is rigidly connected to the line-segment AB. 
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4 . The end-points A and B of a rigid line-segment AB describe one 
full turn on a closed convex curve F. A point M on AB, where AM = a, 
MB = b, describes as a result of this motion a closed curve T'. Prove 
that the area between the curves T and T' is equal to nab. (Holditch’s 
theorem.) 

5 *. Prove that if we apply to each element ds of a twisted, closed, and 
rigid curve T a force of magnitude ds/ p in the direction of the principal 
normal vector (p. 86), the curve T remains in equilibrium; 1/p is the cur¬ 
vature of F at ds and is supposed to be finite and continuous at every 
point of r. (By the principles of the statics of a rigid body we have to prove 
that 

f n ds = 0, f f*-.? ds = 0, 

Jr p Jr p 

where n denotes the unit principal normal vector of F at ds, and x is the 
position vector of ds.) 

6 . Prove that a closed rigid surface 2 remains in equilibrium under a 
uniform inward pressure on all its surface-elements. (If by ri we denote 
the inward-drawn unit vector normal to the surface-element da and by x 
the position vector of da, the statement becomes equivalent to the vector 
equations 

JJ n'da =0, JJ [xn']da = 0.) 

7 *. A rigid body of volume V bounded by the surface 2 is completely 
immersed in a fluid of specific gravity unity. Prove that the statical 
effect of the fluid pressure on the body is the same as that of a single 
force /of magnitude V, vertically upwards, applied at the centroid C of 
the volume V. 

8 *. Let p denote the distance from the centre of the ellipsoid 2 
z*/ci 2 + y 2 /b 2 + z 2 /c 2 = 1 

to the tangent plane at the point P(x, y , z), and dS the element of 
area at this point. Prove the relations 

(i) f f pdS = 4 nabc, (ii) f f - dS = ^ (6 2 c 2 + c'a» + aW). 

J J 2 J J 2 p 3 a bc 

9 . An ordinary plane angle is measured by the length of the arc which 
its sides intercept on a unit circle with centre at the vertex. This idea can 
be extended to a solid angle bounded by a conical surface with vertex A 
as follows. The magnitude of the solid angle is by definition equal to the 
area which it intercepts on a unit sphere with centre A . Thus the measure 
of the solid angle of the domain x ^ 0, y 0, z ^ 0 is 47u/8 = rc/2. 
Now let r be a closed curve, 2 a surface bounded by T, and A 
a fixed point outside both T and 2 . An element of area dS at a point 
M of 2 defines an elementary cone with its vertex at A, and the solid 
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angle of this cone is readily found by an elementary argument to be 


where r = AM and 0 is the angle between the vector MA and the normal 
to L at M. This elementary solid angle is positive or negative according 
as 0 is acute or obtuse. Interpret the surface integral 


geometrically as a solid angle and show that 

C) = f f x)<lydz -f (6 — y)dzdx + (c —- z)dxdy 

J J* W^xf + (b ’ 

where (a, 6, c) and ( x , y, z) are the Cartesian co-ordinates of A and M 
respectivel y. 

10 . Prove, first directly and then by interpretation of the integral as 
a solid angle, that 

r r dxdy _ 

J- oo Loo (* 2 + y 2 + 1 r* 


11*. Prove that the solid angle which the whole surface of the hyper¬ 
boloid of one sheet 

x 2 ja z -f y 2 /b 2 — z 2 /c 2 = 1 
subtends at its centre (0, 0, 0) is 

8 c f\ /— + _ 

Jq v a 2 b 2 -f- b 2 c 2 cos 2 cp + ah 2 sin 2 <p 


12. Show that the value of the integral 

Q.~ [ f ( a ~~ x )dydz -f (b — y)dzdx -f (c — z )dxdy 
J L [(a — x) 2 -f (b — y) 2 -f (c — z) 2 ] 3 ' 2 


is independent of the choice of the surface £, provided its boundary 
T is kept fixed. By integrating over the outside of the surface, 
prove from this result that if A is a closed surface, then Q — or 0, 
according as A(a, b, c) is within the volume bounded by S or outside this 
volume. 

13 *. Let the surface £ be bounded by the closed curve P and consider 
the integral 


Q(a, 6, c) 


■w~ 


)dydz + (b — y)dzdx -f (c — z)dxdy 
- 

(r 2 » (a - x) 2 + (b - yf + (c — *) 2 ), 
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as a function of a, 6, c. Prove that the components of the gradient of 0 
can be expressed as line-integrals as follows: 

d£l __ r (z — c)dy — (y — b)dz dQ _ r (x — c)dz — (z — c)dx 

“J r r* ’ db “J r ? * 

dCl __ r (y — b)dx — (a — a)dy 
dc Jr r 3 


(These formulae, which have an important interpretation in 
magnetism, can be expressed by the following vector equation 


electro- 


grad Cl = — J* 


[.x . dx ] 


where x is the vector with components ( x — a), (y — 6 ), (z — c).) 
14 *. Verify that the expression 

— 4 xydx -f 2(a 2 — y 2 — 1 )dy 
( x 2 -f y 2 — l) 2 4- 4y 2 


is the total differential of the angle which the segment —1 ^ a ^ 1, y — 0, 
subtends at the point (a, y). Using this fact, prove the following result 
by a geometrical argument: 

Let r be an oriented closed curve in the ay-plane, not passing through 
either of the points (—1, 0), (1, 0). Let p be the number of times T 
crosses the line-segment — 1 < a < 1, y — 0 from the upper half-plane 
y > 0 to the lower half-plane y < 0, and n the number of times F 
crosses this line-segment from y < 0 to y > 0. Then 


0 



—4 xydx 4- (s 2 — y 2 — 1 )dy 
(a 3 4* y 2 - l) 2 4- 4y 2 


— 2n (p — n). 


Thus if r is the curve r = 2 cos 26 (0^0^ 2), in polar co-ordinates, 
0 = 0 . 

15 **. Consider the unit circle C 

x' a cos <p, y' =s sin 9, z' = 0 ( 0 ^ 9 ^ 2n) 

in the ay-plane. Denote by 0 the solid angle which the circular disc 
x 2 4- y 2 ^ 1> 3 = 0, subtends at the point P = (a, y, z). Now let P de¬ 
scribe an oriented closed curve T which does not meet the circle C. Let 
p be the number of times T crosses the circular disc a a 4- y 2 < 1, z = 0, 
from the upper half-space z > 0 to the lower half-space z < 0, and n 
the number of times F crosses this disc from z < 0 to z > 0. If P starts 
from a point P 0 on F with Cl = Cl 0 , then P, describing V (while Q varies 
continuously with P), will return to P 0 with a value Cl — Cl v Prove by 
a geometrical argument that 
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Using the vector equation found above, 

f [PP'dP 

gradn= -X -\m 

(example 13), prove that 
// 
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X* — X 

dx 

dx' 

y'-y 

dy 

dy' 

z' — z 

dz 

dz' 


a ipp'i 3 

f C(x'--x)(dydz'—dzdy f ) -f* (y'—y)(dzdx'—dxdz') -f- (z'—z)(dxdy'—dydx') 
J / [(x'-xf+(y'-yf+(z'-z)^ 

= 4n(p — n). 

(This repeated line-integral, which is due to Gauss, gives the number of 
times r is wound around 0. It should be remarked that its vanishing is 



necessary if the two curves T and G (thought of as being two strings) are 
to be separable, but not sufficient, as is shown by the example in fig. 13, 
where p= n= 1, yet T and C cannot be separated.) 
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Differential Equations 

We have already discussed special cases of differential equa¬ 
tions in Vol. I, Chap. XI. We cannot attempt to develop the 
general theory in detail within the scope of this book. In this 
chapter, however, starting with further examples from mechanics, 
we shall give at least a sketch of the main principles of the subject. 

1. The Differential Equations of the Motion of a 
Particle in Three Dimensions 

1. The Equations of Motion. 

In Vol. I, Chap. V, sections 4, 5 (p. 292), and Chap. XI (p. 502), 
we have already discussed the motion of a particle; we made 
the assumption, however, that this motion takes place along a 
pre-assigned fixed curve. We now drop this restriction and consider 
a mass m which we suppose concentrated at a point with co¬ 
ordinates (: x , y, z). The position vector from the origin to the 
particle has components x, y , z and we denote it by x. A motion 
of the particle will then be represented mathematically if we can 
find an expression for x, y, z or x as a function of the time t. 
If, as before, we denote differentiation with respect to the time 
t by a dot, then the vector x with components (x, y , z) and 
absolute value v — i/(x 2 + y 2 -f z 2 ) represents the velocity and 
the vector x with the components x, y, z represents the accelera¬ 
tion of the particle. 

We shall not deal with the foundations of mechanics, but 
take the following definitions and facts as our starting-point: 
we call the product of the acceleration vector x and m the force 
vector f and accordingly write 

MX ~ f 
412 




MOTION OF A PARTICLE 


Chap. VI] 


4i3 


The components of this force vector, or, as we briefly say, of the 
force, will be denoted by 

mx = X, 

my = r, 

ms = Z. 


These three equations are known as Newton’s fundamental equa¬ 
tions of mechanics. From our preliminary point of view they 
represent nothing but a pure definition of the word force. It 
turns out, however, that in many cases this force vector can 
be determined without reference to the particular motion to 
be studied, a force field in space being previously known from 
physical assumptions. We can then regard the fundamental 
equations from quite a different point of view. They then represent 
conditions which must be satisfied by the acceleration in every 
particular motion if this motion takes place under the influence of 
the given field of force. 

One example of such a field of force is the field of gravity. If we take 
gravity as acting in the direction of the negative z-axis, we know the com¬ 
ponents of the force to begin with. They are 

X = 0, Y = 0, Z — — mg , 

or, in vector notation, 

/= — mgr grads, 


where g is the constant acceleration due to gravity (cf. Vol. I, Chap. V. 
section 4, p. 294). 

Another example is given by the field of force produced by a mass p 
concentrated at the origin of the co-ordinate system and attracting accord¬ 
ing to Newton’s law. If r = V(x 2 -f- y 2, -J- z 2 ) — | x | is the distance of 
the particle (x, y 9 z) with mass m from the origin, then in this case the field 
of force is given by the expression * 


f— pray grad 


1 

r 


(cf. p. 91), and Newton’s fundamental equations are 
x = pygrad 

r 


x — 


x 




or, in components, 
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In general, if f is a given field of force, with components 
X(x, y, z), Y(x, y , z), Z(x, y , z) which are functions of position, 
the equations of motion 

mx = f 
or 

mx = A, 

r, 

mz = Z 

form a system of three differential equations for the three unknown 
functions x(t ), y(£), z(£). The fundamental problem of the me¬ 
chanics of a particle is that of the determination of the actual 
path of the particle from the differential equations, when at the 
beginning of the motion, say at the time t = 0, the position of 
the particle (that is, the co-ordinates x 0 = x(0) 9 y 0 = 7/(0), 
z Q = »(0)) and the initial velocity (that is, the quantities x 0 = #(0), 
y 0 — 7/(0), z 0 — c(0)) are given. The problem of finding three 
functions which satisfy these initial conditions and also satisfy 
the three differential equations for all values of t is known as the 
problem of the solution or integration * of the system of differential 
equations. 

2. The Principle of the Conservation of Energy. 

Before we consider the integration of this system of dif¬ 
ferential equations in special cases, we shall state a number of 
general facts following from the equations of motion. The concept 
of the work done on the particle by the field of force during the 
motion was mentioned earlier (Chap. V, section 1, p. 350); we 
know that this work is given by the line integral 

J fxdt = J(Xdx -f Ydy + Zdz) 

taken along the path described by the particle. 

If the field of force can be represented as the gradient of a 
potential, say 

/= grad0>, 

the work done during the motion is independent of the path 

♦ This word is used because the solution of such differentia] equations may 
to a certain extent be regarded as a generalization of the process of ordinary 
integration. 
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and depends only on the initial and final points of the path (cf. 
Chap. V, section 1, p. 350). A field of force which can be repre¬ 
sented as the gradient of a potential is called, following Helmholtz, 
a conservative * field of force. In such a field of force the equations 
of motion may be written in the vector form 

mx = —grad U, 


where instead of the potential ®, which, it may be pointed out, 
is incompletely determined in that it contains an arbitrary 
additive constant, we introduce the potential energy U = —®. 
In terms of the components the last equation becomes 

mx = —U x , 
my = — U y> 
mz = — U z . 

Although in general we cannot integrate this system of equations, 
we can deduce another equation from it in which the second 
derivatives do not occur and only the first derivatives of the 
functions x(t), y{t), z(t) appear. If we use the vector notation, 
the argument may be carried out as follows. In the equation 
mx = —grad U, we form the scalar product of both sides and x. 
The left-hand side then becomes the derivative of the expression 
\mx 2 ~ ~mv 2 with respect to t; the right-hand side is the deri¬ 
vative of the function — U with respect to t (cf. p. 71), and by 
integration we therefore obtain 

\mx: 2 = — V + c, 

where c is a constant, that is, a quantity independent of the 
time t. If we wish to avoid using vector analysis, then we may 
arrive at the same result by multiplying the three equations of 
motion by x , y, z respectively and adding; on the left-hand side 
we then have the derivative of the quantity 

§m(sc 2 + y 2 + z 2 ) 
with respect to t. The equation 

\m(x 2 + y % + z 2 ) + U == c 

* “ Conservative ” in virtue of the theorem of the conservation of energy 
which we shall shortly deduce. 
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thus found is the mathematical expression of the theorem of th& 
conservation of energy. We call the expression 

T = | m(x 2 + y 2 + z 2 ) = 

the kinetic energy (or energy of motion) of the moving particle, 
and the quantity V the potential energy (or energy of position) 
of the particle. Without going into the physical explanation of 
these concepts, we may mention that our equation has the 
following meaning: 

In the case of motion in a conservative field of force the total 
energy , that is , the sum of the potential energy and the kinetic 
energy , remains constant. 

The way in which this theorem can be used in the actual 
solution of the equations of motion will be shown in the examples 
in the next section. 

3. Equilibrium. Stability. 

The equations of motion, in conjunction with the assumption 
that f ~ —grad U, i.e. that the field of force is conservative, now 
enable us to discuss the problem of equilibrium. We say that 
the particle is in equilibrium under the influence of the field of 
force if it remains at rest. In order that this may be the case 
its velocity and its acceleration must both be zero throughout the 
interval of time under consideration. The equations of motion 
therefore give the equations 

grad U = 0 
or 

17. = 0, V v = 0, U z = 0 

as the necessary conditions for equilibrium. 

These same equations determine the points at which the poten¬ 
tial energy V has a stationary value. It is particularly interesting 
to find that a point at which the potential energy U has a proper 
minimum is a point of stable equilibrium. By stability of equili¬ 
brium we mean that if we slightly disturb the state of equilibrium 
the whole resulting motion will differ only slightly from the state 
of rest.* More precisely, let R and p be any positive numbers. 

* An example is givon by a particle which rests under the influence of gravity 
at the lowest point of a spherical bowl which is concave upwards. On the 
other hand, a particle resting at the highest point of a spherical bowl which is 
concave downwards is in “ unstable ” equilibrium; the slightest disturbance 
results in a large change of position. 
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Corresponding to R and p we can find two positive numbers e 
and 8 so small that if the particle is moved a distance not more 
than e from the position of equilibrium and started of! with a 
velocity not greater than 8, then in the whole subsequent course 
of the motion the point never reaches a distance greater than R 
from the point of equilibrium and never has a velocity greater 
than p. 

It is a remarkable fact that we can prove this statement about 
stability without integrating the equations of motion. In the 
proof we need only use the assumption that at the position of 
equilibrium in question the potential energy U has a proper 
minimum. For simplicity we assume that the position of equi¬ 
librium, the point where U has a minimum, is the origin; if not, 
we can make this point the origin by translation of axes. By 
definition the potential energy U involves an arbitrary additive 
constant; for the function U and the function (U + const.) give 
the same field of force, the constant disappearing in the process 
of differentiation. Thus without loss of generality we may take 
the value of the minimum Z7(0, 0, 0) as zero. 

About the origin we describe a sphere S r with radius r; re¬ 
calling the assumption that U is a minimum, we choose r < R 
so small that everywhere in the interior and on the surface 
of this sphere, except at the origin, the inequality U > 0 is 
satisfied. The least value of U on the surface of the sphere we 
call a; by hypothesis, a is positive. It is therefore certain that 
the particle can never reach the surface of the sphere S r as long 
as its potential energy remains less than a. Since U is continuous, 
we can find an e, depending on a, so small that in the sphere 
S e with radius € about the origin the value of U is at most \a. 
If we start the particle from a point of S €i and give it an initial 
velocity v 0 so small that for the initial kinetic energy we have 

T 0 = \mv 0 2 < \a 

(in other words, if \v 0 \ <\/(a/m)), then by the law of the 
conservation of energy we always have 

2 1 + U = T q -\- U Q <a. 

Since T is always equal to or greater than zero, we shall always 
have V less than a, and therefore the particle can never reach a 
distance greater than r from the origin. Since U remains greater 

(E 912) 28 
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than or equal to zero, T remains less than a throughout the whole 
motion, and for the velocity we always have v < \/(2ajm). In 
virtue of the continuity of U , a tends to zero with r. We can 
therefore choose r so small that \/(2 ajm) < p (that is, a < |/£> 2 m), 
so that the velocity is always less than p. Thus if the point 
starts inside S c with velocity v 0 , and if |v 0 | <\Z(a/m), it 
always remains within the sphere S r of radius r < R and always 
has a velocity less than p. 

2. Examples on the Mechanics of a Particle 

1. Path of a Falling Body. 

As a first example we shall consider the motion of a particle under the 
influence of gravity, taken as acting parallel to the negative z-axis. Newton’s 
equations of motion take the form 


mx = 0, 

my « 0, 

mi — - 

-mg; 

^ = 0, 
dt 2 

dt* 

1 

HL 

~ 9• 


From these equations by integration we find first the corresponding com¬ 
ponents of the velocity, and then the co-ordinates of the particle itself. 
We at once obtain 


dx __ dy 
dt~ av <u 



—gt + c,. 


where a v b v Cj are constants; a second integration gives the equations 

x — a x t -f a 2 , 
y — 4 - b 2 , 

2 = —\gl % -f c t t + c v 

where a 2 , b 2 » c 2 al® 0 represent constants. The meaning of the six constants 
of integration is found from the initial conditions. Without restricting the 
generality of the mechanical problem, we can choose the co-ordinates in 
such a way that at the time t = 0 the particle is at the origin. Accordingly, 
if we put t — 0 and at the same time a=i/ = z= 0in the last equations, 
we at once obtain a 2 — b 2 — c 2 — 0 . Moreover, we can assume without 
loss of generality that the initial velocity lies in the a^-plane, so that the 
component b x of the initial velocity has the value zero. With these assump¬ 
tions the equation y(t) = 0 will hold for all values of t. The trajectory 
(that is, the path of the particle) therefore lies in a fixed plane, namely, 
the aB-plane. If we eliminate the time t from the remaining equations 

x == a x t, z = — £j gt 2 4 c x U 
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wo obtain the equation of the trajectory in the form 


2 


2a, 2 


X 2 + Cl X. 


This curve is a parabola, with its axis parallel to the 2 -axis and its vertex 
upwards. The co-ordinates of the vertex, which correspond to the maximum 
of the function 2 , are found by equating the derivative of the right-hand 
side of our equation to zero. For the co-ordinates ( x, z) of the vertex we 
thus obtain the values 


a i c i 

z = —* 

9 

z _ _ 9 «iV 1 = ??*. 

2d] 2 g 2 <h g 2 g 

The time T at which the highest point of the path is reached is determined 
by the equation 

T ^ ^ % 

<h 9 

After twice this time, that is, t = 2c x /g, the mass has reached the point 
with co-ordinates x = 2a,c,/g and 2 = 0 , and thus lies on the horizontal 
line y = 2 = 0 through the initial point. 


2. Small Oscillations about a Position of Equilibrium. 

In section I, No. 3 (p. 416) we considered the question of the 
stability of equilibrium. The motion of a particle about a position 
of stable equilibrium, corresponding to a minimum of the potential 
energy, can be approximated to in a simple way. For the sake 
of brevity we restrict ourselves to a motion in the xy- plane and 
assume that there is no force acting in the direction of the 
z-axis. We imagine the potential energy in the neighbourhood 
of the origin (which we take at the minimum) expanded by 
Taylor’s theorem in the form 

U = U 0 + px+ qy+ \(ax* + 2bxy + cy 2 ) -f ... . 

Here p , q and a, b, c denote the values of the derivatives 
U x , U y and U xx , U xv , V yv respectively at the origin. In virtue 
of the assumption U 0 = 0, and since U x {0, 0) = 0, j7„(0, 0) == 0, 
the constant term and the linear terms in this expansion dis¬ 
appear. We now assume that, corresponding to the fact that 
the origin is a minimum, the quadratic terms 

Qfa y) = k( ax2 + 2bx y + °y 2 ) 
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form a positively definite quadratic form (p. 205), and that in a 
sufficiently small neighbourhood of the position of equilibrium the 
potential energy U can be replaced with sufficient accuracy by 
this quadratic form Q. With these assumptions the equations 
of motion take the form 

mx = —grad Q 
or 

nix — ax — by, 
my — —bx — cy. 

These can easily be integrated completely if we first rotate the 
x- and y-axes through a suitably chosen angle. For if we consider 
the positively definite form ax 2 ~f~ 2 bxy + cy 2 — 2 Q, we know 
from elementary analytical geometry that by rotating the axes 
through a suitably chosen angle <f >, that is, by making the sub¬ 
stitution 

x — £ cos (f> — 7] sin <f, 
y = £ em<f> + 7] cos <f>, 

this expression can be transformed into an expression of the form 
a£ 2 +fir? ^2Q, 


where £ and rj are the new rectangular co-ordinates and a and 
are positive numbers.* In these new co-ordinates the equations 
of motion mx = —-grad# transform into 

m£ — —a£, 
mrj = — fir), 


where £, rj are the new components of the position vector x. 
As in Vol. I, Chap. V, section 4 (pp. 296-7), both these equations 
can be integrated completely. We obtain 

£ — A x sin a / {t Ci), 

V m 

i)=Ai sin JP (t — c 2 ), 

v m 


where c 2 , A v A 2 are constants of integration which enable us 

* For the equation Q = 1 represents an ellipse, and by suitable choice of <f> 
the term in xy can be removed. 
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to make the motion satisfy any arbitrarily assigned initial con¬ 
ditions. 

The form of the solution shows that the motion about a 
position of stable equilibrium results from the superposition of 
simple harmonic oscillations in the two “ principal directions ”, 
the ^-direction and the 77 -direction, the frequencies of these 
oscillations being given by y/iajm) and A general dis¬ 

cussion of these oscillations, which we shall not carry out here, 
shows that the resultant motion may take a great variety of 
forms. 



Figs. 1-3.—Oscillation diagrams 


To give a few examples of these compound oscillations we first consider 
the motion represented by the equations 

5 = sin(t + c), 

7 ) Ess sin (tf — c). 

By eliminating the time t we obtain the equation 

(5 4- tq) 2 sin 2 c -f (5 — 7)) a cos 2 c a* 4 sin a c cos 2 e, 

which represents an ellipse. The two components of the oscillation have the 
same frequency I and the same amplitude 1, but a difference of phase 2c. 
If this difference of phase successively takes all values between 0 and 7 t/ 4 , 
the corresponding ellipse passes from the degenerate straight-line case 
5 — 7 ) = 0 to the circle £ 2 + tj 2 = 1, and the oscillation passes from the 
so-called linear oscillation to the circular (cf. figs. 1-3). 

If as a second example we consider the motion represented by the 
equations 

5 — sin*, 

7) = sin2(£ — c), 

where the frequencies are no longer equal, we obtain oscillation diagra ms 
which are decidedly more complicated. In figs. 4, 5, and 6 these figures 
are given for the phase differences c — 0, c = tc/8, and c — tt/4 respectively. 
In the first two cases the particle moves continuously on a closed curve. 
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but in the last case it swings backwards and forwards on an arc of the 
parabola yj = 2£ 2 —- 1. The curves obtained by the superposition of 



Figs. 4-6.—Oscillation diagrams 


different simple harmonic oscillations in directions at right angles to one 
another are given the general name of Lissajous figures. 


3. Planetary Motion. 

In the examples discussed above the differential equations 
of the motion can immediately (or after a simple transformation) 
be written in such a way that each of the co-ordinates occurs 
in one differential equation only and can be determined by 
elementary integration. We shall now consider the most im¬ 
portant case of a motion in which the equations of motion are 
no longer separable in this simple way, so that their integration 
involves a somewhat more difficult calculation. The problem 
in question is the deduction of Kepler's laws of planetary motion 
from Newton's law of attraction. We suppose that at the origin 
of the co-ordinate system there is a body of mass p (e.g. the sun) 
whose gravitational field of force per unit mass is given by the 
vector j 

f— W grad 

r 

What is the motion of a particle (a planet) under the influence 
of this field of force? The equations of motion are 


3 = 
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In order to integrate them we first state the theorem of con¬ 
servation of energy for the motion in the form 

fyn(x 2 + y 2 + z 2 ) — = C, 

where C is constant throughout the motion and is determined 
by the initial conditions. 

From the equations of motion we can now deduce other 
equations in which only the components of the velocity, not the 
acceleration, are present. If we multiply the first equation of 
motion by y , the second by x , and subtract, we obtain 

xy — xy = 0, or ~ {xy — yx) = 0, 

whence by integration we have 

xy—yx= c v 

Similarly, from the remaining equations of motion we obtain * 

yz — zy = e 2 , 
zx — xz = c 3 . 

These equations enable us to simplify our problem very 
considerably in a way which is highly plausible from the intuitive 
point of view. Without loss of generality we can choose the 
co-ordinate system in such a way that at the beginning of the 
motion, that is, at t = 0, the particle lies in the xy- plane and 
its velocity vector at that time also lies in that plane. Then 

* We can also arrive at these three equations using vector notation, if we 
form the vector product of both sides of the equation of motion and the position 
vector x . Since the force vector is in the same direction as the position vector, 
we obtain zero on the right, while the expression [xx] on the left is the 
derivative of the vector [xx] with respect to the time. It therefore follows 
that this vector [xx] = c has a value which is constant in time; this is 
exactly what is stated by the co-ordinate equations above. 

As we see, this equation does not depend on our special problem, but holds 
in general for every motion in which the force has the same direction as the 
position vector. 

The vector [xx] is called the moment of velocity and the vector m\xx] 
the moment of momentum of the motion. From the geometrical meaning of the 
vector product we easily obtain the following intuitive interpretation of the 
relation just given (cf. the subsequent discussions in the text). If wo project 
the mov ing particle on to the co-ordinate planes and in each co-ordinate plane 
consider the area which the radius vector from the origin to the point of pro¬ 
jection sweeps over in time t, this area is proportional to the time (theorem 
of areas). 
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2(0) — 0, and z(0) = 0; and by substituting these values in the 
above equation and remembering that the right-hand sides are 
constants, we obtain 

x y — yx = Ci — h, 
yz - zy 0, 

zx — xz 0. 


From these equations we conclude in the first place that the whole 
motion takes place in the plane 2 — 0. Since we naturally exclude 
the possibility of a collision between the sun and planet, we may 
assume that the three co-ordinates (x, y, z) do not vanish simul¬ 
taneously, so that at the time t = 0 at which £(0) = 0 we have, 
sav, x(0) =|= 0. Now from the last of the three equations above it 
follows that 

d /-\ _ __zx — zx __ 

di \x) # 2 


Therefore z — ax, where a is a constant. If we put t = 0 here, 
then from the equations z(0) = 0 and x(0) =(= 0 it follows that 
a — 0, so that £ is always zero. 

We may therefore base our problem of integration on the two 
differential equations 

\m(x* + y 2 ) — y -?~ — C, 
r 

xy — yx = h. 


We next use the equations x — r cos 6, y ~ r sin 0 to transform 
the rectangular co-ordinates (x, y) into the polar co-ordinates 
(r, 6), which are now to be determined as functions of t. Since 


and 


x 2 + y 2 — r 2 + r 2 0 2 , 
xy — yx — r 2 0, 


we have the two differential equations 


im(r 2 + rW) - y X m = C, 
r 

r 2 0 = h 


for the polar co-ordinates r, 0. The first of these equations is the 
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theorem of the conservation of energy, while the second expresses 
Kepler’s law of areas. In fact (cf. Vol. I, Chap. V, section 2, 
pp, 273, 275) the expression §r 2 0 is the derivative with respect 
to the time of the area swept out in time t by the radius vector 
from the origin to the particle. This is found to be constant, 
or, as Kepler expressed it, the radius vector describes equal areas 
in equal times . 

If the “ area constant ” h is zero, 6 must vanish, that is, 6 
must remain constant, so that the motion must take place on a 
straight line through the origin. We exclude this special case 
and expressly assume that h 4 = 0. 

In order to find the geometrical form of the orbit, we give 
up thinking of the motion as a function of the time * and consider 
the angle 6 as a function of r, or r as a function of 6 , and from 
our two equations we calculate the derivative dr/dO as a function 
of r. 

If we substitute the value 0 = hjr 2 from the area equation 
in the energy equation and recall the equation 


f — 


dr 

dt 



we at once obtain the differential equation of the orbit in the 
form 


m ih 2 /dr \ 2 h 2 \ y\xm _ ~ 

2 (r 4 \dd) + r 2 ) “ 

4/ 2C 4- 

\do) \mh 2 ^ h 2 r r 2 / 


To simplify the later calculations we make the substitution 

1 

r — ~ 
u 


* The course of the motion as a function of the time can be determined 
subsequently by means of the equation 



h)» 


in which we suppose that r is known as a function of 0 (cf. p. 428). 
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and introduce the following abbreviations: 

1 _ W 
p h 2 ’ 

The above differential equation then becomes 
/du\ 2 e 2 / 1\ 2 

\de) ? v */’ 

and this can be integrated immediately. We have 


du 


V(‘ 2 IP 2 -(U-1IP) 2 )’ 
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or if for the moment we introduce u -- v as a new variable, 

V 

e - 0 o=f-7TT% -i\- 

J V( € ip 2 — v j 

For the integral (by Vol. I, Chap. IV, section 2, p. 213) we obtain 
the value arc sin and we thus obtain the equation of the 
orbit in the form 

1 ~ — v = e sin(9 — 0 O ). 

r p p 

The angle 0 O can be chosen arbitrarily, since it is immaterial from 
which fixed line the angle 6 is measured. If we take 0 O = tt/ 2, 
that is, if we let v = 0 correspond to the value 0 = 7t/2, we finally 
obtain the equation of the orbit in the form 

P 

r —--- 

1 — € cos 0 


We shall assume that the student already knows from analytical 
geometry that this is the equation in polar co-ordinates of a 
conic having one focus at the origin. 

Our result therefore gives Kepler’s law: the planets move in 
conics with the sun at one focus. 



VI] 


EXAMPLES ON MECHANICS 


427 


It is interesting to relate the constants of integration 
A 2 2 1 , 2CA 2 

p — —, € 2 = 1 H- — 

yfi my l fx l 

to the initial motion. The quantity p is known as the semi-latus 
rectum or parameter of the conic; in the case of the ellipse and 
the hyperbola it is connected with the semi-axes a and b by the 
simple relation 



The square of the eccentricity, e 2 , determines the character of the 
conic; it is an ellipse, a parabola, or a hyperbola, according as 
€ 2 is less than, equal to, or greater than 1. 

From the relation 



1 + 


2Ch 2 

my 2 (i 2 


we see at once that the three different possibilities can also be 
stated in terms of the energy constant C ; the orbit is an ellipse, 
a parabola, or a hyperbola, according as C is less than, equal to, 
or greater than zero. 

If we suppose that the particle is brought at time t — 0 to the 
point x 0 in the field of force and is there started off with an initial velocity 
x 0 , then the relation 

»0 

gives the surprising fact that the character of the orbit—ellipse, parabola, 
or hyperbola—does not depend on the direction of the initial velocity at 
all, but only on its absolute value v Q . 

Kepler's third law is a simple consequence of the other two. 
It states that in elliptic orbits the square of the period bears a 
constant ratio to the cube of the major semi-axis, the ratio depending 
on the field of force only and not on the particular planet . 

If we denote the period by T and the major semi-axis by a, 
we should then have 

T 2 

= const., 
a 3 


where the constant on the right is independent of the particular 
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problem and depends only on the magnitude of the 
mass and on the gravitational constant y. 

To prove this we use the theorem of areas in the 
form 

f r 2 dd — h(t — t Q ), 

which defines the motion as a function of the time. If we take 
the integral over the interval from 0 to 27r, we obtain on the 
left-hand side twice the area of the orbital ellipse, that is, by 
previous results, 2nab, while on the right-hand side the time 
difference t — t Q must be replaced by the period T. Therefore 

27 rab = hT or 47 r 2 a 2 b 2 ■= h 2 T 2 . 

We already know that h 2 is connected with the elements a and b 
of the orbit by the relation /r/y/z = p = b 2 /a. If we replace h 2 in 
b 2 

the above equations by - y/z, it follows at once that 
a 

T 2 = 47t 2 

a 3 y/z 9 

which exactly expresses Kepler's third law. 


attracting 

integrated 


Examples 


1. Prove that as t oo the velocity y/k 2 of a planet tends to 0 if its 
orbit is a parabola and to a positive limit if it is a hyperbola. 

2*. A planet is moving on an ellipse, and a) = o>(£) denotes the angle 
PMP s , where P is the position of the planet at the time t, P 8 its position 
at the time t f when it is nearest to the sun S , and M the centre of the ellipse. 
Prove that co and t are connected by Kepler’s equation 

h(t — t 8 ) = ab((ji — e sino). 


3. Prove that a body attracted towards a centre 0 by a force of mag¬ 
nitude mr moves on an ellipse with centre 0. 

4. Prove that the orbit of a body repelled by a force of magnitude 
/(r), where / is a given function, from a centre 0 is given in polar co¬ 
ordinates (r, 0) by 


6 = 


i 


dr 


VS + l./ /w *- 




VI] EXAMPLES ON MECHANICS 429 


5. Prove that the equation of the orbit of a body repelled with a 


force j .3 from a centre O is 

' 2c_ 
1 ___ h 2 x 
r 1 2c 
, h 2 x 


cos(kO -f e) for [i < h 2 
cosh (xO + e) for fx > h 2 


if 


x = -y/(| 1 — |) and e is a constant of integration. 


3. Further Examples of Differential Equations 

Before discussing the foundations of the theory of differential 
equations, which we shall do in the next section, we shall here 
consider some further examples of problems involving differential 
equations, also arising in part from mechanics. 

1. The General Linear Differential Equation of the First Order. 

In Vol. I, Chap. Ill, section 7 (pp. 178, 182) we have already 
integrated the equation y' -f~ ay + b = 0 completely in the case 
where a and 6 are constants. We can, however, also completely 
integrate this “ linear differential equation of the first order ” * 

y ' + ay + b == 0 

for the unknown function y(x) in the general case where a and b 
are any continuous functions of x. The solution is obtained by 
means of the exponential function and ordinary integration 
(which, however, cannot in general be performed in terms of 
elementary functions). 

We first suppose that 6=0. Then the differential equation 
can be put in the form 

— a = y - = ~ log | y |, 
y ax 

provided that y =4= 0. From this it follows that 
log I y I = —f a(x)dx, 

* The word “ linear ” expresses the fact that the unknown function and 
its derivatives are only linearly involved in the differential equation. A differen* 
tial equation is said to be “ of the first order ” when it contains first derivatives 
only and no higher derivatives. 
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and finally, if for brevity we denote any indefinite integral of the 
function a(x) by A(x), 

y = ce~ A{x \ 

where c is an arbitrary constant of integration. This formula 
gives a solution even when c = 0, namely y = 0. 

If now b(x) is not equal to zero, we attempt to find a solution 
of the form 

y — u(x)e~ A{x \ 

where u(x) must be suitably determined.* 

Since A'(x) — a(x), 

y' — u'(x)e~ A(x) — u(x)a(x)e~ A(x \ 


and for the unknown function u(x) we therefore have the dif¬ 
ferential equation 

u'(x)e~ A{x) — — b, 
from which it follows that 

u(x) = — J b(x)e A(x) dx. 

The expression 

y(x) = —e~ A(x) J'b(x)e A(x) dx, 

where 


A(x)~ Ja(x)dx 


therefore gives a solution of the differential equation. This solution 
is formed from known functions by means of the exponential 
function and of ordinary processes of integration only. Since the 
function u(x) involves an arbitrary additive constant, we see that 
the expression 

y{x) = e~ A{x) (c — J b(x)e Aix) dx S j 9 

where 


A(x)~ Ja(x)dx, 


gives a solution which still contains an arbitrary constant of 
integration c. This solution really contains only one arbitrary 
constant, although A(x) also involves an additive constant. For 
if we replace A(x) by A(x) + the solution becomes one of 
similar type obtained from the original solution by replacing c 
by ce~ c \ 

* This device is known as “ variation of the parameter ” (see also p. 445). 
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For example, in the case of the differential equation 

y' + vy + * = 0 

we have 

A(x) — Jxdx = jfx 2 , J e Mx) b(x)dx = J%t* x ^dx = e**/ 2 , 

and hence the solution 

y = e“*‘ /2 (c — c x ‘ /2 ) = ce”** /2 — 1, 

as we may verify by differentiation. 


2. Separation of the Variables. 


The idea which underlies the above solution is that of 
separation of the variables. If a differential equation is of the 
form 


y ==: - 


ajx) 

m' 


where a depends on x only and /J on y only, it may also be 
expressed symbolically by 


or 


adx + fidy = 0 
adx — — fidy. 


in which the variables x and y are separated. Introducing the 
two indefinite integrals 

A=Jadx, B = — J/3dy, 

which are obtained by ordinary quadratures, we at once obtain 
?L{A-B)=a+ fiy' = 0, 

that is, 

A — B = c, 

where c is an arbitrary constant of integration. This equation 
may now be imagined as solved for y , and the required solution 
is thus obtained by quadrature. 

Another example in which the same idea is applied is tho 
so-called homogeneous differential equation 
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If we take z — yjx, so that y' = xz f + 2 , the differential 
equation becomes 

xz' + z=f(z) 9 

or 

x 


an equation for z in which y does not appear explicitly. Hence 


/ ,, f 2 =f + c — c + log I g |, 

J f(z) — 2 J X 

where c is an arbitrary constant of integration. Using this equa¬ 
tion to express z as a function of x f we obtain the required solution. 

Examples .—From y' = - we at once have 


■ (lx 


the solution of which is 


Again, the equation 


d y __ dx 

y 


log 1 


— c. 


gives 


hence 


/ V 2 

* =* 

z - 1 


= log --= C 4 - log | x\; 

J z 2 ■— z z 1 


y l-lex 


whore k is a constant. 


Examples 

1 . Integrate the following equations by separation of the variables: 

(a) (1 4 y 2 )xdx 4 (1 4 x 2 )dy — 0. 

(b) ye 2 *dx — (1 -f e 2x )dy = 0. 

2. Solve the following homogeneous equations: 

(а) y 2 dx 4 x(x — y)dy = 0. 

(б) xydx -f (x 2 -f- y 2 )dy = 0. 

(c) 7 ? — y 2 4 2xyy' = 0. 

(d) (x + y)dx 4 (y — x)dy = 0. 

(e) (x 2 4 xy)y' = x V(x 2 — y 2 ) 4 xy 4 </*. 
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3. Show that a differential equation of the form 

y' = 9 ( fy-il c . ) (a, a v . . . constant) 

VajS-f b x y -f Ci * 

can be reduced to a homogeneous equation as follows. If ab 1 — afi =*= 0 , 
we take a new unknown function and a new independent variable 

7) — ax + by + c, 5 = a x x 4- b x y -f c v 

If ab x — arp — 0, we need only change the unknown function by putting 

7 ) = ax + by 

to reduce the equation to a new equation in which the variables are sepa¬ 
rated. 

4. Apply the method of the previous example to 

(a) (2x + 4y + 3 )y' = 2y -f x + 1. 

(b) (3 y -7x+ 3)i y' = 3 y - lx + 7. 

6 . Integrate the following linear differential equations of the first order: 

Tllf 

(a) y' + y COS* == cos* sin*. (b) y' — —= e x (x -f l) n . 

x -j- 1 

(c) *(* — 1 )y' 4- (1 — 2 x)y -f x? — 0. (d) y' — ? y = **. 

* 

(e) (1 + a?)y' + xy = 

6 . Integrate the equation 

3. Determination of the Solution by Boundary Values. The 
Loaded Cable and the Loaded Beam. 

In the problems of mechanics and the other examples pre¬ 
viously discussed, we selected from the whole family of functions 
satisfying the differential equation a particular one by means of 
so-called initial conditions, that is, we chose the constants of 
integration in such a way that the solution and in certain cases 
also its derivatives up to the (n —- l)-th order assume pre¬ 
assigned values at a definite point. In many applications we 
are concerned neither with finding the general solution nor with 
solving definite initial-value problems, but instead with solving 
a so-called boundary-value problem. In a boundary-value problem 
we are required to find a solution which must satisfy pre-assigned 
conditions at several points and which must be considered in the 

(E 912) 29 
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intervals between those points. Here we shall discuss a few 
typical examples without going into the general theory of such 
boundary-value problems. 


Ex. 1 .—The Differential Equation of a Loaded Cable. 

In a vertical a;?/-plane—in which the y-axis is vertical—we suppose 
that a cable whose (constant) horizontal component of tension is $ is 

stretched from the origin to the point 
x — a. y = b (cf. fig. 7). The cable 
is acted on by a load whose density per 
unit length of horizontal projection 
is given by a sectionally continuous 
function p(x). Then the sag y(x) of 
the cable, that is, the y-co-ordinate, 
is given by the differential equation 

y"(x) = g(x), where g(x) = P -. 

o 

The shape of the cable will then be 
given by that solution y(x) of the 
differential equation which satisfies the conditions y(0 ) = 0, y(a) ~ b. 
The solution of this boundary-value problem can be written down at once, 
since the general solution of the homogeneous equation y" — 0 is the 
linear function c 0 -f CjX, and the solution of the non-homogeneous equation 
which, with its first derivative, vanishes at the origin is given by the 

integral J g(^)(x — £)<££ (see below, pp. 441-8). In the general solution 



y{x) = c 0 4* c x x+ f g{^){x — Qdl 
do 


the condition y(0) = 0 at once gives c 0 — 0, and then the condition y(a) — b 
gives the equation 

6 = da+ f 9(1 )(«— Qdl 

do 

for the determination of c v 

In practice, besides this very simple form of boundary-value problem 
a more complicated case occurs, in which the cable is subject not only to 
the continuously-distributed load but also to concentrated loads, that is, 
loads which are concentrated at a definite point of the cable, say at the point 
x — x 0 . Such concentrated loads we shall consider as ideal limiting cases 
arising as e -► 0 from a loading p(x) which acts only in the interval x 0 — e 
to x 0 4- e and for which 



that is, the total loading remains constant during the passage to the limit 
e 0; the number P is then raffed the concentrated load acting at the 
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point x 0 . By integrating both sides of the differential equation y" = p(x) /S 
over the interval from x — e to x 4 - e before making the passage to the 
limit e -* 0, we see that the equation y'(x 0 + e)~ y'(x 0 e) = P/S holds. 
If we now perform the passage to the limit e -> 0, we obtain the result 
that a concentrated load P acting at the point x 0 corresponds to a jump 
of the derivative y'(x) by an amount P/S at the point x 0 . 

The following example suffices to show how the occurrence of a con¬ 
centrated load modifies the boundary-value problem. We suppose that 
the cable is stretched between the points x = 0 , y = 0 and x = 1 , y = 1 
and that the only load is a concentrated load of magnitude P acting 
at the mid-point x = According to the above discussion, this physical 
problem corresponds to the following mathematical problem: we have to 
find a continuous function y(x) which satisfies the differential equation 
y" = 0 everywhere in the interval 0 ^ x 1 , except at the point x 0 = 
which takes the values y( 0 ) = 0 , y(l) = 1 on the boundary, and whose 
derivative has a jump of the amount P/S at the point x 0 . In order to 
find this solution, we express it in the following way: 

y(x) — ax -f b for 0 5^ x ^ \ 

and 

y(x) = c(l ■— x) -f d for 

The condition y(0) = 0, y( 1) = 1 gives b — 0, d — 1 . From the condition 
that both parts of the function shall give the same value at the point 
x = ^ we find that 

2 a ~ I* 

Finally, the requirement that the derivative y' shall increase by the amount 
P/S on passing the point \ gives the condition 


P 



We therefore have the constants 



and our solution is thus determined. Moreover, it is easy to show that 
no other solution with the same properties exists. 

Ex. 2 .—The Loaded Beam .* 

The situation in the case of loaded beams is very similar (cf. fig. 8). 
Let us suppose that in its position of rest the beam coincides with the 
asaxis between the abscissae x = 0 and x = a. Then it is found that the 
sag y(x) due to a force acting vertically in the ^-direction is given by the 
linear differential equation of the fourth order 

y iv = <p(*), 

* For the theory of loaded beams cf. e.g. Morley, Theory of Structure# 
(Longmans, Green & Co., 1927). 
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where the right-hand side 9 ( 2 ) is p(x)/EI , p(x) being the density of loading, 
E the modulus of elasticity of the material of the beam (E is the stress 



divided by the elongation), and I the moment of inertia of the cross-section 
of the beam about a horizontal line through the centre of mass of the 
cross-section. 

The general solution of this differential equation can at once be ex¬ 
pressed (p. 446) in the form 

y(x) = c 0 + c x x + eg* -f C 3 Z 3 -f J 9 ( 5 ) — 

where c 0 , 0 lt Cj, c 3 are arbitrary constants of integration. The real problem, 
however, is not that of finding this general solution, but that of finding 
a particular solution, i.e. of determining the constants of integration in 
such a way that certain definite boundary conditions are satisfied. If 
e.g. the beam is clamped at the ends, the boundary conditions 

V( 0 ) = 0 , y(a) = 0 , i/(0) = 0 , y'(a) = 0 

hold. It then follows at once that c 0 — c x = 0, and the constants c 2 and c, 
are to be determined from the equations 

<V 2 + c 3 a 3 +jT 9 (C)^ ^ dZ = 0, 

, 2 c,a + 3c 3 a a +J\( 5 ) dZ = 0 . 

With beams the occurrence of concentrated loads is again of particular 
interest. As before, we shall think of the concentrated load acting at the 
point x — x 0 as arising from a loading p(x), distributed continuously over 

rXo +«? 

the interval x 0 — e, to x 0 + e, for which / £>(5)^5 = P; we again let c 

*Av° — c 

approach zero and at the same time let p(x) increase in such a way that 
the value of P remains constant during the passage to the limit e -► 0 . 
P is then the value of the concentrated load at x = x 0 . Just as in the 
example above, we integrate both sides of the differential equation over 
the interval from x — s to x + e and then perform the passage to the 
limit e 0. It is found that the third derivative of the solution y{x) 
must have a jump at the point x — x Q , this jump amounting to 

y"'( x o + 0 ) — y'”(x 0 — 0) = 

Here y(x 0 -f 0) means the limit of y(x 0 -f h) as h tends to zero through 
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positive values, y(x 0 — 0) being the corresponding limit from the left. 

Thus the following mathematical problem arises: we attempt to find 
a solution of y iv = 0 which, together with its first and second derivatives, 
is continuous, for which y(0 ) = i/(l) = y'(0) = y'(l) = 0, and whose third 
derivative has a jump of the amount PjEI at the point x = x Q and else¬ 
where is continuous. 

If the beam is fixed at a point x — x 0 (cf. fig. 9), i.e. if at this point the 



Fig. 9.—Sag of beam supported in the middle 


sag has the fixed pre-assigned value y — 0 , we can think of the fixation 
as being effected by means of a concentrated load acting at that point. 
By the mechanical principle that action is equal to reaction the value of 
this concentrated load will be equal to the force which the fixed beam 
exerts on its support. The magnitude P of this force is then given at once 
by the formula 

P = El{y"'(x 0 + 0) - y'"(x 0 - 0)}, 

where y(x) satisfies the differential equation y iv = P/EI everywhere in the 
interval 0 ^ x ^ 1 except at the point x = x 0 and in addition also satisfies 
the conditions y( 0 ) =■ y{l) = y'( 0 ) — y'(l) = 0 , y(x 0 ) = 0 , and y> ?/, and 
y" are also continuous at x = x 0 . 

In order to illustrate these ideas we consider a beam extending from 
the point x — 0 to the point x = 1, clamped at its end-points x = 0 and 
x = 1 , carrying a uniform load of density p{x) = 1 , and supported at the 
point x = 2 (cf. fig. 9). For the sake of simplicity we assume that El = 1 , 
so that the beam satisfies the differential equation 

yiv * l 

everywhere, except at the point x — 

As the formula shows, the general solution of the differential equation 
is a polynomial of the fourth degree in x, the coefficient of x* being 1 / 4 !. 
The solution will be expressed by a polynomial of this type in each of 
the two half-intervals. For the first half-interval we write the polynomial 
in the form 

y — b Q + b 1 x + 6 2 x 2 + b 3 x 3 + i x*, 

4! 

in the second half-interval, in the form 

y = «o 4- Cj(x - 1) + C 2 (x - l) a + c 3 (x - 1)» +j(x- 1)*. 

4! 

Since the beam is clamped at the ends x — 0 and x — 1, it follows that 
2 /( 0 ) - 3 /( 1 ) = t/'(0) = y'(l) = 0, 
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whence we obtain 6 0 = b x = c 0 = Cj — 0. In addition, y(x), y f (x) i y"(x) 
must be continuous at the point x — that is, the values of y(^), 
y"(\) calculated from the two polynomials must be the same, and the 
value of y(~) must be zero. This gives 


- b 2 -f 1 6 S + 1 = 1 c 2 — - c. + 1 = 0 , 

4 8 384 4 8 3 384 


&2 + 7 &3 + 


48 


— c 2 -f* 


1 

48 * 


2 b 2 + 3 b 3 = 2c 2 - 3c s . 

From this we obtain the following values for b 2 , 63 , c 2 , c 3 : 



and the force which must act on the beam at the point x = 1 in order that 
no sag may occur at that point is given by 




1 

2 


4. Linear Differential Equations 

1. Principle of Superposition. General Solutions. 

Many of the examples previously discussed belong to the 
general class of linear differential equations. A differential 
equation in the unknown function u(x) is said to be linear of the 
w-th order if it has the form 

u (n \x) -f 1) (®) + . . . + a n u(x) = <f>(x), 

where a v a 2 , a 3 , . . . , a n are given functions of the independent 
variable x, as is also the right-hand side <f)(x). The expression on 
the left-hand side we shall denote by the abbreviation L[u] 
(“ linear differential expression of the w-th order ”). 

If </>(x) is identically zero in the interval under consideration, 
we say that the equation is homogeneous ; otherwise, we say that 
it is non-homogeneous. We see at once (as in the special case of 
the linear differential equation of the second order with constant 
coefficients, discussed in Vol. I, p. 510) that the following principle 
of superposition holds: if Wj, u 2 are any two solutions of the 
homogeneous equation, every linear combination of them, 
u = + c 2 u 2 , where the coefficients c 2 are constants, 

is also a solution. 
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If we know a single solution v(x) of the non-homogeneous 
equation L[u] = <f>{x) y we can obtain other such solutions by 
adding to v(x) any solution of the homogeneous equation. Con¬ 
versely, any two solutions of the non-homogeneous equation 
differ only by a solution of the homogeneous equation. 

For n = 2 and constant coefficients a ly a 2 we proved in Vol. 1, 
Chap. XI (p. 508) that every solution of the homogeneous equation 
can be expressed in terms of two suitably chosen solutions u v u 2 
in the form c x u x + c 2 u 2 . An analogous theorem holds for any 
homogeneous differential equation with arbitrary continuous 
coefficients. 

To begin with, we explain what we mean by saying that a 
system of functions are linearly dependent or linearly indepen¬ 
dent, by means of the following definition: n functions <f> x (x ), 
(f> 2 (x), ..., <j> n {x) are linearly dependent if n constants c 1 , . . . , c n 
exist, which do not all vanish and which satisfy the equation 

c^x) (*^) • • • d*~ 

identically, that is, for all values of x in the interval under con¬ 
sideration. Then if c n =j= 0, say, <f> n (x) may be expressed in 
the form 

M x ) = a lM X ) + . . . + 

and <f) n is said to be linearly dependent on the other functions. 
If no linear relation of the form 

c^>x(x) “j" ^2^( c n <f> n (x) 
exists, the n functions are said to be linearly independent. 

Ex. 1.—The functions 1, x, x 2 .a”” 1 are linearly independent. 

Otherwise, constants c 0 , c lf ..., c n _ 1 would have to exist such that the 
polynomial 

Co + CjX + . . . + C n _ 1 E n ~ 1 

vanishes for all values of a; in a certain interval. This, however, is im¬ 
possible unless all the coefficients of the polynomial are zero. 

Ex. 2. — The functions e a f x are linearly independent, provided 

a, < a 2 < . . . < a n . 

Proof .—We assume that this statement has been proved true for 
(n — 1) such exponential functions. Then if 

c x e a ® + c 2 e 0 *® + . . . + c n e a «® = 0 
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is an identity in x , we divide by e a n x and, putting a t — a n = b {9 obtain 
c,e 6 i® -f c 2 e b * x + ... -f c n _ l + c n = 0. 

If we differentiate this equation with respect to x, the constant c n dis¬ 
appears and we have an equation which implies that the (n — 1) functions 
e b i x y e b * x , .... e b n-i x are linearly dependent, from which it follows that 
e®i®, e a 2 ®, ..., e a n- 1 ® are linearly dependent, contrary to our original 
assumption. Hence there cannot be a linear relation between the n 
original functions either. 

Ex. 3.—The functions sin a, sin 2x, sin 3#, ... , sin nx are linearly 
independent in the interval 0 ^ x ^ n. We leave the reader to prove this, 

using the fact that j sinmx sinnz dx = -j ^ ^ (Cf. Vol. I, p. 217.) 

If we assume that the functions have continuous 

derivatives up to and including the n-th order, we have the 
following theorem: 

The necessary and sufficient condition that the system of f unc¬ 
tions </>i(x) shall he linearly dependent is that the equation 


; 

4> x (x) 

(f) 2 (x) 

• • • +M 


W — 

&'(*) 

H( x ) 

... 

= 0 



Vr'X*) 

... 



shall he an identity in x. The function IF is called the Wronskian 
of the system of functions.* 

That the condition is necessary follows immediately: if we 
assume that 

== 0 , 

successive differentiation gives the further equations 

^i<f>/(x) = 0 , 

= 0 . 

These, however, form a homogeneous system of n equations* 
which are satisfied by the n coefficients c l9 ... , c n \ hence IF, 
the determinant of the system of equations, must vanish. 

That the condition is sufficient , that is, that if IF = 0 the 
functions are linearly dependent, may be proved in various ways. 

* In this proof and the following one a knowledge of the elements of the 
theory of determinants is assumed. 
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One proof is as follows. From the vanishing of W we may deduce 
that the system of equations 

+ • . • + c n <t>n = 0 

1 + • • ■ + C n <f>n = d 


c 1 <f> 1 (n ~ 1) + ...+ = 0 

possesses a solution Cj, c 2 , , c„ which is not trivial, where 

c* may still be a function of x. Here we may assume without loss 
of generality that c n = 1. Further, we may assume that V, the 
Wronskian of the (n — 1) functions <f> t , <j> 2 , . . . , ^ w-1 , is not 
zero, for we may suppose that our theorem has already been 
proved for (n — 1) functions; then V = 0 implies the existence 
of a linear relation between </> v <f> 2> . . . , <£ n _ 1? and hence between 
, <£ n « By differentiating * the first equation with 
respect to x and combining the result with the second, we obtain 

C 1 ^1 + V$2 + . . . + c n _x '= 0; 

similarly, by differentiating the second equation and combining 
the result with the third, we obtain 

+ c 2 <j> 2 + . . . + = 0 , 

and so on, up to 

+ c 2 ^ 2 ( *- 2) + . . . + c n _/e? = °- 

Since F, the determinant of these equations, is assumed not 
to vanish, it follows that c/, c 2 ', . . ., c n _ x ' are zero; that is, 
c v c 2 , ..., c n _x are constants. Hence the equation 

\c4lx) = 0 

does actually express a linear relation, as was asserted. 

We now state the fundamental theorem on linear differential 
equations: 

Every homogeneous linear differential equation 

L[u] = a 0 (x)u ( »\x) + a 1 (a5)M n-1 (a:) + . . . + a n u(x) = 0 

* It is easy to see that the coefficients c,- are continuously differentiable 
functions of x; for, if the determinant V is not zero, they can be expressed 
rationally in terms of the functions </»*• and their derivatives. 
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possesses systems of n linearly independent sohdions u x , u 2 , . . . , u n . 
By superposing these fundamental solutions every other solution 
u may be expressed * as a linear expression with constant coefficients 

c l> * • • 9 C n : n 

u = Sc t w,-. 

1-1 

In particular, a system of fundamental solutions can be 
determined by the following conditions. At a prescribed point, 
say x = £, % is to have the value 1 and all the derivatives of 
up to the (n — l)-th order are to vanish; u i7 where i > 1, and all 
the derivatives of u { up to the (ft — l)-th order, except the i-th, 
are to vanish, while the ?‘-th derivative is to have the value 1. 

The existence of a system of fundamental solutions follows 
from the existence theorem proved in the next section (p. 450). 
It follows from Wronski’s condition, which we have just proved, 
that a linear relation must exist between any further solution 
u and u v ... , u n \ for from the equations 

= 0 
/- o 

'Za l u i (n ~ l) = 0 (i = 1, .. . , w) 

/=* o 

it follows that the Wronskian of the (ft + 1) functions 
u, u v u 2) . . . , u n must vanish, so that u , u l9 u 2 , . . . , u n are 
linearly dependent. Since u v . .., u n are independent, u depends 
linearly on u v ... , u n . 

2. Homogeneous Differential Equations of the Second Order. 

We shall consider differential equations of the second order 
in more detail, as they have very important applications. 

Let the differential equation be 

L[u\ = au" + bu f + cu = 0. 

If u 1 (x) i u 2 (x) are a system of fundamental solutions, 
W = u^uf — u 2 uf is its Wronskian, and W' = u x u 2 — u 2 uf‘. 
Since 

L[uf\ = 0 and £[ft 2 ] = 0> 

* Two different systems of fundamental solutions u lt ... f u n ; v t ,..., v n 
can be transformed into one another by a linear transformation 

•»i -Zc ik u k , 

where the coefficients c%j are constants and form a matrix whose determinant 
does not vanish. 
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it follows that 

= aW + bW = 0. 

Hence by integration 

k+log\W\ = - f-dx, 

J a 
or 

W = 

where c is a constant. This formula is used a great deal in the 
more detailed theory of differential equations of the second 
order. 

Another property worth mentioning is that a linear homo¬ 
geneous differential equation of the second order can always be 
transformed into an equation of the first order, known as 
Riccati’s differential equation. Riccati’s equation is of the form 

v' -f- + qv + r = 0 , 

where v is a function of x; or, in a slightly more general form 
v' + pv 2 + <l v + r = 0 , 

which is obtained from the first form by putting v — zjp. The 
linear equation is transformed into Riccati’s equation by putting 
u' = uz, so that u" = u'z + uz' = uz 2 + uz\ and we have 

az! + az 2 + bz + c = 0 . 

A third remark: if we know one solution v(x) of our linear 
homogeneous differential equation of the second order, the prob¬ 
lem is reduced to that of solving a differential equation of the 
first order, and can be carried out by quadratures. In fact, if we 
assume that L[v ] = 0 and put u = zv, where z(x) is the new 
function which we are seeking, we obtain the differential equation 

az"v + 2 az'v' + bz'v + zL[v ] = avz " + (2 av' + bv)z f = 0 

for z . This, however, is a linear homogeneous differential equation 
for the unknown function z' = w\ its solution is given on p. 429. 
From w we then obtain the factor z> and hence the solution u, 
by a further quadrature. 

Example .—The linear equation of the second order 

y"-2^'+ 2.^ = 0 

x ar 8 
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is equivalent to Riccati’s equation 

O Q 

s' -}- z 2 — - z + = 0, 

x or 

wiiere z = y'/y. The original equation has y = x as a particular solution; 
hence it may be reduced to the equation of the first order 

v*x = 0, 

wnere v — y/x. That is, v = ax -f- Hence the general integral of the 
original equation is given by 

y as ax 2 + bx. 

We would expressly emphasize that exactly the same method 
can be used to reduce a linear differential equation of the n- th 
order to one of the (n — l)-th order, when one solution of the 
first equation is known. 


Examples 

1. Prove that if a lf . . . , a k are different numbers and P x (x), . . . , 
P k (x) are arbitrary polynomials (not identically zero), then the functions 
<p x (x) = P 1 (a:)e a ^ v , . . . , (p k (x) — P k (x)e a ** are linearly independent. 

2. Show that the so-called Bernoulli’s equation 

y' -f a(x)y = b(x)y n (n ± 1) 

reduces to a linear differential equation for the new unknown function 
2 = y x ~ n , Use this to solve the equations 

(a) xy f + y=y 2 l ogx. 

(b) xy 2 (xy' + y)= a 2 . 

(c) (1 — x 2 )y' — xy = axy 2 . 

3. Show that Riccati’s differential equation 

y' + P(x)y 2 + Q(x)y + R(x) = 0 

can be transformed into a linear differential equation if we know a particular 
integral y x = y x (x). (Introduce the new unknown function u = l/(y — y x ). 
Use this to solve the equation 

y' — x 2 y 2 + x x — 1 = 0 

which possesses the particular integral y x — x. 

4. Find the integrals which are common to the two differential equations 

(a) y' = y 2 + 2x — x 4 . (6) y' = —y 2 — y + 2a; + a 2 + 

5*. Integrate the differential equation 

y' = y 2 + 2x — x* 
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in terms of definite integrals, using the particular integral found in Ex. 4. 
Draw a rough graph of the integral curves of the equation throughout the 
xy- plane. 

6*. Let y v y 2i t/ 3 , y 4 be four solutions of Riccati’s equation (of. Ex. 3). 
Prove that the expression 

Vi- Vs ^ y * — y* 

Vi Vi ‘ Vi-Vt 

is a constant. 

7. Show that if two solutions, y^x) and y 2 (x), of Riccati’s equation are 
known, then the general solution is given by 

y — Vi = c(y - y 2 )e ! p ^~y^ dx , 

where c is an arbitrary constant. 

Hence find the general solution of 

y' — y tan# = y 2 cos* — -JL-, 
cos* 

which has solutions of the form a oos n *. 

8. Prove that the equations 

(a) (1 — x)y" + xy' — y= 0 , 

(b) 2x(2x - l)y" - (4* 2 + W + y(2* + 1)» 0 

have a common solution. Find it, and hence integrate both equations 
-completely. 

3. The Non-homogeneous Differential Equation. Method of 
Variation of Parameters. 

To solve the non-homogeneous differential equation 

L[u\ = a 0 i/ n) + . . . + o, n u — cf>(x) 

it is sufficient, by what we have said on p. 439, to find a single 
solution. This may be done as follows. By proper choice of 
the constants q, c 2 , . . . , c n , we first determine a solution of 
the homogeneous equation L[u\ = 0 in such a way that the 
equations 

u (£) = 0, u'(fl = 0, = 0, 1 

are satisfied. This solution, which depends on the parameter 
we denote by u(x 9 f). The function u(z, $) is a continuous function 
•of £ for fixed values of x, and so are its first n derivatives with 
respect to x . As an example, for the differential equation 

u" -f k 2 u~ 0 the solution u(x, £) has the form sin£(a—- £)/&, 
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and this fulfils the conditions stated above. We now assert that 
the formula 

v{x) = f 4>($)u(x, £)d£ 

gives a solution of L[u] — <f> which, together with its first n— 1 
derivatives, vanishes at the point * x = 0. To verify this state¬ 
ment we differentiate the function v(x) repeatedly with respect 
to x by the rule for the differentiation of an integral with respect 
to a parameter (cf. Chap. IV, section 1 , p. 220 ), and recall the 
relations 

u(x , x) = 0 , u'(x, x) = 0 , . . . , w (w ~ 2 ) (x, x) = 0, x) = 1 

(where e.g. ti'(x, x) = du(x , £)/dx for f = x). 

We thus obtain 

v'(x) = <f>(£)u(x, £)\+f 4>(£)u'{x, £)dg = f <f>(g)u'(x, g)dg, 

v"{x) = twu'ix, $) 1 + fmu n {x, 


v in ^(as) = <f>(g)u (n ~ 2) (x, g) | + f <f,{^)u (n ~ 1) (x, g)dg 

£=* • / 0 

=£<f>(t)u<"-»(x, nig. 


v w (x) = ^(f)w ( " _1) ( X, i)\+ f 4>(i)u M (x, g)dg 

t-x J 0 

= 4>( x ) +f o 4>{g)u (n \x, g)dg. 

Since L[u(x, £)] = 0 , this establishes the equation L[v] = <f>(x) 
and shows that the initial conditions v(0) — 0 , v'(0) = 0,... , 
v ( ”~ 1 ) ( 0 ) = 0 are satisfied. 

The same solution can also be obtained by the following 

* The physical meaning of this process is this. If z «* t denotes the time and 
u the co-ordinate of a point moving on a straight line subject to a force (f>(x), 
the effect of this force may be thought of as arising from the superposition of 
the small effects of small impulses. The above solution u(x t ( ) then corresponds 
to an impulse of amount 1 at time £, and our solution gives the effect of im¬ 
pulses of amount </>( () during the time between 0 and x . We cannot go further 
into the details here. 
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apparently different method. We seek to find a solution u of the 
non-homogeneous equation in the form of a linear combination 

u = 'Ly i (x)u i (x), 

but now we must allow the coefficients y* to be functions of x. 
On these functions we impose the following conditions: 

7\ U 1 + 72 U 2 + • * • + 7n u n = 0 

7l U l + 72 U 2 + • • • + 7n u n = 0 

yiW"~ 2) + y 2 V~ 2) + • • • + y«'M» ( ”" 2) = 0. 

From these it follows that the derivatives of u are given by the 
following formulae: 

u' — Ey t w/ 
u" = Sy,<' 


u (n-l) =s Zy iUi (n-V 

U™ = Sy/ll,^-^ + Sy,w/ n) . 

Substituting these expressions in the differential equation and 
remembering that L[w] == <j>, we have 

Sy/tt/""” =<£(*). 

For the coefficients y/ we obtain a linear system of equations, 
whose determinant is W , the Wronskian of the system of funda¬ 
mental solutions w*, and therefore does not vanish. Thus the 
coefficients y/ are determined, and hence by quadratures the 
coefficients y t . As the whole argument can be reversed, a solution 
of the equation has actually been found, and in fact all solutions, 
in virtue of the integration constants concealed in the coefficients 
7i- 

We leave it to the reader to show that the two methods are 
really identical, by expressing u(x y £), the solution of the homo¬ 
geneous equation defined above, in the form 

u{x, i) = ZaJgjUiix). 

The latter method is known as variation of parameters, 
because here the solution appears as a linear combination of 
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functions with variable coefficients, whereas in the case of the 
homogeneous equation these coefficients were constants. 

Example ..—We consider the equation 

u” - 2- + 2 W = xe*. 
x x 

By p. 443, a system of fundamental solutions of the corresponding 
homogeneous equation 

u n ~2 U ' + 2~ = 0 
x x 2 

is given by u Y — x, u 2 — x 2 . Hence if we seek solutions of the form 

u = y x x -f y** 2 , 

we have the conditions 

Yi'x + y 2 'a: 2 = 0, 

y/ 4- 2^2 x = xe x 

for y x and y 2 . That is, 

y/ = — xe x * y 2 ' = e*. 

Hence the general solution of the original non-homogeneous equation is 
u ~ xe x + c x x -f- c 2 x 2 . 


4. Forced Vibrations. 

As an application we shall give a brief account of a method for 
dealing with forced vibrations, in which the right-hand side of 
the differential equation need no longer be a periodic function, 
as in the cases considered in Vol. I, Chap. XI, section 3 (p. 510), 
but may instead be an arbitrary continuous function f(t). For 
the sake of simplicity we restrict ourselves to the case where 
there is no friction and take m = 1 (or, what amounts to the 
same thing, divide through by m). We accordingly write the 
differential equation in the form 

x(t) + K 2 z(t) = <f>(t), 

where the quantity k 2 is what we previously called k , and the 
external force is denoted by <f> instead of/. 

According to p. 446, the function 

F(t) = - f‘<f>(A) sin x(t - A)dX 

K Jq 
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is a solution of the differential equation x + k 2 x = and satis* 
fies the initial conditions 

F{ 0) = 0, F(0) = 0. 

For the general solution of the differential equation we thus 
obtain, just as before, the function 

x(t) = <j>( A) sin K(t — A)dA + Cj mn/<t + c 2 cos td, 

k Jo 

where (\ and c 2 are arbitrary constants of integration. 

If, in particular, the function on the right-hand side of the 
differential equation is a purely periodic function of the form 
sinco£ or cosc ot, a simple calculation shows that we again obtain 
the results of Vol. I, Chap. XI, section 3. 


Examples 

1*. Prove that the linear homogeneous equation 

L{y) = ?/") 4 4 ... 4 c n _ x y f 4 c n = 0 

with constant coefficients c has a system of fundamental solutions of the 
form x^e a k x 9 where the a k *s are the roots of the polynomial 

f(z) = z w 4 c l z n - 1 + . . . + c n . 

2. Integrate the following equations: 

(a) y'" -y^O. ( b ) y f " - 4t/" + 5/ - 2y - 0. 

(c) y'" - 3y" + 3 y' -y= 0. (d) ^ - 3y" + 2y = 0. 

(e) xy' 4 xy' — t/ = 0. 

3. Let 

ffloy + a \V' + ... + = jP(*) 


be a linear non-homogeneous differential equation of the n-th order with 
constant coefficients, and let P(x) be a polynomial. Let a 0 4 0 and consider 
the formal identity 


Prove that 


_ 1 _ 

4 a it 4 • «• 4 <i n t n 


= ho 4 b t t 4 h 2 £ 2 4 • • • • 


y = h 0 P(x) 4 hjP'(x) 4 h 2 P"(x) 4 . .. 


is a particular integral of the differential equation. 
If a 0 = 0, but a x #= 0, then the expansion 


_ 1 _ . 

a^t 4 a 2^ 2 4 • • - 4 a r^ n 

‘ (e 912) 


bt~ x 4 &o 4 4 h 2 P 4 • • • 


30 
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is possible. Prove that now 

y—bjP(x)dx + b 0 P(x) + b y P'(x) -f b 2 P"(x) 4- ... 

is a particular integral of the differential equation. 

4. Apply the method of Ex. 3 to find particular integrals of 

(a) y" -f y = 3x 2 — 5.r; (b) y" -f y' = (1 4- x) % . 

5. A particular integral of the equation 

« 0 y 4- «i.y' 4- • • * 4- a n t / n > = e k£ P{x\ 

where Z.% r/ 0 , a 1? . . . are real constants and P(x) is a polynomial, can be 
found by introducing a new unknown function z = z(a) given by 

y — ze kx , 

and applying the method of Ex. 3 to the equation in z. 

Use this method to find particular integrals of 

(a) y" 4- 4 y' 4- 3 y = 3c*; (b) y" - 2y' + y = xeP. 

6. Integrate the equation 

y" - 4- = e*(x 2 - 3) 

completely. 


5. General Remarks on Differential Equations 

Although a complete theory of differential equations would 
extend far beyond the compass of this book, we shall here sketch 
at least the elements of a general method for their treatment. 

1. Differential Equations of the First Order and their Geometrical 
Interpretation. 

We begin by considering a differential equation of the first 
order, that is, an equation in which the first derivative of the 
function y(x), but no higher derivative, occurs in addition to x 
and y(x). The general expression for a differential equation 
of this type is 

y, y') = 0, 

where we assume that the function F is a continuously differen¬ 
tiable function of its three arguments x, y, y'. We now attempt 
to visualize the geometrical meaning of this equation. In the 
points of a plane region with rectangular co-ordinates (x } y), 
this equation prescribes a condition for the direction of the 
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tangent to any curve y(x) which passes through this point and 
satisfies the differential equation. We assume that in a certain 
region R of a plane, say in a rectangle, the differential equation 
F(x, y, y') = 0 can be solved uniquely for y\ and thus expressed 
in the form 

y' =/(*, y)> 

where the function/(se, y) is a continuously differentiable function 
of x and y . Then to each point (tx , y) of R this differential equation 
y f =f(x, y) assigns a “ direction of advance The differential 
equation is therefore represented geometrically by a field of 
directions '.; and the problem of solving the differential equation 
geometrically consists in the finding of those curves which belong 
to this field of directions, that is, whose tangents at every point 
have the direction pre-assigned by the equation y ' = f(x, y). 
We call these curves the integral curves of the differential 
equation. 

It is now intuitively plausible that through each point (x, y) 
of It there passes just one integral curve of the differential equa¬ 
tion y r -- /(./;, y). These facts are stated more precisely in the 
following fundamental existence theorem: 

If in the differential equation y' = f(x, y) the function f is con - 
tinuous and has a continuous derivative with respect to y in a region 
R, then through each point (x 0 , y 0 ) of R there passes one, and only 
one , integral curve , that is, there exists me, and only one , solution 
y(x) of the differential equation for which y(x 0 ) = y 0 . 

We shall return to the proof of this theorem in sub-section 4 
(p. 459). Here we confine ourselves to the consideration of some 
examples. 

For the differential equation 



which we consider in the region y < 0, say, the direction of the field of 
directions is readily seen to be perpendicular to the vector from the origin 
to the point ( x , y). From this we infer by geometry that the circular arcs 
about the origin must be the integral curves of the differential equation. 
This result is very easily verified analytically. For from the equation of 
these circles, 


y = -\/( c * - **)> 
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it follows at once that 

- _ s 

* \/(c 2 — x 2 ) 9 

which shows that these circles satisfy the differential equation. 

At each point the field of directions of the differential equation 



obviously has the direction of the line joining that point to the origin. 
Thus the lines through the origin belong to this field of directions and are 
therefore integral curves. As a matter of fact, we see at once that the 
function y = cx satisfies the differential equation * for any arbitrary 
constant c. 

In the same way we can verify analytically that the differential equations 

y'=- (y #= 0) 
y 

and 

y' — — - (* + 0) 

X 

are satisfied by the respective families of hyperbolas 

y = V( c + x2 )’ 

C 

where c is the parameter specifying the particular curve of the family. 

Our fundamental theorem shows in general that differential 
equations of the first order are satisfied by a one-parameter 
family of functions, that is, by functions of x which depend not 
only on x but also on a parameter c (for example, on c= y 0 =y(0 )); 
as we say, the solutions depend on an arbitrary constant of 
integration. The ordinary integration of a function f(x) is merely 
a special case of the solution of this differential equation, namely, 
the special case in which f(x, y) does not involve y. All the 
directions of the field of directions are then determined by the 
a;-co-ordinate alone, and we see at once that the integral curves 
are obtained from one another by translation in the direction of 
the t/-axis. Analytically this corresponds to the familiar fact that 
in indefinite integration, that is, in the solution of the differential 

* At the origin the field of directions is no longer uniquely defined; this is 
connected with the fact that an infinite number of integral curves pass through 
this “ singular point ” of the differential equation. 
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equation y' ~f(x), the function y involves an arbitrary additive 
constant c. 

The geometrical interpretation of the differential equation 
now enables us to carry out an approximate graphical integration , 
that is, a graphical construction of the integral curves, in much 
the same way as in the special case of the indefinite integration of 



Fig. 10.—Directions of the integral curves on the isoclines in fig. n 
Fig. ii.—S olutions of y’ ■■ V (x* + y*)/x by the isoclinal method 


a function of x (Vol. I, pp. 119-21). We have only to think of the 
integral curve as replaced by a polygon in which each side has 
the direction assigned by the field of directions for its initial point 
(or for any other one of its points). Such a polygon can be con¬ 
structed by starting from an arbitrary point in R . The smaller 
we take the length of the sides of the polygon, the greater the 
accuracy with which the sides of the polygon will agree with the 
field of directions of the differential equation, not only at their 
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initial points but throughout their whole length. Without going 
into the proof, we here state the fact that by successively 
diminishing the length of side a polygon constructed in 
this way may actually be made to approach closer and closer 
to the integral curve through the initial point. For this 
process f(x , y) need not be given explicitly; it need only be 
given graphically. 

Such a graphical integration is frequently carried out in 
practice by the so-called isoclinal method. The field of directions 
is represented by joining points with the same direction by 
curves (isoclines), that is, by sketching the family of curves 
f(x , y) = c = const. To every value c of this constant there 
then corresponds a definite direction which can, for example, 
l>e sketched in an auxiliary figure. An integral curve must then 
cut every isocline in the corresponding direction obtained from 
the auxiliary figure, and the construction of the integral curves 
is therefore easily carried out by drawing parallels. 


Fig. 11 shows the graphical integration * of y' — 


V(x* 4- y 2 ) 


Here 


the isoclines are half-linos through the origin. The corresponding directions 
y' agree with the correspondingly-numbered directions in the auxiliary 

fig. 10. 


2. The Differential Equation of a Family of Curves. Singular 
Solutions. Orthogonal Trajectories. 

The existence theorem shows that a family of curves corre¬ 
sponds to every differential equation. This suggests the question 
whether this statement is reversible. In other words, does every 
one-parameter family of curves <j>(x , y , c) = 0 or y = g(x 9 c) 
have a corresponding differential equation 

F(x, y, y') = 0 

which is satisfied by all the curves of the family, and how can we 
find this differential equation? Here the essential point is that c, 
the parameter of the family of curves, does not occur in the 
differential equation, so that the differential equation is in a 
sense a representation of the family of curves not involving a 

* This differential equation can be integrated explicitly by introducing 
polar co-ordinates, but the result of this explicit integration is by no means 
so clear and easy to discuss. 
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parameter. In fact, it is easy to find such a differential equation. 
Differentiating the equation 

y, c) = 0 

with respect to x, we have 

<f>x + M = 0. 

If <j> y is not identically zero, and if we eliminate the parameter 
c between this equation and the equation 0=0, the result is 
the desired differential equation. This elimination is always pos¬ 
sible for a region of the plane in which the equation 0=0 can be 
solved for the parameter c in terms of x and y . We then have 
only to substitute the expression c = c(x, y) thus found in the 
expressions for <f> x and 0 y in order to obtain a differential equation 
for the family of curves. 

As a first example we consider the family of concentric circles 
x* -f- y 2 — c a — 0, from which, by differentiation with respect to x, we 
obtain the differential equation 

* + yy' = o, 

in agreement with p. 451. 

Another example is the family (x — c) 2 -f y 2 = 1 of circles with unit 
radius and centre on the ar-axis. By differentiation with respect to x we 
obtain 

(x — c) + yy' = 0, 

and on eliminating c we obtain the differential equation 
1 — t/ 2 = y 2 y' 2 or y 2 ( 1 + y' 2 ) = 1. 

The family y = (x — c) 2 of parabolas touching the a:-axis likewise leads 
by way of the equation y' = 2{x — c) to the required differential equation 

y' 2 = 4ty. 


In the last two examples we see that the corresponding 
differential equations are satisfied not only by the curves of 
the family, but in the first case by the lines y ~~ 1 and y— —1 
also, in the second case by the x~axis y = 0 also. These facts, 
which can at once be verified analytically, follow without calcu¬ 
lation from the geometrical meaning of the differential equation. 
For these lines are the envelopes of the corresponding family of 
curves, and since the envelopes at each point touch a curve of 
the family, they must at that point have the direction prescribed 
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by the field of directions. Therefore every envelope of a family of 
integral curves must itself satisfy the differential equation. 
Solutions of the differential equation which are found by forming 
the envelope of a one-parameter family of integral curves are 
called singular solutions* 

If to each point P of a region R which is simply covered by 
a one-parameter family of curves <!>(#, y) = c = const, we 
assign the direction of the tangent of the curve passing through 
P, we obtain a field of directions defined by the differential 

* (see above). If, on the other hand, to each 

V 

point P we assign the direction of the normal to the curve passing 
through it, the resulting field of directions is defined by the 
differential equation 



The solutions of this differential equation are called the ortho¬ 
gonal trajectories of the original family of curves <t>(#, y) = c. 
The curves = c and their orthogonal trajectories intersect 
everywhere at right angles. Hence if a family of curves is given 
by the differential equation y ' =f(x, y), we can find the differential 
equation of the orthogonal trajectories without integrating the 

* It is remarkable that we can find singular solutions of a differential equation 
F(x, y t y') « 0 without integrating the differential equation, that is, without 
having the one-parameter family of ordinary solutions to start from. For we 
recall that by our fundamental theorem the solution of the differential equation 
is uniquely determined in the neighbourhood of a point ( x , y) when in this 
neighbourhood the differential equation can be written in the form y' = f(x , y ), 
where f(x , y) is a continuously differentiable function. It follows that at the 
points through which both a member of the family and also a singular solution 
pass, such an expression must be impossible. In the neighbourhood of this 
point ( x , y) the differential equation F(x, y, y') cannot have a solution in the 
above form. The theorem on implicit functions in Chap. Ill, section 1 (p. 117), 
however, states that such a solution is possible if F y > =f= 0 at the place in question. 
We thus find that a necessary (but by no means a sufficient) condition for a 
point of a singular solution is that the equation 

is satisfied. If we eliminate y' between this equation and the given differential 
equation, we obtain an equation between x and y which the singular solution 
must satisfy (if it exists). The examples above confirm this rule. Thus from 
the differential equation y\ 1 + y' 2 ) = 1 we obtain the equation y 2 y' 0 by 
differentiating with respeot to y'. From these two relations we have ?/ 9 — 1, 
or y - ±1, which are the singular solutions found above. 


equation y’ = — 
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given differential equation, for the equation of the orthogonal 
trajectories is 

y > = _ 

/(*> y) 

In the examples discussed above, from the differential equation satisfied 
by the circles V(x 2 -f y 2 ) — c we find that the differential equation of the 
orthogonal trajectories is y' = y/x. The orthogonal trajectories are there¬ 
fore straight lines through the origin (see p. 452). 

If p > 0, the family of confocal parabolas (cf. Chap. Ill, p. 137) 
y 2 — 2 p(x -f pj2 ) = 0 satisfies the differential equation 

y' = 1 {—a + + y 2 )}. 

y 


Hence the differential equation of the orthogonal trajectories of this 
family is 


ir- 


{—*+ •%/(** + y*v/y y 


{-X - yV + y 2 )}. 


The solutions of this differential equation are the parabolas 
y 2 - 2p(x + P/2) = 0, 


where p < 0, which are parabolas confocal with one another and with the 
curves of the first family. 


3. The Integrating Factor. (Euler’s Multiplier.) 

If we write the differential equation y' — / (x, y) in the form 
dy—f{x, y)dx= 0, 

where dx and dy are the differentials of the independent and 
dependent variables respectively (for the idea of the differential 
see Chap. II, p. 66), and multiply by an arbitrary non-vanishing 
factor b(x, y), we arrive at an equivalent differential equation of 
the form 

a{x, y)dx+b(x , y)dy = 0. 

The problem of the general solution of the differential equation 
consists in finding a function y(x) such that this differential equa¬ 
tion for the differentials dx and dy is satisfied identically in x. 

In one case such a solution can be given immediately; namely, 
when the expression adx+bdy is the total differential of a 
function F(x , y), that is, if a function F(x, y) exists for which 
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a = dF/dx and b = dF/dy. The differential equation then becomes 

dF=0. 

This is solved if we put 

F(x, y) = c, 

where c is an arbitrary constant of integration c, and from this 
equation we calculate y as a function of x and of the constant 
of integration c. 

According to Chap. V (p. 354), a necessary and sufficient 
condition that adx + bdy may be the total differential of a 
function F is that the condition of integrability da/dy ~ db/dx is 
satisfied. If this condition is satisfied, the line integral of the 
expression adx -f bdy is independent of the path and for a fixed 
initial point P 0 represents a function F(x, y) of the end-point 
P with co-ordinates (x, y), and this function F gives us the 
above solution. 

In general, the coefficients a and b of a differential equation 
adx + bdy = 0 do not satisfy the condition of integrability. This 

is true e.g. for the differential equation dx + ^ dy = 0. We can 

x 

then attempt to multiply the differential equation by a factor 
/x(x, y) which is chosen in such a way that after the multiplication 
the coefficients do satisfy the condition of integrability, so that 
the differential equation can be solved by evaluating a line 
integral along a particular path, that is, by a simple integration. 
In our example fx(x, y) — x is such a factor. It leads to the 
differential equation xdx + ydy -- 0 , the left-hand side of which 
is the differential of the function |(x 2 + y 2 ). Thus in agreement 
with the previous result on p. 451 the solutions of the differential 
equation are the circles x 2 + y 2 = 2 c. 

In general, such a factor fx(x , y), which we call an integrating 
factor or multiplier of the differential equation, is determined by 
the condition that 




or aix y — bfig. + (a y — b x )fi = 0. 


The still unknown integrating factor (jl(x , y) is therefore itself 
determined by an equation involving derivatives, and in fact 
partial derivatives with respect to x and y. Thus the finding of 
an integrating factor is not in theory any simpler than the 
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original problem. Nevertheless, in many cases such a factor is 
easily found by trial and error, as in the above example. The 
integrating factor, however, is chiefly of theoretical interest, 
and we shall not discuss it further here. 

4. Theorem of the Existence and Uniqueness of the Solution. 

We now prove the theorem of the existence and uniqueness 
of the solution of the differential equation y' = f(x, y) which 
we stated on p. 451. Without loss of generality we can assume 
that for the solution y(x) in question we have y( 0 ) = 0 , for other¬ 
wise we could introduce y — y 0 = r) and x — x 0 = £ as new 
variables and should then obtain a new differential equation, 
dr)/dg =f(£ + x 0 , rj -f- y 0 ), of the same type, to which we could 
apply our argument. 

In the proof we may confine ourselves to a sufficiently small 
neighbourhood of the point x = 0 . If we have proved the exis¬ 
tence and uniqueness of the solution for such an interval about 
the point x = 0 , we can then prove the existence and uniqueness 
for a neighbourhood of one of its end-points, and so on. 

We first convince ourselves that there cannot be more than 
one solution of the differential equation satisfying the initial 
conditions. For if there were two solutions y x (x) and y 2 (x), for 
the difference d(x) = y 1 — y 2 we should have 

d'{x) =f(x, y x {x)) —f(x, y a {x)). 

By the mean value theorem the right-hand side of this equation 
can be put in the form (y 1 — y 2 )f y (x , y) = d(x)f v (x , y), where y 
is a value intermediate between y 1 and y 2 . In a neighbourhood 
| x | <£ a of the origin y x and y 2 are continuous functions of x 
which vanish at x = 0. Let b be an upper bound of the absolute 
values of the two functions in this neighbourhood, so that 
| y | 6 whenever | x | ^ a. Moreover, by M we shall mean a 

bound of | f v | in the region | x J ^ a, \ y\<Lb. Finally, let D 
be the greatest value of | d(x) | in the interval | x | ^ a. We 
suppose that this value is assumed at x == £. Then 

I d'(x) I = I d(x)f v (x, y) | ^ DM, 

and therefore 

D = | d(|) | = f d\x)dx £\{\DM^aDM. 
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We can choose a so small that aM <1, for if \f y (x, y) | is 
less than M in a region \x \ ^ a, | y | ^ 6, it continues to be less 
than M in every region obtained by reducing a. But if aM < 1, 
from D ^ aMD it follows that D = 0. That is: in such an 
interval | x | a we have * y x (x) = y 2 {x). 

By a similar integral estimate we arrive at a proof of the 
existence of the solution. We construct the solution by a method 
which is also important in applications, in particular, in the 
numerical solution of differential equations. This is the process 
of iteration or successive approximation. Here we obtain the 
solution as the limit function of a sequence of approximate 
solutions y 0 (x), y x (x ), y 2 (x), • • ■ • As a first approximation y 0 (x) 
we take y Q (x) = 0. Using the differential equation, we take 

y\(x) =£f(i> 0 )d£ 

as the second approximation: from this we obtain the next 
approximation y 2 (x), 

Vi fa) =^/(£> #i(£))«& 

and in general the (n + l)-th approximation is obtained from the 
n -th by the equation 

y n {x)=S*m, y«-i(£))d£. 

If in an interval | x | ^ a these approximating functions converge 
uniformly to a limit function y(x), we can at once perform the 
passage to the limit under the integral sign, and for the limit 
function we obtain the equation 

y(x) =fm, y(Z))d£, 

from which it follows by differentiation that \f =f(x, y), so that 
y is actually the required solution. 

We carry out the proof of convergence for a sufficiently small 
interval | x | ^ a by means of the following estimate. We put 
y n+1 (x) — y n (x) = d n (x) and by D n denote the maximum of 
| d n (x) | in the interval \x \ ^ a. 

* The root idea of this proof is the fact that for bounded integrands inte¬ 
gration gives a quantity which vanishes to the same order as the interval of 
integration, as that interval tends to zero. 
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From the equation 

d n (x) = y n +i Vn ~/{ X f Vn) f( X 7 ifn-l) 
the mean value theorem gives 

d' n (x) = d n - x (x)f y (x, yn-i(x)), 

where y n ~ x is a value intermediate between y n and y n - v Let the 
inequalities | f y {x, y) | ^ M, \f(x i y)\^ M x hold in the rect¬ 
angular region | x | ^ a, | y | ^ 6 . If we assume that for the 
function y n the relation | y n | ^ b holds in the interval | x | 5^ a, 
then by the definition of y n+1 we have 

| y n+1 (x) | = | y n U))dZ ^\x\M^ aMv 

We shall therefore choose the bound a for x so small that 
aM x ^ b. Then in the interval | x | ^ a we shall certainly have 
| y n+1 (x) j ^ h. Since for y^x) = 0 it is obvious that | | ^ b, 

in the interval | x | 5^ a we have | y n (x) | ^ b for every n. Hence 
in the equation 

d^x) = f*M£,M€))dn(S)d€ 

J o 

we may estimate the integral on the right by using \f y | 
and for the maximum D n + X of | d n+1 (x) | in the interval | x | ^ a 
we thup at once obtain 

Z> n+1 ^ aMD n . 

We now take a so small that aM ^ q < 1 , where q is a fixed 
proper fraction, say q — f. Then D n+X ^ qD n ^ q n D 0 . 

Let us now consider the series 

d 0 (x) + d x (x) -f- d 2 (x) + . . . + d n „ x (x) + . •. • 

The w-th partial sum of this series is y n (x). The absolute value 
of the n-th term is not greater than the number D 0 q n ~ l when 
| x | ^ a. Our series is therefore dominated by a convergent 
geometric series with constant terms. Hence (cf. Vol. I, p. 392) 
it converges uniformly in the interval | x j 5^ a to a limit function 
y(x ), and thus we see that an interval \x\^a exists in which 
the differential equation has a unique solution. 

All that now remains to be shown is that this solution can 
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be extended step by step until it reaches the boundary of the 
(closed bounded) region R in which we assume f(x, y) to be 
defined. The proof so far shows that if the solution has been 
extended to a certain point, it can be continued onward over 
an ^-interval of length a, where a, however, depends on the 
co-ordinates ( x , y) of the end-point of the portion already con¬ 
structed. It might be imagined that this advance a diminishes 
from step to step so rapidly that the solution cannot be ex¬ 
tended by more than a small amount, no matter how many steps 
are made. This, as we shall show, is not the case. 

Suppose that R is a closed bounded region entirely within 
R. Then we can find a b so small that for every point (x 0 , y 0 ) 
in R the whole square x 0 ~ b ^ x ^ x 0 b, y 0 — b^y ^y 0 + b 
lies in R. If by M and M 1 we denote the upper bounds of | f y (x , y) | 
and | f(x 9 y) | in the region R , then we find that in the preceding 
proof all the conditions imposed on a are certainly satisfied if 
we take a to be, say, the smallest of the numbers b, 1/2 M, and 
b/M v This no longer depends on (x 0 , y 0 ); hence at each step 
we can advance by an amount a which is a constant. Thus we 
can proceed step by step until we reach the boundary of R. 
Since R can be chosen as any closed region in R, we see that the 
solution can be extended to the boundary of R. 

5. Systems of Differential Equations and Differential Equations 
of Higher Order. 

Many of the above arguments extend to systems of differential 
equations of the first order with as many unknown functions of 
x as there are equations. As an example of sufficient generality 
we shall here consider a system of two differential equations for 
two functions y(x) and z(x)> 

y '=/(*, y, *), 
z' = gfa y, z). 

We again assume that the functions / and g are continuously 
differentiable. This system of differential equations can be 
interpreted by a field of directions in xyz- space. To the point 
(x, y , z) of space a direction is assigned whose direction cosines 
are in the ratio dx : dy : dz~ 1 :/: g. The problem of integrating 
the differential equation again consists, geometrically speaking, 
in finding curves in space which belong to this field of directions. 
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As in the case of a single differential equation, we again have 
the fundamental theorem that through every point of a region 
R in which the above functions are continuously differentiable 
there passes one, and only one, integral curve of the system of 
differential equations. The region R is covered by a two-para¬ 
meter family of curves in space. These give the solutions of the 
system of differential equations as two functions y{x) and z(x) 
which both depend on the independent variable x and also on 
two arbitrary parameters <\ and c 2 , the constants of integration. 

Systems of differential equations of the first order are par¬ 
ticularly important in that equations of higher order, that is, 
differential equations in which derivatives higher than the first 
occur, can always be reduced to such systems. 

For example, the differential equation of the second order 
y" = h{x , y, y') 

can be written as a system of two differential equations of the first order. 
We have only to take the first derivative of y with respect to a; as a new 
unknown function z and then write down the system of differential equations 

y' = 

z' = h{x, y, z). 

This is exactly equivalent to the given differential equation of the second 
order, in the sense that every solution of the one problem is at the same 
time a solution of the other. 

The reader may use this as a starting-point for the discussion of the 
linear differential equation of the second order, and thus prove the funda¬ 
mental existence theorem for linear differential equations. 

Here we cannot enter into further discussion of these questions, 
and for illustrations of these general remarks we shall merely 
refer to the differential equations of the second order which we 
have dealt with above (cf. pp. 442, 448). 

0. Integration by the Method of Undetermined Coefficients. 

In conclusion, we mention yet another general device which 
can frequently be applied to the integration of differential equa¬ 
tions. This is the method of integration by power series. We 
assume that in the differential equation 

y’ —f( x > y) 

the function f(x , y) can be expanded as a power series in the 
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variables x and y and accordingly possesses derivatives of any 
order with respect to x and y. We can then attempt to find the 
solutions of the differential equation in the form of a power series 

y~c 0 +c l z + c 2 £ 2 + . • . 

and to determine the coefficients of this power series by means 
of the differential equation.* To do this we may e.g. proceed by 
forming the differentiated series 

y' = Cl + 2 c 2 x + 3 c 3 £ 2 + . . . , 

replacing y in the power series for f(x, y) by its expression as 
a power series, and then equating the coefficients of each power 
of x on the right and on the left ( method of undetermined co¬ 
efficients) 1 . Then if c 0 ~ c is given any arbitrary value, we can 
attempt to determine the coefficients 


C 3’ • * • 

successively. 

The following process, however, is often simpler and more 
elegant. We assume that we are seeking to find that solution 
of the differential equation for which y( 0) = 0, that is, for which 
the integral curve passes through the origin. Then c 0 = c = 0. 
If we recall that by Taylor's theorem the coefficients of the 
power series are given by the expressions 

C, = * y (,) (0), 

we can calculate them easily. In the first place, c 2 = y'( 0) = /(0, 0). 
To obtain the second coefficient c 2 we differentiate both sides of 
the differential equation with respect to x and obtain 

y"{*)=f x +f y y'- 

If we here substitute x = 0 and the already known values y( 0) = 0 
and y\ 0) = /(0, 0), we obtain the value y"( 0) — 2c 2 . In the same 
way we can continue the process and determine the other co¬ 
efficients c 3 , c 4 , . . . , one after the other. 

It can be shown that this process always gives a solution if 

* The first few terms of the series then form a polynomial of approximation 
to the solution. To a certain extent, therefore, the method is the analytical 
counterpart of the approximate graphical integration mentioned on p. 453. 
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the power series for f(x, y) converges absolutely in the interior 
of a circle about x — 0, y = 0. We shall not give the proof here. 


Examples 

1. Verify that the left-hand sides of the following differential equations 
are total differentials, and integrate the equations: 

(a) (3x 2 + 6 xy 2 )dx -f- (§x 2 y -j- 4i f)dy — 0. 

(b) XdX = ydy -j- ydx ~ xdy = 0 

VTT + y 2 v* 4- y 2 

2. Show how to solve the equation Mdx -f- Ndy = 0, where M and N 
are homogeneous functions of the same degree. 

3. Integrate the equation 

(xy* — y*)dx + (1 — xy 2 )dy = 0, 

which has an integrating factor independent of x. 

4. Integrate the equation 

2y*dx -f (3 xy 2 — 1 )dy = 0, 


and from its general integral state an integrating factor. 


5. Let 


f{x , y, c) == 0 


be a family of plane curves. By eliminating the constant c between this 
and the equation 


? + ?-✓- 0 , 

dx dy 

we get the differential equation 

F(x, y , y f ) == 0 


of the family of curves (of. p. 455^. Now let c p(p) be a given function of p; 
a curve C satisfying the differential equation 

F(xy y, <p(yO) = 0 


is called a trajectory of the family of curves /(a?, y, c ) = 0. The second 
and third equations show that 

y'=9(Y') 

is the relation between the slope Y' of C at any given point, and the slope 
y' of the curve/(a;, y, c) = 0 passing through this point. The most impor¬ 
tant case is <p(p) = — 1/p, leading to the equation 


(e 912) 


31 
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which is the differential equation of the orthogonal trajectories of the family 
of curves (cf. p. 456). 

Use this method to find the orthogonal trajectories of the following 


families of curves: 





(«) 

** + y 

! + cy - 1 = o. 

(6) 

y = 

CX 2 . 

to 

X 2 

+ ,/- = i 

(a > b 

> o. 

— b 2 < c < ao). 

a 2 + c 

b 2 + c 


(d) 

y = cos# 4- C. 


(*- 

c) 2 4- y 2 = a 2 * 


In each case draw the graphs of the two orthogonal families of curves. 

6. For the family of lines y = cx find the two families of trajectories 
in which (a) the slope of the trajectory is twice as large as the slope of the 
line; ( b) the slope of the trajectory is equal and of opposite sign to the 
slope of the line. 

7. Differential equations of the type 

y=xp J r <p(p), p = y' 

were first investigated by Clairaut. Differentiating, we get 

t* + V(v)] d J = o. 


which gives p = c— const., so that 

y=xc+ <J/(c) 


is the general integral of the differential equation; it represents a family 
of straight lines. Another solution is 

x= 

which together with 

y = -pii'(p) + ty(p) 

gives a parametric representation of the so-called singular integral . Note 
that the curve given by the last two equations is the envelope of the family 
of lines. 

Use this method to find the singular solutions of the equations 

n 2 

(а) y=xp-'j. 

4 

(б) y = X p -f- e p . 


8. Find the differential equation of the tangents to the catena^ 

y =* a cosh ?. 

a 


9. Lagrange investigated the most general differential equation which 
is linear in both z and y, namely, 
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Differentiating, we get 

p = <?(p) 4- [x<?'(p) + 4 


which is equivalent to the linear differential equation 

* + v'W x + _+M_ = 0, 

dp <p(p) — p 9 (P) - V 

provided cp(p) — p 4 = 0 and p is not constant. Integrating and using the 
first equation, we get a parametric representation of the general integral. 
From the second equation we see that the equations 9 (p) — p = 0 , 
p — const, lead to a certain number of singular solutions representing 
straight lines. 

The solutions can be interpreted geometrically as follows. Consider 
the Clairaut equation 

V = *P + 


where 9 ~*(p) is the inverse function of 9 (p), i.e. 9 - 1 (¥(p)) = p. From this we 
see that the solutions of the differential equation are a family of trajec¬ 
tories of the family of straight lines 


or 

Thus e.g. 


y « as + +[9~ 1 (c)], 
y — xcp(c) -f 4>(c) (c = const.). 

p = — - + <i>(p) 

p 


is the differential equation of the involutes (orthogonal trajectories of the 
tangents) of the curve which represents the singular integral of the Clairaut 
equation 

y=xp+ +(- i). 

Use this method to integrate the equation 

y = x(p -f a) — \(p + a)\ 


10. Express, when possible, the integrals of the following differential 
equations by elementary functions: 


(a) 

(£>•—* 

(6) 

©’• 

1 

= 1 - 

( 0 ) 

(dyV _ 2a — y. 

\dxf y 

(d) 

©’■ 

_ 1 — y t 

1 + y * 


In each case draw a graph of the family of integral curves, and detect the 
singular solutions, if any, from the figures. 
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11. A differential equation of the form 


f(y> y'> y") = o 


(note that x does not occur explicitly) may be reduced to an equation of 
the first order as follows. Choose y as the independent variable and p = y' 
as the unknown function. Then 


/ // dp 

y = y = / 

ax 


dp dy 
dy dx 


= P'P> 


and the differential equation becomes f(y , p, pp') — 0. 

Use this method to solve the following problem: 

At a variable point If of a plane curve T draw the normal to T; mark 
on this normal the point N where the normal meets the x-elxib and C , the 
centre of curvature of F at M . Find the curves such that 

MN . MC ~ const. = k. 


Discusb the various possible cases for k > 0 and k < 0 , and draw the 
graphs. 

12 *. Find the differential equation of the third order satisfied by all 
circles 

rr 2 -F y 2 + Zw + 26?/ + c=0. 


13. Integrate the homogeneous equation 

(xy' — y^j = (x 2 — y^j ^arc sin || 


and find the singular solutions. 

14*. Solve the differential equation 

1 


y" + - y' + y = 0, 

X 


with y(0) = 1, y\ 0) = 0, by means of a power series. Prove that this 
function is identical with the Bessel function t J 0 (x) defined in Ex. 4, p. 223. 


6. The Potential of Attracting Charges 

Differential equations for functions of a single independent 
variable, such as we have discussed above, are usually called 
ordinary differential equations, to indicate that they involve 
only the “ ordinary ” derivatives of functions of one in¬ 
dependent variable. In many branches of analysis and its 
applications, however, an important part is played by partial 
differential equations for functions of several variables, that is, 
equations between the variables and the partial derivatives of 
the unknown function. Here we shall touch upon some typical 
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cases of partial differential equations, and shall begin by con¬ 
sidering the theory of attractions. 

We have already considered the fields of force produced by 
masses according to Newton’s law of attraction, and we have 
represented them as the gradient of a potential 3) (cf. Chap. IV, 
p. 283 et seq.). In this section we shall study the potential in 
somewhat greater detail.* 


I. Potentials of Mass Distributions. 

As an extension of the cases considered previously we now 
take fji as a positive or negative mass or charge. Negative 
masses do not enter into the ordinary Newtonian law of attraction, 
but they do occur in the theory of electricity, where mass is re¬ 
placed by electric charge and we distinguish between positive 
and negative electricity; Coulomb’s law of attracting charges 
has the same form as the law of attraction of mechanical masses. 
If a charge,/i is concentrated at a single point of space with 
co-ordinates (£, 77, £), we call the expression fi/r , where 

r = V {(% — £) 2 + (y — v ) 2 + ( 2 — £) 2 }> 

the potential f of this mass at the point (x , y , z). By adding up 
a number of such potentials for different “ sources ” or “ poles ” 
Vi, £<) we obtain as before (cf. p. 283) the potential of a 
system of particles 

<D = S £. 

<• r i 

The corresponding fields of force are given by the expression 
f~ ygrad<l>, where y is a constant independent of the masses 
and of their positions. 

If the masses, instead of being concentrated at single points or 
“ sources ”, are distributed with density 77 , £) over a definite 
portion R of space, we have already taken the potential of 
this mass-distribution to be 


* An extensive literature is devoted to this important branch of analysis; 
see, e.g., Kellogg’s Foundations of Potential Theory (Springer, Berlin, 1929). 

t We could call this a potential of the mass. Any function obtained by*ad ding 
an arbitrary constant to this could equally well be called a potential of the mass, 
since it would give the same field of force. 
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If the masses are distributed over a surface S with surface- 
density (jl, then the surface integral 

ff^da 


taken over the surface S with surface element da represents the 
potential of this surface, if the surface is given parametrically 
(p. 159 et seq.) by u, v as parameters. 

For the potential of a mass distributed along a curve we 
likewise obtain an expression of the form 

f^ds, 

J r 


where s is the length of arc on this curve, p(s) the linear density 
of the mass, and r the distance of the point (x, y, z) from the 
point S of the curve. 

For every such potential the surfaces 

0 = const. 


represent the equipotential surfaces or level surfaces* 


As an example of the potential of a line-distribution we take this 
case: a mass of constant linear density (x is distributed along the segment 
—of the 2 -axis. We consider a point P with co-ordinates 
(a?, y) in the plane 2 — 0 ; if for brevity we introduce p — \/(z 2 -f y 2 ), 
the distance of the point P from the origin, we obtain the potential in the 
form 


y) « 


C 

v / - 

J-i 'y 


dz 


V(p‘ + zt ) 


J\ + c ’ 


Here we have added a constant 0 to the integral, which does not affect 
the field of force derived from the potential. The indefinite integral on the 
right can be evaluated as in Vol. I, p. 213, and we obtain 


/ 


dz z - z + \Z( z + P ) 

/, . . —r, = ax smli = log---. 

V(P + *) P P 


* Curves which at every point have the direction of the force vector are 
called lines of force. The lines of force are therefore curves which everywhere 
intersect the level surfaces at right angles. We thus see that the families of 
lines of force corresponding to potentials generated by a single pole or by a 
finite number of poles run out from these poles as if from a source. In the 
case of a single pole, for example, the lines of foroe are simply the straight lines 
passing through the pole. 
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bo that the potential in the xy-plane is given by 


y) = 2 (x log 


l + \J (l 2 + p a ) 


4 * 0, 


To obtain the potential of a line extending to infinity in both directions 
we give the value —2p log 21 to the constant * C and thus obtain 

®(x, y) = 2g. log LLV|?_i_£J _ 2(x log p. 


If we now let the length l increase without limit, that is, if we let the 
length of the line tend to infinity, the expression {l \/{l 2 p 2 )}/2£ tends 
to unity, and for the limiting value of ^>{x t y) we obtain the expression 

y) = —2[x log p. 

We thus see that apart from the factor —2p the expression 

log? = log vV + v 2 ) 

is the potential of a straight line perpendicular to the ay-plane over which 
a mass is distributed uniformly . 

In addition to the distributions previously considered, 
potential theory also deals with so-called double layers , which 
we obtain in the following way. We suppose that at the point 
(f, £) a charge M is concentrated and at the point (£ + h y 73 , £) 

a charge —M is concentrated. The potential of this pair of 
charges is given by 


— £) 2 + {y — vf + (2 — Vf 

M 

V(x— i-W+ (y-nf+{z-Cf 

If we let h , the distance between the two poles, tend to zero 
and at the same time let the charge M increase without limit 
in such a way that M is always equal to —/x/A, where pi is a 
constant, ® in the limit tends to the expression 



We call this expression the 'potential of a dipole or doublet with 


* We make this choice in order that in the passage to the limit l 00 the 
potential <D shall remain finite. 
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its axis in the ^-direction and with “ moment ” [i. Physically it 
represents the potential of a pair of equal and opposite charges 
lying very close to one another. In the same way we can express 
the potential of a dipole in the form 



where djdv denotes differentiation in an arbitrary direction r, 
that of the axis of the dipole. 

If we imagine dipoles distributed over a surface S with 
moment-density /x, and if we assume that at each point the 
axis of the dipole is normal to the surface, we obtain an expression 
of the form 

C)*'- 

where d/dv denotes differentiation in the direction of the positive 
normal to the surface (we can, as before, choose either direction 
of the normal as positive), r is the distance of the point of the 
surface (f, 77, £) from the point ( x , y, z), and the point (f, 77, £) 
ranges over the surface. This potential of a double layer can be 
thought of as arising in the following way. On oach side of the 
surface and at a distance h we construct surfaces, and we give 
one of these surfaces a surface-density )a/2A, the other a surface- 
density ~p/2h . At an external point these two layers together 
create a potential which tends to the expression above as h -> 0. 
We shall assume that in all our expressions the point (; x , y, z) 
considered is at a point in space at which no charge is present, 
so that the integrands and their derivatives with respect to 
x , y, z are continuous. 

2. The Differential Equation of the Potential. 

In virtue of these hypotheses we can obtain a relation which 
all our potential expressions satisfy, namely, the differential 
equation 

+ ®yy + ®zz = 

or in abbreviated form 

AO = 0, 

which is known as Laplace’s equation. As we have already 
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(Vol. I, p. 470) verified by simple calculation, this equation 
is satisfied by the expression 1/r. It therefore holds also for all 
the other expressions formed from it by summation or integration, 
since we can perform the differentiations with respect to x, y, z 
under the integral sign. This differential equation is also satis¬ 
fied by the potential of a double layer, for in virtue of the re¬ 
versibility of the order of differentiation * we find that for the 
potential of a single dipole the equation 


A 


a 

dv 



I a! 

ov r 


= 0 


holds. 

Laplace’s equation is also satisfied by the expression 
log Vfc 2 + y 2 ) obtained for the potential of a vertical line, as 
we can readily verify (cf. also Chap. II, p. 76). Since this no 
longer depends on the variable z, it in fact satisfies the simpler 
Laplace’s equation in two dimensions, 


®yy — 0. 


The study of these and related partial differential equations forms 
one of the most important branches of analysis. We may, how¬ 
ever, point out that potential theory is not by any means chiefly 
directed to the search for general solutions of the equation AO = 0, 
but rather to the question of the existence and to the investigation 
of those solutions which satisfy pre-assigned conditions. Thus 
a central problem of the theory is the “ boundary-value 
problem ”, in which we have to find a solution O of AO = 0 
which together with its derivatives up to the second order is 
continuous in a region R , and which has pre-assigned continuous 
values on the boundary of R. 


3. Uniform Double Layers. 

We cannot enter here into a more detailed study of potential 
functions , that is, of functions w r hich satisfy Laplace’s equation 
A u = 0. In this subject Gauss’s theorem and Green’s theorem 

♦ It must be noted that the differentiation 0/0 v refers to the variables (£, 77, £) 
and the expression A to the variables (x, y y z). Moreover, the function 1 /r, con¬ 
sidered as a function of the six variables (x, y> z ; £, 77 , £), is symmetrical in the 
two sets of variables, and therefore satisfies the differential equation 

AO ** O# + Orpj + <X>& - 0 
with respeot to the variables ((, 77 , J) also. 
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(Chap. V, pp. 388, 390) are among the chief tools employed. It 
will be sufficient to show by some examples how such investi¬ 
gations are carried out. 

We shall first consider the potential of a double layer with 
constant moment-density ^ = 1, that is. an integral of the form 



This integral has a simple geometrical meaning. Let us assume 
that each point of the surface carrying the double layer can 
be seen from the point P with co-ordinates (x, y, z), that is, 
that it can be joined to this point P by a straight line which 
meets the surface nowhere else. The surface S, together with 
the rays joining its boundary to the point P, forms a conical 
region Ii of space. We now state that the potential of the uniform 
double layer , except perhaps for sign , is equal to the solid angle 
which the boundary of the surface S subtends at ike point P. By this 
solid angle we mean the area of that portion of the spherical 
surface of unit radius about the point P as centre which is cut 
out of the spherical surface by the rays going from P to the 
boundary of S. We give this solid angle the positive sign when 
the rays pass through the surface S in the same direction as the 
positive normal v , otherwise we give it the negative sign (cf. 
Ex. 9, p. 408). 

To prove this we recall that the function u — 1 / r , when 
considered not only as a function of ( x , y , z) but also as a function 
of (£, rj , £), still satisfies the differential equation 

Am = u H + u m -f u {{ = 0. 

We fix the point P with co-ordinates (x, y, z), and denote the 
rectangular co-ordinates in the conical region R by (£, 73 , £), and 
by a small sphere of radius p about the point P we cut off the 
vertex from R; the residual region we call R p . To the function 
u = 1 / r , considered as a function of (£, rj , £) in the region R p , 
we now apply Green’s theorem (Chap. V, p. 390) in the form 

where S' is the boundary surface of R p and d/dn denotes differen¬ 
tiation in the direction of the outward normal. Since Am — 0, 
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the value of the left-hand side is zero.* If we have chosen the 
positive normal direction v on S so as to coincide with the outward 
normal n, the surface integral on the right-hand side consists of 
three parts: (1) the surface integral 

ff.lQ d ° = ff,l 0 )*’ 

over the surface S, which is the expression V considered above 
(p. 474); (2) an integral over the lateral surface formed by the 
linear rays; (3) an integral over a portion T p of the surface 
of the small sphere of radius p. The second part is zero, since 
there the normal direction n is perpendicular to the radius, and 
therefore is tangential to the sphere r — const. For the inner 
sphere with radius p the symbol djdn is equivalent to — d/dp, 
since the outward direction of the normal points in the direction 
of diminishing values of r. We thus obtain the equation 

or 

v =-\fJ d °> 

where on the right we have to integrate over the portion T p 
of the small spherical surface which belongs to the boundary of 
R p . If we now write the surface element on the sphere with 
radius p in the form dor = p 2 dw, where dco is the surface element 
on the unit sphere, we at once obtain 

v —-//*- 

The integral on the right is to be taken over the portion of the 
spherical surface of unit radius lying in the cone of rays, and 
we see at once that the right-hand side has the geometrical 
meaning stated above; it is the apparent magnitude, except 
for sign, if the normal direction on S is chosen so that it points 

* From this form of Green’s theorem it follows in general that the surface 
integral j* J ^ do taken over a closed surface must always vanish when the 

function a satisfies Laplace’s equation Aw — 0 everywhere in the interior of 
the surface. 
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outwards * from the conical region R. Otherwise the positive 
sign is to be taken. 

If the surface S is not in the simple position relative to 
P described above, but instead is intersected several times by 
some of the rays through P, we have only to divide the surface 
into a number of portions of the simpler kind in order to 
see that the statement still holds good. The potential of 
the uniform double layer (of moment 1 ) on a bounded surface 
is therefore , except perhaps for sign , equal to the “ apparent ” 
magnitude which the boundary has when looked at from the point 
(x, y, z). 

For a closed surface we see by subdividing it into two bounded 
portions that our expression is equal to zero if the point P is 
outside, and equal to — 47 r if it is inside. 

A similar argument shows in the case of two independent 
variables that the integral 

f ^ (log r)ds 

along the curve C, except possibly for sign, is equal to the angle 
wliich this curve subtends at the point P with the co-ordinates 

(*• y)> 

This result, like the corresponding result in space, can also 
be explained geometrically as follows. Let the point Q with the 
co-ordinates (£, 7 ;) lie on the curve C. Then the derivative of 
logr at the point Q in the direction of the normal to the curve 
is given by the equation 

d d 1 

(logr) = (logr) cos(v, r) = - cos(v, r), 
cv or r 

where the symbol (v y r) denotes the angle between this normal 
and the direction of the radius vector r. On the other hand, 
when written in polar co-ordinates (r, 6 ) the element of arc ds 
of the curve has the form 



cos(p, r) 


* The negative sign is explained by the fact that with this choice of the 
normal direction the negative charge lies “ next ” the point P. 
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{cf. Vol. I, pp. 266 and 280), so that the integral is transformed 
as follows: 

/jf- (logr)da = f 1 cob(v, r) — =~ f d0. 

Jo v Jr cos(y, r) J 

The integral on the right, however, is the analytical expression 
of our statement. 


4. The Theorem of Mean Value. 

As a second application of Green’s transformation we 
prove the following theorem: every potential function, that 
is, every function u which in a certain region R satisfies 
the differential equation Aw = 0 , has the following mean value 
property: 

The value of the 'potential function at the centre P of an arbitrary 
sphere of radius r lying completely in the region R is equal to the 
mean value of the function u on the surface S r of the sphere ; that is, 


where u(x, y, z) is the value at the centre P and u the value on the 
surface S r of the sphere of radius r. 

To prove this we proceed as follows: let S p be a concentric 
sphere inside S r with radius 0 < p ^ r. Since Aw = 0 every¬ 
where in the interior of S p , by the footnote on p. 475 we have 



where du/dn is the derivative of w in the direction of the outward 
normal to S p . If (£, 77 , £) are current co-ordinates and if with 
the point (x, y, z) as pole we introduce polar co-ordinates by the 
equations 

£ — x~p cos <f> sin 8 , 7 } — y = p sin (f> sin 0 , £ — z = p cos 8, 


the above equation becomes 

/Y^Ai>da= 0 . 

J Js p dp 

Since the surface element da of the sphere S p is equal to p 2 da, 
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where da is the element of surface of the sphere S of unit radius 
(cf. Chap. IV, p. 274), we find that if p > 0 



where the region of integration no longer depends on 
sequently 



P- 


Con- 


and on interchanging the order of integration and performing 
the integration with respect to p we have 

J f s {u(r, e, 4>) - u(0, e, <f>)}da^O. 

Since u(0 , 9, <f>) = u(x , y, z ) is independent of 9 and <£, 

JJ w(r, 9 , cf>)da — u(x } y, z) JJda = 47rw(x, y, z). 


As 


Jju{r, e, <f>)do = I JjT M ( r > 


where the integral on the right is to be taken over the surface of 
S r , the mean value property of u is proved. 

In exactly the same way, for functions u of two variables 
which satisfy Laplace’s equation u xx + u vv = 0 we have the 
corresponding mean value 'property of the circle expressed by 
the formula 

2rrr u(x, y) = fuds, 
ds r 

where u denotes the value of the potential function on a circle S r 
with radius r about the point ( x , y) and ds is the element of arc of 
this circle. 


5. Boundary-value Problem for the Circle. Poisson’s Integral. 

As an example of a boundary-value problem we shall now 
discuss Laplace’s equation in two independent variables x , y 
for the case of a circular boundary. Within the circular region 
v? + y 2 ^ -R 2 we introduce polar co-ordinates (r, 6). We wish 
to find a function u(x, y) which is continuous within the circle 
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and on the boundary, possesses continuous derivatives of the 
first and second order within the region, satisfies Laplace’s 
equation A u = 0, and has prescribed values u(R, 6) = f(6) on 
the boundary. Here we assume that f(8) is a continuous periodic 
function of 8 with sectionally continuous first derivatives. 

The solution of this problem, in terms of polar co-ordinates, 
is given by the so-called Poisson’s integral 

r _ m _ 

277 Jo R 2 — 2 Rr cos (9 — a) + r 2 

To prove this, we begin by constructing as many solutions 
of Laplace’s equations as we please in the following way. We 
transform Laplace’s equation to polar co-ordinates, obtaining 

Aw = - ( ru T ) r + \ u ee = 0, 
r r 2 

and seek to find solutions which can be expressed in the form 
u = <f>(r)ifj(d), that is, as a product of a function of r and a func¬ 
tion of 8 . If we substitute this expression for u in Laplace’s 
equation, the equation becomes 

kr) m' 

As the left-hand side does not involve 6 and the right-hand side 
does not involve r, the two sides must each be independent of 
both variables, that is, must be equal to the same constant k. 
For tfj(8) we accordingly have the differential equation — 0 . 

Since the function u and hence also ip(8) must be periodic with 
period 277, it follows that the constant k is equal to n 2 , where n 
is an integer. Hence 

i[i(9) = a cos nd + b sinn 0 # 

where a and b are arbitrary constants. 

The differential equation for <f>(r), 

r 2 <f>"(r) + r<j>{r) — n 2 (f>(r) = 0 , 

is a linear differential equation and, as we can immediately verify, 
the functions r n and r~ n are independent solutions. Since the 
second solution becomes infinite at the origin, while u is to be 
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continuous there, we are left with the first solution ^ = r n , and 
the solutions of Laplace’s equation are 

r n (a cosnd -f b sin n0). 

We now use the fact that by linear combination of such 
.solutions according to the principle of superposition (cf. section 4, 
p. 438) we can obtain other solutions 

%a G + £r w (a n cos nO + b n sin nd). 

Even an infinite series of this form will be a solution, provided 
that the series converges uniformly and can be differentiated 
term by term twice in the interior of the circle. 

If we now imagine the prescribed boundary function f(6) 
expanded in a Fourier series 

GO 

m =fot + S ( a n cos nd + b n sinn#), 

n— 1 

this series, regarded as a series in 6, certainly converges absolutely 
and uniformly (cf. Vol. I, Chap. IX, p. 451). Hence the series 

go yW 

u(r, 6) = ~a G + 2 --- (a n cos nd -f b n sin nd) 

n=l R n 

a fortiori converges uniformly and absolutely in the interior of 
the circle. This series, however, can be differentiated term by 
term, provided r < JS, because the resulting series again converge 
uniformly (cf. the account of power series in Vol. I, Chap. VI, 
p. 399). This function is accordingly a potential function; it has 
the prescribed value on the boundary, and hence is a solution of 
our boundary-value problem. 

We can reduce this solution to the integral form given above 
by introducing the integrals for the Fourier coefficients, 

I 1 /*'" 7r 

Q>n = —• / /(a) cosnada, b n = - / /(a) sin nada. 
rr J o 77 /o 

Since the convergence is uniform, we can interchange integration 
and summation, and obtain 

u(r, 0 ) = - r f (a)U+ 2 £ cosn (0 - a)]do. 

77 •'C l »-i/r ; 
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Poisson’s integral formula is therefore proved, provided that 
we can establish the relation 

1 . * r n 1 R? — r 2 

-4- 2 j -- cos nr =... 

2 n^\R n 2 R 2 ~ 2 Rr cosr + r 2 

But this can be proved by the method used in Vol. I, Chap. IX, 
p. 436; we leave the proof to the reader. 


Examples 


1 . By applying inversion to Poisson’s formula, find a potential function 
u(x, y) which is bounded in the region outside the unit circle and assumes 
given values /(0) on its boundary (the so-called outer boundary-value prob¬ 
lem). 

2 *. Find (a) the equipotential surfaces and ( b) the lines of force for the 
potential of the segment x =* y ~ 0, — / 2 5^ -f Z, of constant linear den¬ 

sity [L. 

3*. Prove that if the values of a harmonic u(x , y, z) and of its normal 
derivative du/d?i are given on a closed surface S, then the value of u at any 
interior point is given by the expression 




where r is the distance from the point (x, y, z) to the variable point of 
integration. (Apply Green’s theorem to the functions u and 1/r.) 


7 . Further Examples of Partial Differential Equations 

We shall now briefly discuss a few partial differential equa¬ 
tions which are of frequent occurrence. 

1. The Wave Equation in One Dimension. 

The phenomena of wave propagation, e.g. of light or sound, 
are governed by the so-called wave equation . We begin by con¬ 
sidering the simple idealized case of a so-called “ one-dimensional 
wave Such a wave depends on some property u , for example, 
the pressure, the change of position of a particle, or the intensity 
of an electric field; and u depends not only on the co-ordinate 
of position x (we take the direction of propagation as the sr-axis) 
but also on the time Z. 

The function u(x , t) then satisfies a partial differential equation 
of the form j 

MXX ~ n 

a 2 


( g 012) 
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where a is a constant depending on the physical nature of the 
medium. We can express solutions of this equation in the form 

u = f(x —at), 

where /(f) is an arbitrary function of f, about which we 
assume only that it has continuous derivatives of the first and 
second order. If we put f = x— at, we see at once that our 
differential equation is actually satisfied, for 

u xx =f"d), u tt = a 2 /"(|). 

In the same way, using another arbitrary function <jr(f), we 
obtain a solution of the form 

u = g(x + at). 

Both these solutions represent wave motions which are 
propagated with the velocity a along the sr-axis; the first 
represents a wave travelling in the positive ^-direction, the 
second a wave travelling in the negative ^-direction. For 
let u have the value u{x x , t x ) at any point x x at time t x \ then u 
has the same value at time t at the point x = + a(t — t x ). 

For then x — at = x x — at v so that f(x — at) — f(x 1 ~ at x ). 
In the same way, we can see that the function g(x + at) repre¬ 
sents a wave travelling in the negative ^-direction with velocity a. 

We shall now solve the following initial-value problem for 
this wave equation. From all possible solutions of the differential 
equation we wish to select those for which the initial state (at 
t = 0 ) is given by two prescribed functions u(z, 0) = <f>{x) and 
u t (x , 0) = ${x). To solve this problem, we have merely to write 

w = f(x — at) + g(x + at) 

and determine the functions / and g from the two equations 
4>{x) =/(z) + g(x) 

- = —/'(*) + g'(x). 

a 

The second equation gives 

c + - f^(r)dT = —f(x) + g(x), 
a 
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where c is an arbitrary constant of integration. From this we 
readily obtain the required solution in the form 

«(*, <) - # + «>+*»-«) + L r V) Jr. 

2 2 a at 

The reader should prove for himself, by introducing new 
variables tq = x + at instead of x and t, that no 

solutions of the differential equation exist other than those given. 

2 . The Wave Equation in Three-dimensional Space. 

In the wave equation for space of three dimensions the func¬ 
tion u depends on four independent variables, namely, the three 
space co-ordinates x, y, z and the time t. The wave equation is 
then 

u xx “f" u vv + u zz -- U tt , 

a 2 

or, more briefly, 

Au=- u tt . 
a 2 

Here again we can easily find solutions which represent the 
propagation of a plane wave in the physical sense. 

In fact, any function /(£), provided we assume that it is twice 
continuously differentiable, gives us a solution of the differential 
equation, if we make £ a linear expression of the form 

£ = ax + py + yz ± at, 

whose coefficients satisfy the relation 

a 2 + P 2 + y 2 = 1. 

For since 

2 +i 82 +y 2 )r ^ )==r(f ) 

and 

we see 1 that u =f(ax + fiy -f yz ± at) is really a solution of the 
equation 

An = - 1 - u (t . 

ct 


If q is the distance of the point (x, y, z) from the plane 
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ax + fiy + yz = 0, we know by analytical geometry (cf. Chap. I, 
p. 9) that 

q = ax + fiy + yz. 

Hence, in the first place, we see from the expression 
u=f(q±at) 

that at all points of a plane at a distance q from the plane 
ax + fiy + yz — 0 and parallel to it the property which is being 
propagated (represented by u) has the same value at a given 
moment. The property is propagated in space in such a way 
that planes parallel to ax + fiy + yz = 0 are always surfaces 
on which the property is constant; the velocity of propagation 
is a in the direction perpendicular to the planes. 

In theoretical physics a propagated phenomenon of this kind 
is referred to as a plane wave. 

A case of particular importance is that in which the property 
varies periodically with the time. If the frequency of the vibra¬ 
tion is o>, a phenomenon of this kind may be represented by 
u = £«*(«*+/By+y 

where k , as usual, denotes the reciprocal of the wave-length: 


In the case of the wave equation with four independent 
variables we can find other solutions, which represent a spherical 
wave spreading out from a given point, say the origin. A spherical 
wave is defined by the statement that the property is the same 
at a given instant at every point of a sphere with its centre at 
the origin, that is, that u has the same value at every point of 
the sphere. To find solutions which satisfy this condition, we 
transform A u to polar co-ordinates (r, 0, <f>), and then we have 
merely to assume that u depends on r and t only and not on 0 
and <j>. If we accordingly equate the derivatives of u with 
respect to 0 and <f> to zero (cf. p. 391), the differential equation 
becomes 

. 2 1 

U rr + - U r = - U U 

r a? 

or 

1 

( ru ) Tr = -- (ru) tt . 
a 2 
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If for the moment we replace ru by w, w is a solution of the 
equation 

1 

Wrr = ~ 2 

a 2 

which we have already discussed, and hence must be expressible 
in the form 

w =zf(r — at) + g(r + at). 

Then 

U = ? {/(r — at) + g{r + at)}. 

The reader should now verify for himself directly that a function 
of this type is actually a solution of the differential equation 

Am = 1 u tt . 
a 2 

Physically the function w=-/(r — at) represents a wave 

which is propagated outwards into space from a centre with 
velocity a. 

3. Maxwell’s Equations in Free Space. 

As a concluding example we shall discuss the system of equa¬ 
tions, known as Maxwell's equations , which form the foundations 
of electrodynamics. We shall not, however, attempt to approach 
the equations from the physical point of view, but shall merely 
consider them as illustrating the various mathematical concepts 
developed above. 

The electromagnetic condition in free space is determined by 
two vectors, an electric vector E with components E v E 2 , 2? 3 , 
and a magnetic vector H with components H v H 2 , H z . These 
vectors satisfy Maxwell’s equations: 

' ~ , 1 dH A 

curl 2? + - — = 0, 
c ot 

. „ 1 dE - 

curl//-- = 0, 

c dt 
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where c is the velocity of light in free space. Expressed in 
terms of the components of the vectors, the equations are: 

_ di ?2 | 1 dHi __ ~ 

dy dz "dt ~ 1 

dz dx c dt 9 

l^O 

dx dy c dt 9 

and 

dH 3 _ dH 2 __ 1 dEy ^ 

cfy 02 c dt 9 

dH^dH^ldE^Q 
dz dx c dt 9 

dx dy c dt 

For the components as functions of position and time we thus 
have a system of six partial differential equations of the first 
order, that is, of equations involving the first partial derivatives 
of the components with respect to the space co-ordinates and to 
the time. 

We shall now deduce some distinctive consequences of Max¬ 
well’s equations. If we form the “ divergence ” of both equations, 
and remember that div curl A = 0 and that the order of different 
tiation with respect to the time and formation of the divergence 
is interchangeable, we obtain 

div JS = const., 

AivH = const.; 

that is, the two “ divergences ” are independent of the time. 

If we assume that the constants are initially zerd, then they 
remain zero for all time. 

We now consider any closed surface S lying in the field and 
take the volume integrals 

JffdivBdr 

and 

fffiivHir 



VI] PARTIAL DIFFERENTIAL EQUATIONS 487 

throughout the volume enclosed by it. If we apply Gauss’s 
theorem (Chap. V, p. 388) to these integrals, they become integrals 
of the normal components E n , H n over the surface S. That is, 
the equations 

divi? = 0 , 
div/if = 0 

give 

//*•*’= 

=»■ 

In electrical theory surface integrals 

fl E ” da 01 Jf H ’‘ da 

are called the electric or magnetic flux across the surface 8, and 
our result may accordingly be stated as follows: 

The electric flux and the magnetic flux across a closed surface, 
subject to the assumptions we have made above, are zero. 

We obtain a further deduction from Maxwell’s equations if 
we consider a portion of surface S bounded by the curve T and 
lying in the surface. 

If we denote the components of a vector normal to the sur¬ 
face A by the suffix n, it immediately follows from Maxwell’s 
equations that 

, « 1 dH n 

(curf/T,.—-- r , 

(curl *).-+!?&. 

c ot 

If we integrate these equations over the surface with surface 
element da , we can transform the left-hand sides into line in¬ 
tegrals taken round the boundary T by Stokes’s theorem (cf. 
Chap. V, p. 395). If we do this, and carry out the differentiation 
with respect to t outside the integral sign, we obtain the equations 

jsi*-** 
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where the symbols E 8 and H 8 under the integral signs on the left 
are the tangential components of the electric and magnetic 
vectors in the direction of increasing arc, and the sense of de¬ 
scription of the curve T in conjunction with the direction of the 
normal n forms a right-handed screw. 

The facts expressed by these equations may be expressed in 
words as follows: The line integral of the electric or the mag¬ 
netic force round an element of surface is proportional to the rate 
of change of the electric or magnetic flux across the element of 
surface, the constant of proportionality being —1 /c or -f-1 jc. 

Finally, we shall establish the connexion between Maxwell’s 
equations and the wave equation. We find, in fact, that each of 
the vectors E and H, that is, each component of the vectors, 
satisfies the wave equation 

Am = I u tt . 


For we can eliminate the vector H\ say, from the two equations, 
by differentiating the second equation with respect to the time 

dH 

and substituting for — from the first equation. 
ot 

It then follows that 

, 1Z?I 13 2 E A 

c curl cur J & + - -- =0. 

c ot 2 

If we now use the vector relation * 

curl curl A = —A A + grad div A, 

and remember that 

div E = 0, 

we at once have 


A E- 


1 02 E 
c 2 dp' 


In the same way we can show that the vector H satisfies the 
same equation: 

a 


* This vector relation follows immediately from the expressions in terms 
of co-ordinates. 
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Examples 

1. Integrate the following partial differential equations: 

(a) = 0; 

(&) u x V z = 0 ; 

(c) = a(x, y). 

2*. Solve the equation 

u xx + & u xv 4 ® u w = e * + * 

by reducing it to one of the form of Ex. 1(c). 

3. Find the partial differential equation satisfied by the two-parameter 
family of spheres 

z 2 — 1 — (x — a) 2 — (y — b) 2 . 

4*. Let u(x, t) denote a solution of the wave equation 

u xx = \ U W (« > 0 ) 
cr 

which is twice continuously differentiable. Let <p(x) be a given function 
which is twice continuously differentiable and such that 

9(0) = <p'(0) = 9 "(0) - 0. 

Find the solution u for x ^ 0 and t"ii 0 which is determined by the boun¬ 
dary conditions 

u(x, 0) = u x [x, 0) = 0 for x ^ 0, 
u( 0, t) = 9(^) for t ^ 0. 

5. Find a solution of the equation 

U X1 /=«> 

for which u(x, 0) = u( 0, y) = 1, in the form of a power series. 

6. (a) Find particular solutions of the equation 

u x + V «- 1 

of the form u = f(x) -f g(y). 

(b) Find particular solutions of the equation 

u x u u * 1 

of the forms u = f(x) 4 g(y) and u = f(x)g(y). 

7*. Prove that if 

z mm u(x, y t a, b) 
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is a solution, depending on two parameters a , 6, of the partial differential 
equation of the first order, 

* v ) = °* 

then the envelope of every one-parameter family of solutions chosen 
from z = u(x , y, a, 6) is again a solution. 

8. Use this result to obtain other solutions of equation 6(6) by putting 

b — ka mu — ax+ ^y-\-b (wnere h is a constant). 



CHAPTER VII 
Calculus of Variations 

1. Introduction 

1. Statement of the Problem. 

In the theory of ordinary maxima and minima of a differenti¬ 
able function/^,..., x n )ot n independent variables, the necessary 
condition (p. 184) for the occurrence of an extreme value in a 
certain region of the independent variables is 

df—O or grad/= 0 or /^ — 0 (i = 1, .. . , n). 

These equations express the stationary character of the function 
/at the point in question. The question whether these stationary 
points are actually maximum or minimum points can only be 
decided after further investigation. In contrast to the equations 
given above, the corresponding sufficient conditions take the 
form of inequalities. 

The calculus of variations is likewise concerned with the 
problem of extreme values (stationary values). Here, however, 
we have to deal with a completely new situation. For now the 
functions which are to have an extreme value no longer depend 
on one independent variable or a finite number of independent 
variables within a certain region, but are so-called functions of 
functions. That is, to determine them we require a knowledge of 
the behaviour of one or more functions or curves (or surfaces, 
as the case may be), the so-called “ argument functions ”. 

General attention was first drawn to problems of this type 
in 1696 by John Bernoulli’s statement of the brachistochrone 
problem. 

In a vertical a?y-plane a point A(z 0 , y 0 ) is to be joined to a 
point B(x 1 , y t ), such that > x 0 , y 1 > y 0 , by a smooth curve 
y = u(x) in such a way that the time taken by a particle sliding 



492 


CALCULUS OF VARIATIONS 


[Chap. 


without friction from A to B along the curve under gravity 
(which is taken as acting in the direction of the positive y-axis) 
is as short as possible. 

The mathematical expression of the problem is based on the 
physical assumption that in such a curve y = <f>(x) the velocity 
ds idt (s bein g the length of arc of the curve) is proportional to 
V2 g(y — y 0 ), the square root of the height of fall. The time 
taken in the fall of the particle is therefore given by 



dt ds 
ds dx 


dx = 


Lf VI 1+ *'•> * 
V2g Jxt Vfy — y.) 


(cf. Vol. I, pp. 299-301). If we drop the unimportant factor 
V-<j and take y 0 = 0 (which we can do without loss of generality), 
we have the following problem: 

Among all continuously differentiable functions y = <f>(x), 
y ^ 0, for which <£(x 0 ) = 0, </>(,x x ) = y v to find that for which 
the integral 


has the least possible value. 

On p. 505 we shall obtain the result, which was very sur¬ 
prising to Bernoulli’s contemporaries, that the curve y == <f>(x) 
must be a cycloid . Here we wish to emphasize that Bernoulli’s 
problem and the elementary problems of maxima and minima 
are absolutely different. The expression I{<f >} depends on the 
whole behaviour of the function <f>. It cannot be determined by 
stating the values of a finite number of independent variables, 
that is, it cannot be regarded as a function in the ordinary sense. 
We indicate its character of “ function of a function <f>(x) ” by 
means of curly brackets. 

The following is another problem of a similar nature: 

Two points A(x 0 , y 0 ) and B(x v y t ), where x 1 > x 0 , y 0 > 0, 
y x > 0 , are to be joined by a curve y — u(x) lying above the 
x-axis, in such a way that the area of the surface of revolution 
formed when the curve is rotated about the x-axis is as small 
as possible. 

Using the expression given on p. 274 for the area of a surface 
of revolution and dropping the unimportant factor 277, we have 
the following mathematical statement of the problem: 
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Among all continuously differentiable functions y = <f>(x) 
for which <f>(x 0 ) — y 0 , <j>( x i) — Vi, 4’i x ) > 0, to find that for which 
the integral 

f W(1 + y' 2 ) dx iV = <f>( x )) 

has the least possible value. It will be found that the solution 
is a catenary . 

The elementary geometrical problem of finding the shortest 
curve joining two points A and B in the plane belongs in theory 
to the same category. Analytically, in fact, the problem is that 
of finding two functions x(t), y(t) of a parameter t in an interval 
t 0 ^t^ t v for which the values x(t 0 ) = x 0 , x(t 1 ) = x l and 
y(t o) = y 0 , y(t x ) = y x are prescribed, and for which the integral 



has the least possible value. The solution is of course a straight 
line. 

On the other hand, the corresponding problem of finding the 
geodesics on a given surface G(x, y, z) — 0, that is, of joining two 
points on the surface with co-ordinates ( x 0 , y {) , z 0 ) and (x v y v c,) 
by the shortest possible line lying in the surface, unlike the 
problem of the shortest distance between two points in a plane, is 
not a trivial one. In analytical language this problem is as follows: 

Among all triads of functions x(t), y(t ), z(t) of the parameter t 
which make the equation 

G( x , y, 2 ) = 0 , 

an identity in £, and for which x(t 0 ) = x 0 , y(t 0 ) = y 0 , z(t v ) ~ z 0 ; 
x(t t ) = x v y(t x ) = y v z{tf) = z 1 , to find that for which the integral 

f V (^ 2 + f+&)& 

Ju 

has the least possible value. 

The isoperimetric problem of finding a closed curve of given 
length enclosing the largest possible area, already discussed on 
p. 214, also belongs to the same category. We have proved 
above that the solution is a circle.* 

* The proof given there applied only to convex curves; the following 
remark, however, enables us to extend the result immediately to any curve: 
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The general statement of the simplest type of problems of the 
kind dealt with here is as follows: 

We are given a function F(x , <f>, <J>') of three arguments, which 
in the region of the arguments considered is continuous and has 
continuous derivatives of the first and second orders. If in this 
function F we replace <f> by a function y = <f>(x) and <f>' by the 
derivative y ' = <f>'(x), F becomes a function of x , and an integral 
of the form 

I W} == f F ( x ’ y>y') dx 

becomes a definite number depending on the behaviour of the 
function y = <f>(x), i.e. it is a “ function of the function <f>(x) 
The fundamental problem of the calculus of variations is now 
as follows: 

Among all the functions which are defined and continuous 
and possess continuous first and second derivatives in the interval 
x 0 ^ x <£ x 1 , and for which the boundary values y 0 = </>(x 0 ) 
and y l = ^(Xj) are prescribed, to find that for which the integral 
/{<£} has the least possible value (or the greatest possible 
value). 

In discussing this problem the absolutely essential point is 
the nature of the “ conditions of admission ” imposed on the 
functions <f>(x). The problem merely requires that when <j>{x) is 
substituted F shall be a sectionally continuous function of x, 
and this is assured if the derivative is sectionally continuous. 
But we have made the conditions of admission more stringent by 
requiring that the first derivatives, and even the second deri¬ 
vatives, of the functions <f>(x) shall be continuous. The field 
in which the maximum or minimum is to be sought is of course 
thereby restricted. It will, however, be found that this restriction 
does not, in fact, affect the solution, i.e. that the function which 
is most favourable when the wider field is available will always 

We consider the “ convex envelope ” K of a curve C (cf. Ex. 2, p. 100), i.e. the con¬ 
vex curve of least area enclosing the interior of C. This curve K consists of convex 
arcs of C and rectilinear portions of tangents to C, which touch C at two points 
and bridge over concave parts of C by straight lines. It is evident that the area 
of K exceeds that of C, provided C is not convex, and, on the other hand, that 
the perimeter of A is less than that of C. If we now make K expand uniformly, 
so that it always retains the same shape, until the resulting curve A r/ has the 
prescribed perimeter, K* will be a curve of the same perimeter as C t but en* 
closing a greater area. Hence in the isoperimetric problem we may from the 
outset confine ourselves to convex curves, in order to obtain the maximum area. 
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be found in the more restricted field of functions with con¬ 
tinuous first and second derivatives. 

Problems of this type occur very frequently in geometry and 
physics. Here we mention only one example. The fundamental 
principle of geometrical optics can be formulated as a variation 
problem of this type. If we consider a ray of light in the xy- plane 
and assume that the velocity of light is a given function v(x , y t y') 
of the point (x, y) and of the direction y f (y — <f>(x) being the 
equation of the light-path and y ' = the corresponding 
derivative), then Fermat's principle of least time is as follows: 

The path of a ray of light between two given points A, B is 
such that the time taken by the light in traversing it is less than 
the time which light would take to traverse any other path from 
A to B. 

In other words, if t is the time and 5 the length of arc of any 
curve y — <j>(x) joining the points A and B , the time which 
light would take to traverse the portion of curve between A and 
B is given by the integral 


'w-ni*- r 


V(1 + y' 2 ) 

v(x, y, y') 


dx. 


To determine the actual path of the light we accordingly require* 
to solve the problem of finding a function y = (j>{x) for which 
this integral has the least possible value. 

We see that the optical problem in this form is actually 
equivalent to the general problem stated above if we relate the 

two functions F and v to one another by putting F = ^ ) 

v 

In most optical cases the velocity of light v is independent of 
the direction and is merely a function of position, v(x , y). 


2. Necessary Conditions for Extreme Values. 

Our object is to find necessary conditions that a function 
u = <f>(x) may give a maximum or minimum, or, to use a general 
term, an extreme value, of the above integral /{<£}. Here we 
proceed by a method quite analogous to that used in the ele¬ 
mentary problem of finding the extreme values of a function of 
one or more variables. We assume that y — <f> = u(x) is the 
solution. Then we have to express the fact that (for a minimum) 
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I must increase when u is replaced by another admissible function 
<f>. Here, moreover, as we are merely concerned with obtaining 
necessary conditions, we may confine ourselves to the considera¬ 
tion of functions <f> which approximate to u, i.e. functions for 
which the absolute value of the difference <f> — u remains between 
prescribed bounds. 

We think of the function u as a member of a one-parameter 
family wdth parameter e, constructed as follows. We take any 
function rj(x) which vanishes on the boundary of the interval, 
i.e. for which rj(x 0 ) = 0 , rj(x x ) = 0 , and which has continuous 
first and second derivatives everywhere in the closed interval. 
We then form the family of functions 

<f>(%, <0 = u(x) + erj(x). 

The expression €r)(x) = 8u is called the variation of the function 
u. (Since r)(x) = 3 (f/dc, the symbol S denotes the differential 
obtained when e is regarded as the independent variable and x 
as a parameter.) Then, if we regard the function u as well as the 
function r] as fixed, 

I{u + £ 77 }= 0(c) = f ’ F(x, u ~r €7], u' -f- €7j r )dx 

is a function of c; and the postulate that u shall give a minimum 
of /{</>} implies that the function above shall possess a minimum 
for € = 0 , so that as necessary conditions we have the equation 

O'(O) = 0 

and further the inequality 

O"(0) ^ 0. 

In the same way, if we were seeking a maximum, we should 
have the same equation O'(O) — 0 and the inequality <t>"(0) ^ 0 
as necessary conditions. The condition O'(O) = 0 must be satis¬ 
fied for every function 77 which satisfies the above conditions 
but is otherwise arbitrary. 

Putting aside the question of discrimination between maxima 
and minima, we say that if a function u satisfies the equation 
O'( 0 ) = 0 , for all functions 77 , the integral l is stationary for 
<f> = u. If, as before, we use the symbol S to denote differentiation 
with respect to e, we may also say that the equation 

SI = C<D'( 0 ) = 0 , 
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when satisfied by a function <f> = u and an arbitrary 77 , expresses 
the stationary character of Z. The expression 

€<&'(()) = el f- f F(x, u + erjy u' + ] 

l de •'*0 U—o; 

is called the variation , or more accurately the first variation * 
of the integral. Stationary character of an integral and vanishing 
of the first variation , therefore , mean exactly the same thing. 

Stationary character is necessary for the occurrence of maxima 
or minima, but, as in the case of ordinary maxima or minima, 
it is not a sufficient condition for the occurrence of either of 
these possibilities. Here we cannot go into the problem of suffi¬ 
cient conditions in more detail, and in what follows we confine 
ourselves to the problem of stationary character. 

Our main object is to transform the condition 3>'( 0 ) = 0 for 
the stationary character of the integral in such a way that it 
becomes a condition for u only and no longer contains the arbi¬ 
trary function 77 . 


Examples 

1. In connexion with the brachistochrone problem (see pp. 491, 492), 
calculate the time of fall when the points A and B are joined by a 
straight line. 

2 . Let the velocity of a particle with polar co-ordinates (r, 0, 9 ) moving 
in three-dimensional space be l//(r). What time does the particle 
take to describe the portion of a curve given by a parameter o (the co¬ 
ordinates of a point on the curve being r(a), 0 (a), 9 (a)) between the points 
A and B1 


2. Euler’s Differential Equation in the Simplest Case 

1. Deduction of Euler’s Differential Equation. 

The fundamental criterion of the calculus of variations is as 
follows: 

The necessary and su fficient condition that the integral 
!{</>} = f F(x, <f>, <f>')dx 


* From this comes the use of the term calculus of variations , which is meant 
to indicate that in this subject we are concerned with the behaviour of functions 
of a funotion when this independent function or “ argument function ” is made 
to vary by altering a parameter t. 

( E *912 ) 


33 
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shall be stationary when <jf> — u is that <j> — u shall be an admissible 
function satisfying Euler's differential equation* 

L[u] = ^ ~ K = °> 

or, in full, 

F / m" 4 - F ,u* 4 - F / — F =0. 

* u u ' ' WH ' M XU u v * 


To prove this we note that we can differentiate the expression 
<J>(e) = f F(x, u + €7j, u! -f- er)') dx 

-'x 0 

with respect to e under the integral sign (cf. Chap. IV, § 1 , 
p. 218), provided that the differentiation gives rise to a con¬ 
tinuous function, or at least a sectionally continuous function of 
x , under the integral sign. In this case, on putting u + erj = y 
and differentiating, we obtain under the integral sign the 
expression rjF y + rj'Fy, which, owing to the assumptions made 
about /, u , and 77 , satisfies the conditions just stated. Hence 
we immediately obtain 

<D'(0) « r (rjF u 4- y)’F u .) dx= 0 (F(x, u, u')). 

J x n 


For subsequent purposes (see the next page), we note that in 
the formation of this equation we have used nothing beyond the 
continuity of the functions u and rj and the sectional continuity 
of their first derivatives. In this equation the arbitrary function 
appears under the integral sign in a twofold form, namely, as 
rj and rj'. We can, however, im m ediately get rid of rf by integra¬ 
tion by parts; we have 


f rfF u 'dx = rjF u * 
Jx 0 




for by hypothesis r](x 0 ) and 77 ( 2 ^) vanish. In this integration by 

parts we have to assume that the expression ~ F u , can be formed, 

dx 


but this assumption certainly holds good, for we began by assum¬ 
ing continuity of the second derivatives. Hence, if we write 


m = F.-±r, 


* The terms principal equation, characteristic equation are also used. 
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for brevity, we have the equation 


f r}L[u] dx = 0. 

Jx 0 


Now this equation must be satisfied for every function rj which 
satisfies our conditions but is otherwise arbitrary. We thus 
conclude that 

L[u] = 0 , 

in virtue of the following 

Lemma I.—If a function C(x) which is continuous in tin* 
interval under consideration satisfies the relation 


f \(x)C(x)dx = 0 , 

Jx 0 


where r\{x) is any function such that t?(x 0 ) = 77 ( 2 ^) — 0 and 
i/'(; x) is continuous, then C(x) = 0 for every value of x in the 
interval. The proof of this lemma will be postponed to the next 
sub-section (p. 501). 

We could, however, obtain our condition in a different way,* by 
getting rid of the term in r] in the equation 

f r{F u ')dx = 0 

Jx 0 

by integration by parts. For if we write F u > = A, F u — b ~ B' for 
brevity and remember the boundary condition for 7 ), on integrating by 
parts we obtain 

rXi pXi /**i 

I 7} F u dx ~ / 7)B'dx=* — / rfBdx. 

Jx 0 d Xft Jx 0 

If we put £ — Y]', we have the condition 


[\a - B)dx — 0. 


In this method we need not make any further assumptions about 
the second derivatives of Y] and u. On the contrary, it is sufficient to 
assume that 9 (or u) and 7 } are continuous and have sectionally continuous 
first derivatives. Now our equation must hold, not, it is true, for any 
arbitrary (sectionally continuous) function but only for those functions £ 
which are derivatives of a function 7 ](x) satisfying our conditions. If, 


The first method is due to Lagrange, the second to P. Du Bois Reymond. 
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however, £(a?) is any given sectionally continuous function satisfying the 
relation 



0 


and otherwise arbitrary, we can put 

= f Z(t)dt; 

*'*u 


we have then constructed an admissible tq, for r\' *= £ and y)(« 0 ) = Yjfo) = 0. 
We thus obtain the following result: 

A necessary condition that the integral should be stationary is 



- B)dx — 


0 , 


where £ is an arbitrary sectionally continuous function merely satisfying 
the condition 



- 0 . 


We now require the help of 

Lemma II.—If a sectionally continuous function 8(x) satisfies the 
condition 



= 0 , 


for all functions £(s) which are sectionally continuous in the interval and 
for which 



- 0 , 


then S(x) is a constant c. 

This lemma will also be proved in the next sub-section (p. 501). If 
meanwhile we assume its truth, it follows, if we substitute the above 
expressions for A and B, that 


£ 


F u dx -f c = Fj. 


The left-hand side regarded as an indefinite integral may be differentiated 
with respect to x and has F u as its derivative; the same is therefore true 

d 

of the right-hand side. Hence the expression j- F u > for the supposed 
solution u exists, and the equation 


F = 
x */ 


d 

dx 


F u > 


holds. 

Thus Euler's equation still remains the necessary condition for an 
extreme value, or the condition that the integral should be stationary. 
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when the class of admissible functions 9 ( 0 ;) is extended from the outset by 
requiring only sectional continuity of the first derivative of 9 ( 2 ). 

Euler's equation is an ordinary differential equation of the 
second order. Its solutions are called the extremals of the minimum 
problem. To solve the minimum problem we have, among all 
the extremals, to find one which satisfies the prescribed boundary 
conditions. If “ Legendre's condition 99 

F , , 4 = 0 

U U I 

is satisfied for <f> = u(x ), the differential equation can be brought 
into the “ regular 99 form w" = /(cc, u 3 u') 3 where the right-hand 
side is a known expression involving x , u , u'. 

2. Proofs of the Lemmas. 

We have now to prove the two lemmas used above. 

To prove Lemma I, we assume that at some point, say x = £, 
C(x) is not zero, say positive. Then in virtue of the continuity 
of C(x) we can certainly mark off a sub-interval 

within the complete interval in such a way that C(x) remains 
positive everywhere in the sub-interval. We now define rj as 
given in this sub-interval by 

y( x ) = (* — £ + «) 4 (z — £ — a) 4 = {(Z — £) 2 — a 2 } 4 

and elsewhere as zero. This function 77 certainly fulfils all the 
prescribed conditions; rj(x)C(x) is positive inside the sub-interval, 

r*i 

and zero outside it. The integral / rjCclx therefore cannot be 

zero.* Since this contradicts our hypothesis, C(£) cannot be 
positive. For the same reasons, C(£) cannot be negative. Hence 
C(£) must vanish for all values of £ within the interval, as was 
stated in the lemma. 

To prove Lemma II, we note that our assumption about £(#) im¬ 
mediately leads to the relations 

f Z,(x)dx = 0 and f ^(x){S(x) ~ c}dx= 0, 
dx 0 Jx Q 

* The integral of a continuous non-negative function is positive, except 
when the integrand vanishes everywhere; this follows immediately from the 
definition of integral. 
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where c is an arbitrary constant. We now choose c in such a way that 
S(x) — c is an admissible function £(#), that is, we determine c by the 
equation 

0 = f X*dx — f {S(x) — c}dx = f S(x)dx — c(x j — ar 0 ). 
dx 0 J Xo d X(> 


Substituting this value of c in the above equation and taking £ = S(x) — c, 
we at once have 


/• 


{S(x) — c} 2 dx = 0. 


Since by hypothesis the integrand is continuous, or at least sectionaliy 
continuous, it follows that 

ti(x) — c = 0 


is an identity in x, as was stated in the lemma. 

?>. Solution of Euler’s Differential Equation. Examples. 

To find the solutions u of the minimum problem we have 
(p. 497) to find a particular solution of Euler’s differential equation 
for the interval x 0 x x i which assumes the prescribed 
boundary values y Q and y x at the end-points. As the complete 
integral of Euler’s differential equation of the second order 
contains two constants of integration, it is generally possible to 
make these two constants fit the boundary conditions, the latter 
giving two equations which the constants of integration must 
satisfy. 

In general it is not possible to solve Euler’s differential 
equation explicitly in terms of elementary functions or quadra¬ 
tures. In the general case we have to be content to establish 
the fact that the variation problem does reduce to a problem in 
differential equations. On the other hand, in important special 
cases and, in fact, in most of the classical examples, the equation 
can be solved by means of quadratures. 

The first case is that in which F does not contain the deri¬ 
vative y ' = <f>' explicitly: F = F(<f>, x). Here Euler’s differential 
equation is simply F u (u, x) — 0; that is, it is no longer a 
differential equation at all but forms an implicit definition of 
the solution y = u(x). Here of course there is no question of 
integration constants or the possibility of satisfying boundary 
conditions. 

The second important special case is that in which F does 
not contain the function y = explicitly: F = F(y', a?). Here 
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Euler’s differential equation is -y- (F u .) — 0 , which at once gives 

CtH/ 

F u , = c, 

where c is an arbitrary constant of integration. We may use 
this eqiiation to express u f as a function, f(x, c), of x and e, and 
we then have the equation 

t u'=f(x,c), 

from which by a simple integration (quadrature) we obtain 

«==jT/(f, c)d£ +a, 

that is, u is expressed as a function of x and c, together with an 
additional arbitrary constant of integration a. In this case, 
therefore, Euler’s differential equation can be completely solved 
by quadrature. 

The third case, which is the most important in examples and 
applications, is that in which F does not contain the independent 
variable x explicitly: F = F(y , if). In this case we have the 
following important theorem: 

If the independent variable x does not occur explicitly in the 
variation problem , then 

E — F(u , u') — u r F u .(u, u') — c 


is an integral of Euler's differential equation. That is , if we sub 
stitute in this expression a solution u(x) of Euler's differential 
equation for F, the expression becomes a constant independent of x. 

The truth of this statement follows at once if we form the 
derivative dEjdx . We have 


dE 

dx 


= F u u f + F u ,u" 


- u"F u , - n'*F uu , - 


or 


dE 

dx 


u'L\u] = 0; 


hence for every solution u of Euler’s differential equation we have 
E = c, where c is a constant. 

If we think of u ' as calculated from the equation E = c, 
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say u' = /(w, c), a simple quadrature applied to the equation 

dx __ 1 

f(u, c) 

gives x = c) + a (where a is another constant of integration)* 
i.e. x is expressed as a function of u , c, and a, and by solving for u 
we obtain the function u(x, c, a). Hence the general solution 
of Euler’s differential equation, depending on two arbitrary 
constants of integration, is obtained by a quadrature. 

We shall now use these methods to discuss a number of 
examples. 

1 . General Note .—There is a general class of examples in which F is 
of the form F — g(y) V (1 -j- y' 2 ), where g(y) is a function depending 
explicitly on y only. For the extremals y = u our last rule at once gives 

g(u)V(l + u' 2 ) - g(u)u' 2 /V( 1 + u' 2 ) = c 
or 

9 ( u ) _ c 

V(1 + u' 2 ) 

«'* = W’f - 1 , 

dx _ 1 

dw V" {g(u)} 2 /c 2 — 1 

and on integrating we have the equation 



where b is another constant of integration. By evaluating the integral on 
the right and imagining the equation solved for w, we obtain u as a function 
of x and of the two constants of integration c and b. 

2. The Surface of Revolution of Least Area .—In this case g = y. The 
integral given above becomes 

, r du , u 

x — b — I --— = c ar cosh 

J v u 2 /c 2 — 1 0 

hence the result is 

. x — b 

y as w = C COSh-. 

C 

That is, the solution of the problem of finding a curve which on rotation 
gives a surface of revolution with stationary area is a catenary . 

A necessary condition for the occurrence of such a stationary curve is 
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that the two given points A and B can be joined by a catenary for which 
y > 0. The question whether the catenary really represents a minimum 
cannot be discussed here. 

3. The Brachistochrone .—Another example is obtained by taking 
g — 1 / Vy. This is the problem of the brachistochrone. By means of the 
substitutions l/c a = k 9 u = &t, t = sin 2 0/2 the integral 



1 


is immediately transformed into 

x—b—kj=$kf(l- cos6)A 

whence 

x — 6 — |&(0 — sin0), 
y = u — 1 — COS 0). 

The brachistochrone is accordingly (cf. Vol. I, p. 261) a common cycloid 
with its cusps on the ar-axis. 


Examples 

Find the extremals for the following integrands: 

1 . F = Vy(i + y'‘). 2 . F = vT+7Vy. 3. F = 

4. Find the extremals for the integrand F — x n y' 2 , and prove that if 
n ^ 1 two points lying on opposite sides of the y-axis cannot be joined by 
an extremal. 

5. Find the extremals for the integrand y n y' m 9 where n and m are even 
integers. 

6 . Find the extremals for the integrand F — ay' 2 -j- 2 byy' -f cy 2 , 
where a, 6, c are given continuously differentiable functions of x . Prove 
that Euler’s differential equation is a linear differential equation of the 
second order. Why is it that when b is constant this constant does not. 
enter into the differential equation at all? 

7. Show that the extremals for the integrand F — e x \/ 1 -}- y' 2 arc 

given by the equations sin(y — b) = and y — b, where a, b are 

constants. Discuss the form of these curves, and investigate how the 
two points A and B must be situated if they can be joined by an extremal 
arc of the form y — f(x). 

8 . For the case where F does not contain the derivative y\ deduce 
Euler’s condition F y = 0 by an elementary method. 

9. Find a function giving the absolute minimum of 

1 ^ = sy dx 
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with the boundary conditions 

(a) y(0) = «/(1) = 0; 

(b) 3/(0) = 0, y( 1)=1. 


4. Identical Vanishing of Euler’s Expression. 

Euler’s differential equation for F(x , y, y f ) may degenerate 
into an identity which tells us nothing, i.e. into a relation which 
is satisfied by every admissible function y = In other words, 
the corresponding integral may be stationary for any admissible 
function y = <f>{x). If this degenerate case is to occur, Euler’s 
expression F v —- F xv , — F vy ,y' — F v , v ,y n must vanish at every 
point x of the interval, no matter what function y = cf>(x) is 
substituted in it. We can, however, always find a curve for 
which y — <f>, y' ~ </>', and y " = ft' have arbitrary prescribed 
values at a definite point. Euler’s expression must therefore 
vanish for every quartet of numbers x, y, y\ y". We conclude that 
the coefficient of y", i.e. F v , y >, must vanish identically. F must 
therefore be a linear function of y', say F = ay ' -f- 6 , where a and 
b are functions of x and y only. If we substitute this in the 
remaining part of the differential equation, 

F vv'y' + $xv' ““ Fv = 0 , 


it follows at once that 


or 


a i,y' + <t x — a vy' ~ b v > 

(l X by, 


must vanish identically in x and y. In other words, Euler’s ex¬ 
pression vanishes identically if, and only if, the integral is of the 
form 

I=f {«(*, y)y' + b(x, y)}dx = J ady-\- bdx, 

where a and b satisfy the condition of integrability which we 
have already met with in Chap. V, § 1 (p. 353), that is, where 
ady + bdx is a perfect differential. 
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3. Generalizations 

1. Integrals with More than one Argument Function. 

The problem of finding the extreme values (stationary values) 
of an integral can be extended to the case where this integral 
depends not on a single argument function but on a number 
of argument functions fi^x), fi 2 (#) 3 ..., fi n { x )- The typical problem 
of this type may be formulated as follows: 

Let F(x, ... 9 fin> fix’* • • • * fin) be a function of the 
(2 n + 1) arguments x, fi v , fi n \ which is continuous and has 
continuous derivatives up to and including the second order in the 
interval under consideration. If we replace y { = <f > ? by a function 
of x with continuous first and second derivatives, and <f>/ by its 
derivative, F becomes a function of the single variable x, and the 
integral 

^\,fil> • • * > fin} :r7:=: I F{x , , fi n , fii , . . . , fi n )dx 

JX 0 

over a given interval x 0 <L x ^ x 1 has a definite value determined 
by the choice of these functions. 

In the comparison we regard all functions fii{x) as admissible 
which satisfy the above continuity conditions and for which the 
boundary values fii(x 0 ) and fii(x x ) have prescribed fixed values. 
In other words, we consider the curves y { — fi t (x) joining two 
given points A and B in (n + 1)-dimensional space in which the 
co-ordinates are y v y 2 , . . . , y n , x. The variation problem now 
requires us to find, among all these systems of functions 
fii{x), one (y { = fi { (x) — u { (x)) for which the above integral 
I{fi v . . . , fi n } has an extreme value (a maximum or a 
minimum). 

Here again we cannot discuss the actual nature, of the 
extreme value, but shall confine ourselves to inquiring for 
what systems of argument functions fi { (x) = Ui(x) the integral is 
stationary. 

We define the concept of stationary value in exactly the same 
way as we did in § 1 (p. 496). We include the system of functions 
u { (x) in a one-parameter family of functions depending on the 
parameter e, in the following way. Let ^(x), ..., 7] n (x) be n arbi¬ 
trarily chosen functions which vanish for x = x 0 and x = are 
continuous in the interval, and possess continuous first and 
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second derivatives there. Then we consider the family of functions 
Vi = &(») = u,(x) + «j,(x). 

The term x) = S u f is called the variation of the function 
u t . If we substitute the expressions for </>< in l{<f> v ...»<£„}, this 
integral is transformed into 

r h 

F(x, u x -f erj v er) n , u,' + «?,'» + erj „')dx. 

-'o 

which is a function of the parameter e. A necessary condition 
that there may be an extreme value for fa — i.e. for e = 0 , 
is 

O'(O) = 0. 


Just as in § 1 , p. 496, we say that if the equation O'(O) = 0 
holds, or, as we may also say, if the equation 

8 / = 6 <D'( 0 ) = 0 


holds, no matter how the functions r/ t - are chosen subject to the 
conditions stated above, the integral I has a stationary value for 
(f>i = Uj. In other words, stationary character of the integral for 
a fixed system of functions u { (x) and vanishing of the first varia¬ 
tion 8 / mean the same thing. 

We have still the problem of setting up conditions for the 
stationary character of the integral which no longer contain the 
arbitrary variations rj t . To do this we do not require any new 
ideas, but proceed as follows. If we take rj 2 , 773 , ..., rj n as identi¬ 
cally zero, i.e. if we do not let the functions u 2 , . . . , u n vary, 
and thus consider the first function fa(%) as alone variable, the 
condition O'(O) = 0 , by § 2 , p. 498, is equivalent to Euler's 
differential equation 




dx 


F u , = 0 . 


As we can pick out any one of the functions u { (x) in the same way, 
we obtain the following result: 

A necessary and sufficient condition that the integral 
I{uj, u 2 , • • • , u n } may he stationary is that the n functions u^x) 
*hatt satisfy the system of Euler's equations 

«= 1 . 2 :.«>• 
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This is a system of differential equations of the second order, 
n in number, for the n functions u { (x). All solutions of this 
system of differential equations are said to be extremals of the 
variation problem. Thus the problem of finding stationary values 
of the integral reduces to the problem of solving these differential 
equations and adapting the general solution to the given boundary 
conditions.* 

2. Examples. 

The possibility of giving a general solution of the system of 
Euler’s differential equations is even more remote than in the 
case in § 2. It is only in very special cases that we can find all the 
extremals explicitly. Here the following theorem, analogous to 
the particular case on p. 503, is often useful: 

If the function F does not contain the independent variable 
x explicitly , F — F ff, ..., then the expression 

n 

E = F(u v ... ,u n , <,..., «„') — 2 n/F u . 

1=1 

is an integral of Euler's system of differential equations . That 
is, if we consider a system of solutions u^x) of Euler’s system 
•of differential equations, we have for this solution 

E = F — 'Lu/F^ = const. — c, 

where, of course, the value of this constant depends upon the 
system of solutions which is substituted. 

The proof follows the same lines as in § 2 (p. 503); we differen¬ 
tiate the left-hand side of our expression with respect to x and, 
using Euler’s differential equations, verify that the result is 
zero. 

A trivial example is the problem of finding the shortest distance between 

* Using Lemma II (§ 2, p. 500), we can prove that these differential equations 
must hold, under the general assumption that the admissible functions need 
only have sectionally continuous first derivatives. For the beginner who wishes 
to concentrate on the essential mechanism of the subject, however, it is more 
convenient to include continuity of the second derivatives in the conditions of 
admissibility of the functions We can then work out the expressions 

-- F U( ' and write them in the more explicit form 

n n 

^ Fu k 'u { 'Uk" + '^/u k u i 'U'Tc' + F XUi \ 



CALCULUS OF VARIATION!* 


510 


[Chap. 


two points in three-dimensional space. Here we have to determine two 
functions y = y(x), z — z(x) such that the integral 

f \/(l + y'*z' 2 )dx 
*Ao 

has the least possible value, the values of y(x) and z(x) at the end-points 
of the interval being prescribed. Euler’s differential equations give 

d y' __ d _ zf_ __ 0 

dx y'fl + y' 2 + z' 2 ) dx V( 1 + y' 2 -f z' 2 ) 


whence it follows at once that the derivatives y\x) and z'(x) are constant; 
hence the extremals must be straight lines. 

Somewhat less trivial is the problem of the brachistochrone in three 
dimensions . (Gravity is again taken as acting along the positive y-axis.) 
Here we have to determine y — y{x), z — z(x) in such a way that the 


integral 




is stationary. Euler’s differential equations give 

_?L 3 

Vy Vd + y' 2 + z' 2 ) 


F — y'l'y - z'Ff 


Vy Vd + y ' 2 + *' 2 ) 


where a and b are constants. By division it follows that z' — a/b = h 
is likewise constant. The curve for which the integral is stationary must 
therefore lie in a plane z = hx + h. From the further equation 

1 1 , 

Vv Vu + * a + y' 2 ) 

there follows the fact, obvious from § 2 (p. 505), that this curve must again 
be a cycloid. 

Example 

Write down the differential equations for the path of a ray of light 
in three dimensions in the case where (polar co-ordinates r, 0 , 9 being 
used) the velocity of light is a function of r (cf. § 1, Ex. 2, p. 497). Show 
that the rays are plane ourves. 


3. Hamilton’s Principle. Lagrange’s Equations. 

Euler’s system of differential equations has a very impor- 
tant bearing on many branches of applied mathematics, especially 
dynamics. For the motion of a mechanical system consisting 
of a finite number of heavy particles can be expressed by the 
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condition that a certain expression, the so-called Hamilton's 
integral, is stationary. Here we shall briefly explain this connexion. 

A mechanical system has n degrees of freedom if its position 
is determined by n independent co-ordinates q l9 q 2 , . . . , q n . 
If, for example, the system consists of a single particle, n = 3, 
since for q l9 q 2i q 3 we can take the three rectangular co-ordinates 
or the three polar co-ordinates. Again, if the system consists of 
two particles which are held at unit distance apart by a rigid 
connexion—assumed to have no mass—then n= 5, since for 
the co-ordinates q t we can take the three rectangular co-ordinates 
of one particle and two other co-ordinates determining the 
direction of the line joining the two particles. 

A dynamical system can be described with sufficient generality 
by means of two functions, the kinetic energy and the potential 
energy . If we think of the system as moving in any way, the 
co-ordinates q i will be functions q t {t) of the time t, the “ com¬ 
ponents of velocity ” being q t — dq^dt. Then associated with 
the dynamical system there is a function which we call the 
kinetic energy and which is of the form 

n 

^(?1> •••>?«>?!>•••> ?n) ” ^ a ik4i4k ( a ik = a ki)> 

f, A=1 


The kinetic energy, therefore, is a homogeneous quadratic ex¬ 
pression in the components of velocity, the coefficients a ik being 
taken as known fimctions, not depending explicitly on the time, 
of the co-ordinates q l9 . . . , q n themselves.* 

In addition to the kinetic energy, the dynamical system 
is supposed to be characterized by another function, the poten¬ 
tial energy U(q v ... , q n ) y which depends on the co-ordinates of 
position q 4 only and not on the velocities or the time.| 

Now Hamilton’s principle is as follows: the actual motion of 

* We obtain this expression for the kinetic energy T by thinking of the 
individual rectangular co-ordinates of the partioles of the system as expressed 
as functions of the oo-ordinates q v . . ., q n . Then the rectangular velocity 
components of the individual particles can be expressed as linear homogeneous 
functions of the q£ s, and finally the elementary expression for the kinetic 
energy is formed, namely, half the sum of the products of the individual masses 
and the squares of the corresponding velocities. 

t As is shown in dynamical textbooks, this potential energy determines the 
external forces acting on the system. In bringing the system from one position 
into another mechanical work is done; this is equal to the difference between 
the corresponding values of U and does not depend on the path by which the 
transference from one position to another takes place. 
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a dynamical system in the interval of time t 0 ^ t 5S ^ from a 
given initial position to a given final position is such that for this 
motion the integral 

= U)dt 

J t 0 

is stationary, if in the comparison we include all continuous 
functions q { (t) which have continuous derivatives up to and includ¬ 
ing the second order and which for t = t 0 and t = have the 
prescribed boundary values. 

This principle of Hamilton’s is a fundamental principle of 
dynamics. The advantage of it is that it forms a brief summary 
of the laws of dynamics. When applied to Hamilton’s principle, 
the general theory of this chapter gives Lagrange's equations , 


d dT _ _ dU 

dt dq { dq { dqf 


(i = 1, 2, , n) 


which are the fundamental equations of higher dynamics. 

Here we shall merely make one noteworthy deduction, namely, 
the law of the conservation of energy. 

Since the integrand in Hamilton’s integral does not depend 
explicitly on the independent variable t , the solution q t {t) of the 
differential equations of dynamics must be such as to make the 
expression 


E ==z T — 


U-Xqt 


d(T - U) 


constant. Since V does not depend on the q/s and T is a homo¬ 
geneous quadratic function in them (cf. p. 109), 


Hence 


2 ?, 


d(T 


dq. 


U) v . dT 
— = — = 

dq { 


2 T. 


T + V == const.; 


that is, during the motion the sum of the kinetic energy and the 
potential energy does not vary with the time. 


4. Integrals Involving Higher Derivatives. 

Methods analogous to those used in the examples discussed 
previously can be used to attack the problem of the extreme 
values of integrals in which the integrand F not only contains 
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the required function y=<f> and its derivative </>', but also in¬ 
volves higher derivatives, e.g. the second. For example, suppose 
we wish to find the extreme values of an integral of the form 

/{0}— f F(x, <f> , ft, </>")dx 9 

•'*0 

where in the comparison those functions y = <f>(x) are admissible 
which, together with their first derivatives, have prescribed 
values at the end-points of the interval, and which also have 
continuous derivatives up to and including the fourth order. 

To find necessary conditions for an extreme value we again 
assume that y = u(x) is the desired function. We then include 
it in a family of functions y = <f>{x) = u(x) -f £77(2:), where e is 
an arbitrary parameter and rj(x) an arbitrarily-chosen function 
with continuous derivatives up to and including the fourth order, 
which together w 7 ith its derivatives vanishes at the end-points. 
The integral then takes the form 0 (e), and the necessary condition 

O'(O) = 0 

must be satisfied for all these functions rj(x). Proceeding in a 
way analogous to that in § 2 (p. 498 ), we differentiate under the 
integral sign and thus obtain the above condition in the form 

f (yFu + y'F u' + u*) dx = 0, 

J x, 

which must be satisfied if u is substituted for cf>(x). Integrating 
once by parts we reduce the term in y(x) to one in 77, and integrat¬ 
ing twice by parts we reduce the term in y"{x) to one in 77; taking 
the boundary conditions into account, we easily obtain 

£,(a-£*,+£*,)*-°. 

Hence the necessary condition for an extreme value, i.e. that the 
integral may be stationary, is Euler’s differential equation 

The reader can verify for himself that this is a differential equa¬ 
tion of the fourth order. 

(E P12) 


34 
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Example 

Consider 

I = f\"* - 2/9) da:, 

Jxo 

where f(x) is a given function. Here Euler’s differential equation is 

u** - f(x) » 0. 

5. Several Independent Variables. 

The general method for finding necessary conditions for an 
extreme value can equally well be applied when the integral 
is no longer a simple integral but a multiple integral. Let 
D be a given region bounded by a sectionally smooth curve T 
in the ay-plane. Let F(x, y , <f>, <f> x , <f> y ) be a function which is 
continuous and twice continuously differentiable with respect to 
all five of its arguments. If in F we substitute for <f> a function 
(f>(x, y), which has continuous derivatives up to and including 
the second order in the region D and has prescribed boundary 
values on F, and if we replace <j> x and (f> v by the partial deriva¬ 
tives of <f> y F becomes a function of x and y, and the integral 

!{<£}=f fF{x, y, <f>, <f> x , <j} y )dxdy 

has a value depending on the choice of cf>. The problem is that 
of finding a function <f> = u(x, y) for which this value is an 
extreme value. 

To find necessary conditions we again use the old method. 
We choose a function 7)(x, y) which vanishes on the boundary F, 
has continuous derivatives up to and including the second order, 
and is otherwise arbitrary; we assume that u is the required 
function and then substitute <f> = u + crj in the integral, where 
c is an arbitrary parameter. The integral again becomes a function 
$>(€) and a necessary condition for an extreme value is 

<D'(0) = 0. 

As before, this condition takes the form 

/ Jd j,Fu + ^ xF u x + VvFuJdxdy = 0 . 

To get rid of the terms in 7) x and j\ v under the integral sign we 
regard the double integral as a repeated integral, and integrate 
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one term by parts with respect to x and the other with respect 
to y. Since rj vanishes on T , the boundary values on T fall out, 
and we have 



Lemma I of § 2 (p. 499) can be extended at once to more 
dimensions than one, and we Immediately obtain Euler's partial 
differential equation of the second order , 



Examples 

1, F a <p 4 * 4- <p y *. If we omit the factor 2, Euler’s differential equation 
becomes 

Aw — u xx + u vy = 0. 

That is, Laplace’s equation has been obtained from a variation problem. 

2. Minimal Surfaces. Plateau's Problem .— To find a surface z = f(x t y) 
over the region D , which passes through a prescribed curve in space whose 
projection is I\ and whose area 

fly* 1 + <P<c a + <P v 2 )dxdy 

is a minimum . 

Here Euler’s differential equation is 

d __ I __ Uy _ __ Q 

&x 'v/(1 + u^ -f- w v 2 ) dy + Wj,. 2 4~ 
or, in expanded form, 

yi + V) — 2u xv u x u v + u vv( l + V) = 9. 

This is the celebrated differential equation of minimal surfaces, which we 
cannot discuss further here. 

6. Problems Involving Subsidiary Conditions* Euler’s Multiplier. 

In discussing the theory of ordinary extreme values of func¬ 
tions of several variables in Chapter III, § 6 (p. 191) we con¬ 
sidered the case where these variables are subject to certain 
subsidiary conditions. In this case the method of undeter¬ 
mined multipliers led to a particularly clear expression for the 
conditions that the function may have a stationary value. An 
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analogous method is of even greater importance in the calculus of 
variations. Here we shall briefly discuss the simplest cases only. 

(a) Ordinary Subsidiary Conditions. —As a typical case we 
consider that of finding a curve x = x(t) 9 y = y(t), z = z(t) 
£ £j_) in three-dimensional space, expressed in terms of 
the parameter £, subject to the subsidiary condition that the 
curve shall lie on a given surface G(x, y, z) = 0 and shall pass 
through two given points A and B on that surface. What we 
have to do, then, is to make an integral of the form 

/ F(x, y, z, x, y, z)dt 

J t 0 


stationary by suitable choice of the functions x(t), y(t). z(t), 
subject to the subsidiary condition G(x , y 9 z) = 0 and the usual 
boundary conditions and continuity conditions. 

This problem can be immediately reduced to the cases dis¬ 
cussed in sub-section 1 {p. 507). We assume that x(t), y(t ), z(t) 
are the required functions. We assume further that on the 
portion of surface on which the required curve is to lie z can be 
expressed in the form z = g(x, y). This is certainly the case if 
G z differs from zero on this portion of the surface. If we assume 
that on the surface in question the three equations G x = 0, 
G y — 0, G 9 = 0 are not simultaneously true and confine our¬ 
selves to a sufficiently small portion of surface, we can suppose 
without loss of generality that G z 4 = A- If we then substitute 
z — g(x, y) and z — g x x + g y y under the integral sign, the 
problem becomes one in which x(t) and y(t) are functions inde¬ 
pendent of one another. Thus we can immediately apply the 
result of sub-section 1 (p. 508) and write down the conditions 
that the integral I may be stationary, by applying the aforesaid 
result to the integrand 

F(x, y, g(x, y), x, y, xg x + yg v ) = H(x, y, x, y). 


We then have the two equations 

1 s w. + 1 <**>-** - * | - 0. 
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But d ___dz d __dz 

dt^ x dx dt^ v dy 

as we see at once on differentiation. Hence we have 

w.)=°, 

£w,+#.£w.)-°. 

If for brevity we write 

~Fi~ F z — \G t , .(A) 

dt 

that is, if we introduce a multiplier A (t), and use the facts that 
g x = —G x jG % , g y = —G v jG„ we obtain the two further equations 


iF k -F x =\G x , .(A) 

* t Fi-F v =\G v . .(A) 


We thus have the following condition that the integral may 
be stationary: 

If we assume that G>, G v , G z do not all vanish simultaneously 
on the surface G = 0, the necessary condition for an extreme 
value is the existence of a multiplier X(t) such that the three 
equations (A) given above are simultaneously satisfied in addition 
to the subsidiary condition G(x, y , z) = 0. That is, we have 
four symmetrical equations determining the functions x(t), y(t ), 
z(t) and the multiplier A. 

The most important special case of this is the problem of 
finding the shortest line joining two points A and B on a given 
surface G = 0, on which it is assumed that the gradient gradC? 
does not vanish. Here 

F = V(^ 2 + y 2 + » a ), 
and Euler’s differential equations are 
d x 





5*8 


CALCULUS OF VARIATIONS 


[Chap. 


d y 

dt V(i 2 + f + z 2 ) 


= AG V , 


d z 

dt V(x 2 + t/ 2 + * 2 ) 


-A G z . 


These equations are invariant with respect to the introduction 
of a new parameter t . That is, as the reader may easily verify 
for himself, they retain the same form if t is replaced by any other 
parameter r = r(t), provided that the transformation is one-to- 
one, reversible, and continuously differentiable. If we take the 
arc as the new parameter, in other words, if we assume that after 
the introduction of the new parameter x 2 + V 1 + z 2 = 1> our 
differential equations take the form 


ds 2 


A G X9 


d?y = 

ds 2 


AG. 



The geometrical meaning of these differential equations is 
that the osculating planes * of the extremals of our problem 
are orthogonal to the surface G = 0. We call these curves 
geodesics of the surface. The shortest distance between two 
points on a surface, then, is necessarily given by an arc of a 
geodesic. 

Example 

Show that the same geodesics are also obtained as the paths of a particle 
which is constrained to move on the given surface <9—0, subject to no 
external forces. (In this case the potential energy V vanishes and the 
reader may apply Hamilton’s principle (p. 512).) 

(6) Other Types of Subsidiary Conditions .—In the problem 
discussed above we were able to eliminate the subsidiary con¬ 
dition by solving the equation determining the subsidiary 
condition, and thus reducing the problem directly to the type 
discussed previously. With other kinds of subsidiary conditions 
which frequently occur, however, it is not possible to do this. 
The most important case of this type is the case of 44 isoperi- 
metric ” subsidiary conditions. The following is a typical 
example. 

With the previous boundary conditions and continuity con¬ 
ditions, the integral 

* I.e. the planes containing the vectors (x, y, z) and ( x, y, z) (cf. Ex. 1, 2, 4, 
pp. 93-4). 




VII] GENERALIZATIONS 


5*9 


I{<l>} = Pf(x, & <f>')dx 

is to be made stationary, the argument function <f>(x) being 
subject to the further subsidiary condition 

<f >, (j>')dx == a given constant c . 

Jx 0 

A particular case of this (F = <£, 6? = \/(l + <£ /2 )) is the classical 
isoperimetric problem. 

This type of problem cannot be attacked by our previous 
method of forming the “ varied ” function <f> = u + erj by means 
of an arbitrary function rj(x) vanishing on the boundary only. 
For in general these functions do not satisfy the subsidiary 
condition in a neighbourhood of e = 0, except at e — 0. We can 
attain the desired result, however, by a method similar to that 
used in the original problem, by introducing, instead of one 
function rj and one parameter e, two functions ^(x) and rj 2 (x), 
which vanish on the boundary, and two parameters e 1 and e 2 . 
Assuming that <f> = u is the required function, we then form 
the varied function 

<f> = « + HVl + * 2 7 72 - 


If we introduce this function into the two integrals, we obtain 
the following as a necessary condition for an extreme value or 
stationary character of the integral 

J = f F(x, U + etf! 4- € 2 7J 2 , v! + € 1 7) 1 ' + <L % T] 2 )dx = € 2 ), 

subject to the subsidiary condition 

H = / G(x , u+ € 1 77 1 + € 2 rj 2 , u'+ € 2 rj 2 ')dx = x F(e v e 2 ) = c: 

J x 0 

the function 0(€ t , e 2 ) is to be stationary for — 0, e 2 — 0, where 
e v € 2 satisfy the subsidiary condition 

^( € 1> *2) == C * 


A simple discussion, based on the previous results for ordinary 
extreme values with subsidiary conditions, and in other respects 
following the same lines as the account given in § 2 (p. 498 ), 
then leads to this result: 
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Stationary character of the integral is equivalent to the existence 
of a constant multiplier A such that the equation H = c and Euler's 
differential equation 

~ (F u . + AGv) - (F u + A6rJ = 0 

are satisfied . An exception to this can only occur if the function 
u satisfies the equation 

o. 

dx 

The details of the proof may be left to the reader, who may 
consult the literature on this subject.* 


Examples 

1. Use the method of Euler’s multiplier to prove that the solution 
of the classical isoperimetric problem is a circle. 

2. A thread of uniform density and given length is stretched between 
two points A and B. If gravity acts in the direction of the negative y- axis, 
the equilibrium position of the thread is that in which the oentre of gravity 
has the lowest possible position. It is accordingly a question of making 

C Xx 

an integral of the form / yV( 1 -f- y' 2 )dx a minimum, subject to the sub- 

sidiary condition that / V(1 -f- y' 2 )dx has a given constant value. Show 

that the thread will hang in a catenary. 


Miscellaneous Examples VII 


1. Show that the geodesics on a cylinder are helices. 

2. Find Euler’s equations in the following cases: 


(а) 

( б ) 

(c) 

(d) 


F = V(l + y'*) + yg(x), 
F = 7TZZ~~'i\i + y9 ^ f 

(1 -f y'2)3 

F = y"* - + y*, 

-F= yii + y" 1 ). 


3. If there are two independent variables, find Euler’s equations in the 
following cases: 


* E.g. O. Bolza, Lectures on the Calculus of Variations (University of Chicago 
Press, 1904); G. A. Bliss, The Calculus of Variations (Open Court Publishing 
Company, Chicago, 1925). 
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(a) F = ay 2 + 2by x y v + cy 2 + 9 2 d, 

(b) F = ( 9 ^ + cp vv ) 2 = (A 9 ) 2 , 

(c) F = (A 9) 2 + (?xx9vv 9 2 xv)' 

4. Find Euler’s equations for the isoperimetrio problem in which 


f ( au ' a + 2buu' + cu 2 ) dx 
Jx D 

is to be stationary Bubject to the condition 

/•*! 

/ u 2 dx — 1 . 

Jxo 

5. Let f(x) be a given function. The integral 


1(9) ~ J f(x)f(x)dx 


is to be made a maximum subject to the integral condition 
H( 9 )= f 1 <p 2 dx = K 2 

(where K is a given constant). 

(a) Find the solution u(x) from Euler’s equation; 

(b) Prove by applying Schwarz’s inequality that the solution found 
in (a) gives the absolute maximum for /. 



CHAPTER VIII 


Functions of a Complex Variable 

In Chap. VIII, § 7 (p. 410) of Vol. I we touched on the theory 
of functions of a complex variable and saw that this theory 
throws new light on the structure of functions of a real variable. 
Here we shall give a brief but more systematic account of the 
elements of that theory. 

1. Introduction 

1. Limits and Infinite Series with Complex Terms. 

We start from the elementary concept of a complex num¬ 
ber z = x + iy (cf. Vol. I, p. 73) formed from the imaginary 
unit i and any two real numbers x, y. We operate with these 
complex numbers just as we do with ordinary numbers, with the 
additional rule that i 2 may always be replaced by —1. We re¬ 
present x, the real part, and y, the imaginary part of z, by rect¬ 
angular co-ordinates in an xj/-plane or a “ complex z-plane ”. 
The number z = x — iy is called the complex number conjugate to 
z. If we introduce polar co-ordinates (r, 9) by means of the rela¬ 
tions x = r cos 6, y = r sin 9, 9 is called the argument (or ampli¬ 
tude) of the complex number and r = ^/(x 2 4* y 2 ) = Vzi = | z | 
its absolute value (or modulus). 

We can immediately establish the so-called “triangle in¬ 
equality ” satisfied by the complex numbers z li and z 1 + z 2 , 

| h + ^ 2 1 ^ | % | + | h |> 

and the further inequality 

which follows immediately from it, if we put — m 2 , z 2 = u 2 . 
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The “ triangle inequality ” may be interpreted geometrically as follows: 
we can represent the complex numbers z v z 2 by vectors in the xy- plane 
with components x li y 1 and x 2 , y 2 respectively. The vector which repre¬ 
sents the sum z 1 -f z 2 is then simply obtained by veotor addition of the 
two first vectors. The lengths of the sides of the triangle so formed are 
| Zj |, | z 2 |, | Zj 4* z 2 1. Thus the “ triangle inequality ** merely expresses 
the faot that any one side of a triangle is less than the sum of the 
other two. 

The essentially new concept which we now have to con¬ 
sider is that of the limit of a sequence of complex numbers . We 
state the following definition: a sequence of complex numbers 
z n tends to a limit z provided | z n —- z | tends to zero. This 
of course means that the real part and the imaginary part of 
z n — z both tend to zero. Cauchy’s test applies: the necessary 
and sufficient condition for the existence of a limit z of a sequence 
z n is lim \z n — z m \ = 0. 

n— 

m—>°0 

A particularly important class of limits arises from infinite 
series with complex terms. We say that the infinite series with 
complex terms, 

00 

2c„, 

converges and has the sum S , if the sequence of partial sums 

S n = 2 c v 
0 

tends to the limit S . If the real series with non-negative terms, 

Ski, 

v**0 

converges, it follows, just as in Chap. VIII of Vol. I (p. 369), 
that the original series with complex terms also converges. The 
latter series is then said to be absolutely convergent . 

If the terms c v of the series, instead of being constants, 
depend on (x, y), the co-ordinates of a point varying in a region 
R, the concept of uniform convergence acquires a meaning. The 
series is said to be uniformly convergent in R if for an arbitra¬ 
rily small prescribed positive € a fixed bound N can be found, 
depending on e only, such that for every N the relation 
| S n — S | < c holds, no matter where the point z = x + iy lies 
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in the region R. Uniform convergence of a sequence of complex 
functions S n (z) depending on the point z of R may of course 
be defined in exactly the same way. All these relations and 
definitions and the associated proofs correspond exactly to those 
with which we are already familiar from the theory of real 
variables. 

The simplest example of a convergent series is the geometric 
series 

\ z ... • 

Just as in the case of the real variable, we have 



1 + z 4- z 2 + . . . = —L_ for I z I < 1; 

\ — z 

we see that the geometric series converges absolutely provided 
\z \ <1, and also that the convergence is uniform pro¬ 
vided | z | q, where q is any fixed positive number between 
0 and 1. In other words, the geometric series converges absolutely 
for all values of z within the unit circle and converges uniformly 
in every closed circle concentric with the unit circle and with a 
radius less than unity. 

For the investigation of convergence the principle of comparison 

is again available: if | c v | 5S p v> where p v is real and non-negative, 

00 

and if the infinite series 2 p v converges, then the complex series 

v«= 0 

1l*c v converges absolutely. 

If the pjs are constants, while the cf s depend on a point z 
varying in R, the series S c v converges uniformly in the region in 
question. The proofs are word for word the same as the corre¬ 
sponding proofs for the real variable (Vol. I, Chap. VIII, p. 392) 
and therefore need not be repeated here. 

If M is an arbitrary positive constant and q a positive number 
between 0 and 1, the infinite series with the positive terms p v = M<f 

or vMq v ~ x or- q* +1 also converge, as we know from Vol. I, 

v+l 

Chap. VIII, p. 401. We shall immediately make use of these 
expressions for purposes of comparison. 
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2. Power Series. 

The most important infinite series with complex terms are 
power series, in which c„ is of the form c„ = a„z v \ that is, a 
power series may be expressed in the form 

P(z) = £ a/, 

or, somewhat more generally, in the form 

£ a v (z — z 0 )\ 

where z 0 is a fixed point. As this form can, however, always be 
reduced to the preceding one by the substitution z' = z — z 0 , 
we need only consider the case where z 0 = 0. 

The main theorem on power series is word for word the same 
as the corresponding theorem for real power series in Chap. VIII 
of Vol. I (p. 399). If the power series converges for z = it con¬ 
verges absolutely for every value of z such that | z | < J f |. Further , 
if q is a positive number less than 1, the series converges uniformly 
within the circle | z | ^ q | £ |. 

We can at once proceed to the following further theorem: 
The two series 

D{z) = £ va^ v ~ x 

/(*) = £ 

v-0 v + l 

also converge absolutely and uniformly if | z | ^ q j f |. 

The proof follows exactly as before. Since the series P[z) 
converges for z = it follows that the n-th term, a n £ n , tends to 
zero as n increases. Hence a positive constant M certainly exists 
such that the inequality | a n f n | < M holds for all values of n. 
If now | z | == q | £ |, where 0 < q < 1, we have 

| a n z” | < Mq n , | na„z"-i | < -- nq*~\ |—f- Z -+ 1 1 < ^-jiJ q"+\ 

| g j n + 1 n + I 

We thus obtain comparison series which, as we have seen already 
(p. 524), converge absolutely. Our theorem is thus proved. 
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In the case of a power series there are two possibilities: either 
it converges for all values of z, or there are values z = 77 for which 
it diverges. Then by the theorem above the series must diverge 
for all values of z for which | z | > 77 (cf. Vol. I, p. 400), and, just 
as in the case of real power series, there is a radius of convergence 
p such that the series converges when | z | < p and diverges when 
| z | > />. The same applies to the two series D(z) and I(z), the 
value of p being the same as for the original series. The circle 
| z | = p is called the circle of convergence of the power series. 
No general statements can be made about the convergence or 
divergence of the series on the circumference of the circle itself, 
i.e. for | z | = p. 

3. Differentiation and Integration of Power Series. 

It is natural to call an expression of the form 
f(z) = a 0 + a<z + a 2 z 2 + .. . . + a n z n 

with fixed (complex) coefficients a v a function of 2 , and more 
particularly a 'polynomial of the n-th degree in z. In the same 
way, a convergent power series 

P(z) = X a v z v 

is regarded as a function of the complex variable 2 in the interior 
of its circle of convergence. In that region it is the limit to 
which the polynomial 

P n (z) = 2 a v z v 

v~0 

tends as n tends to infinity. 

A polynomial f(z) may be differentiated with respect to the 
independent variable 2 in exactly the same way as for the real 
variable. In the first place we notice that the algebraic identity 

—-— = z 1 n - 1 + z 1 n ~ 2 z + . . . + z 91 - 1 

*1 — z 

holds. If we now let z l tend to 2 *, we immediately have 

d v zf 1 — 2 n « 

— z n — lim -= nz n ~ x . 

dz z l ~ z 

* The concept of a limit for a continuous complex variable («* z) can be 
introduced in exactly the same way as for the real variable. 
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In the same way we immediately have 

Pn'i*) = I Pn(*) = lim = S = DM 

dz *,_>* z 1 — z v -1 

We naturally call the expression P n '(z) the derivative of the com¬ 
plex polynomial P n (z). 

We now have the following theorem, which is fundamental 
in the theory of power series: 

A convergent power series 

CO 

P(z) = 2 a v ^ 

y-0 

may be differentiated term by term in the interior of Us circle of 
convergence. That is, the limit 

P\z) = lim P(2l) — P{ - z \ 
h z 

exists, and 


P'(z) = S vay* 1 = lim P n '(z) = lim D n (z) = D(z). 

i/«-l n—>00 n —> 00 

From this theorem it is at once clear that the power series 

00 

l(z) = 2 -A- z v+1 

V + 1 


may be regarded as the indefinite integral of the first power series, 
i.e. that P{z) = P{z). 

The term-by-term differentiability of the power series is 
proved in the following way: 

From p. 526 we know that the relation D(z) = lim D n (z) 

n— 

holds within the circle of convergence. We have to prove that 

P(Zi) - Plz) 

the absolute value of the difference quotient v — -— differs 

z 1 — z 

from D(z) by less than a prescribed positive number e, if only we 
take z 1 sufficiently close to z within the circle of convergence. 
For this purpose we form the difference quotient 


D(z v z) = 


P( 2 i) - P(z) _ PM) - PM 


+ 2 a v \, 


z 1 — z 
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where for brevity we write 

yV _ yV 

X = ZL __ = Zy~ 1 + Zy~*Z + . . . + Z V ~ X . 

Zy — Z 


If we keep to the notation used on p. 525, and if j 2 | < g | £ | 
and also | ^ | < q | £ j, then it is certain that 

Hence 


s «A 

S KI 

1 ■ 

f I"- 1 ^ m 

00 

2 vq'- 1 , 

v —n+1 






Owing to the convergence of the series of positive terms Hvq v ~~\ 
the expression j R n | can therefore be made as small as we please, 
provided we make n sufficiently large. We choose n so large that 
this expression is less than e/3, and also so large—increasing n 
further if necessary—that | D(z) — D n (z) | < e/3. We now 

p (y j ■■ - p 

choose z 1 so close to z that the absolute value of — — -—• 

also differs from D n (z) by less than e/3. Then z i ~~ z 


D(z 1 ,z)-D(z) |£ 


p n(h) - -P»(z) _ n 

u n \ 


z^-z 

+ | D n (z) — D(z) | + R n 


■M 


<5+ f +5: 
3 3 3 


and this inequality expresses the fact asserted. 

Since the derivative of the function is again a power series 
with the same radius of convergence, we can differentiate again 
and repeat the process as often as we like. That is, a power 
series can be differentiated as often as we please in the interior of its 
circle of convergence. 

Power series are the Taylor series of the functions P(z) which 
they represent: that is, the coefficients a„ may be expressed by the 
formula 

«,= IpM(O). 

The proof is word for word the same as for the real variable 
<cf. Vol. I, p. 404). 
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4. Examples of Power Series. 

As we mentioned in Chap. VIII, § 7 (p. 413) of Vol. I, the power series 
for the elementary functions can immediately be extended to the complex 
variable; in other words, we can regard the power series for the elementary 
functions as complex power series and extend the definitions of these 
functions to the complex realm in this way. For example, the series 

<*> z v 00 - 2 ^ 00 ( _ l\v^ 2 v + l 00 ~2v 00 z 2v + l 

v y_ v \ ' V ____ v __ 

v=o v!* v—o (2v)!* v=s q (2v + 1)! * l ,*o(2v+ 1)! 

converge for all values of z. (This follows at once from comparison tests.) 
The functions represented by these power series are again denoted re¬ 
spectively by the symbols e 2 3 * * , cosz, sins, cosh 2 , sinhz, just as in the real 
case. The relations 

cos 2 4 * i sin z — e iz , 
cosh z = cosiz, i sinhz = siniz 

now follow immediately from the power series. Again, by differentiating 
term by term we obtain the relation 



As examples of power series with a finite radius of convergence, 
other than the geometric series, we consider the series 

log (1 + s) = 2 (— 1 ) ,,+1 -- 

V 


oo z 2v + l l 

arc tanz = E (- 1 )" e rT~T = 9 • { lo K(! + iz ) “ log(l - iz)}, 

V«c0 -+- 1 Zl 


whose sums we again denote by the symbols log, arc tan. Here the radius 
of convergence is again 1. Differentiating term by term, we have 


dlog(l + g) 
dz 


1 d 

1 -f z dz 


(arc tanz) == 


1 

1 -fa:*’ 


Examples 

1 . For which points z = x + iy is 


2. Prove that if Za n z n is absolutely convergent for z — then it is 

uniformly convergent for every z such that \z \ | £ |. 

3. Using the power series for cosz and sin 2 , show that 

cos a z -f sin 2 z == I. 


(E 912) 


35 
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4*. For what values of z is 



convergent? 

2. Foundations of the Theory of Functions of 
a Comflex Variable 

1. The Postulate of Differentiability. 

As we have seen above, all functions which are represented 
by power series possess a derivative and an indefinite integral. 
This fact may be made the starting-point for the general theory 
of functions of a complex variable. The object of such a theory 
is to extend the differential and integral calculus to functions of 
a complex variable. In particular, it is important that the con¬ 
cept of function should be generalized for complex independent 
variables in such a way that the function is differentiable in the 
complex region. 

We could, of course, confine ourselves from the very beginning 
to the consideration of functions which are represented by power 
series and thus satisfy the postulate of differentiability. There 
are, however, two objections to this procedure. In the first place, 
we cannot tell a priori whether the postulate of the differen¬ 
tiability of a complex function does necessarily imply that the 
function can be expanded in a power series. (In the case of the 
real variable we saw that functions even exist which possess 
derivatives of any order and yet cannot be expanded in a power 
series (cf. Vol. I, p. 335).) In the second place, we learn even from 
the case of the simple function 1/(1 — z), whose power series, 
the geometric series, converges in the unit circle only, that even 
for simple functional expressions the power series does not 
represent the whole behaviour of the function, which in this 
particular case we already know in other ways. 

These difficulties can, it is true, be avoided by a method due 
to Weierstrass, and the theory of functions of a complex variable 
can actually be developed on the basis of the theory of power 
series. It is desirable, however, to emphasize another point of 
view, which is due to Cauchy and Riemann. In their method, 
functions are characterized not by explicit expressions but by 
simple properties . More precisely, the postulate that a function 
shall be differentiable, and not that it shall be capable of being 
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represented by a power series, is to be used to mark out the region 
in which a function is defined. 

We could start a priori from the following general concept 
of a complex function £ = f(z) of the complex variable z. If R 
is a region of the 2 -plane and if with every point z = x + iy in 
R we associate a complex number £ = u + iv by means of any 
relation, £ is said to be a complex function of z in R. This 
definition, therefore, would merely express the fact that every pair 
of real numbers x, y , such that the point (x, y) lies in R , has a 
corresponding pair of real numbers u, v\ i.e. that u and v are any 
two real functions u(x, y) and v(x, y), defined in R, of the two 
real variables x and y. 

This concept of function, however, would be much too wide. 
We limit it in the first place by the condition that u(x, y) and 
v(x , y) must be continuous functions in R with continuous first 
derivatives u X9 u yi v x , v y . Further, we insist that our expression 
u + iv = £ = f(z) = f(x + iy) shall be differentiable in R with 
respect to the complex independent variable z; that is, the limit 


lim 

*1 —> 


/(n) -/(= ) 

« z i~ z 


— lim /£+ - *■) ZJM 


= /'(*) 


shall exist for all values of z in R. This limit is then called the 
derivative of /(z). 

In order that the function may be differentiable it is by no 
means sufficient that u and v should possess continuous deriva¬ 
tives with respect to x and y. Our postulate of differentiability 
implies far more than differentiability in the real region, for 
h—r+ is can tend to zero through both real values (5 = 0) 
and purely imaginary values (r = 0) or in any other way, and 
the same limit f'(z) must result in all cases, if the function is to 
be differentiable. 


If, for example, we put u = x, v = 0, that is, f(z) = f(x + iy) =• x , 
we should have a correspondence in which u{x , y) and v(x, y) are con¬ 
tinuously differentiable. For the derivative, however, by putting h == r 
we obtain 


lim 


/(* + r) - 


= lim X -± T — X : 


1. 


whereas if we put h = is we have 

/(* + W) - /(*) 0 
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that is, we obtain two entirely different limits. For £ = u -f iy = « + 2£y 
we similarly obtain different limits for the difference quotient as h tends 
to zero in different ways. 

Thus in order to ensure the differentiability of f(z) we have 
to impose yet another restriction. This fundamental fact in the 
theory of functions of a complex variable is expressed by the 
following theorem: 

If £ = u(x 5 y) + iv(x, y) = f(z) = f(x -f- iy), where u(x, y) 
and v(x, y) are continuously differentiable , the necessary and suffi¬ 
cient conditions that the function f(z) shall be differentiable in the 
complex region are 

u x = v y , u y = — v X) 

the so-called Cauchy-Riemann differential equations. 

In every region R where u and v satisfy these conditions f(z) 
is said to be an analytic * function of the complex variable z, and 
the derivative of f(z) is given by 

f'{z) = U x + iv x = ?;„ — iu y = \ (u v + iVy). 

I 

We shall first show that the Cauchy-Riemann differential 
equations form a necessary condition. If we accordingly assume 
that f'(z) exists, we must obtain the limit/'(z) by taking h equal 
to a real quantity r. That is, 

/'(z) = lim ui ~ x + f » y) ~ y} + i t; ( x ' + r > y) ~ v P± y) 

r —> o r r 

= u x + iv x . 

In the same way, we must obtain f'(z) if we take h to be a pure 
imaginary is , that is. we must have 

/'(z) = lim y +s ^~ u{x > y} +i v J*i y + *) - v( - x> y) 

j —>■ o w %s 

= *(«* + »»*)• 

l 

Hence 

U X + i V X = T K, + Wj,). 

% 


* The term regular is also used. 
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By equating real and imaginary parts we at once obtain the 
Cauehy-Riemann equations. 

These equations, however, also form a sufficient condition 
for the differentiability of the function f(z). To prove this, we 
form the difference quotient 

f(z+h) -/(z) 
h 

_ u(x + r, y + s) — u(x, y) + i {»(a: + r, y + s) — v(x, y)} 

r + is 

ru x + su y + irv x + isv y + e x | h | + e 2 | h | 
r -p is 


where e x and e 2 are two real quantities which tend to zero 
with | h | = \/(r 2 + s 2 ). If now the Cauehy-Riemann equations 
hold, the above expression immediately becomes 


u x + iv x + e x 


JAL 

r + is 


+ € 2 


JAL. 

r + is 


We see at once that as h-± 0 this expression tends to the limit 
u x + iv x , and that independently of the way in which the passage 
to the limit h 0 is carried out. 

We now use the Cauehy-Riemann equations, or the property 
of differentiability which is equivalent to them, as the definition 
of an analytic function, on which we shall base our deduction of 
all the properties of such functions. 


2. The Simplest Operations of the Differential Calculus. 

All polynomials, and all power series in the interior of their 
circle of convergence, are analytic functions, by § 1 (p. 527). 
We see at once that the operations which lead to the elementary 
rules of the differential calculus can be carried out in exactly the 
same way as for the real variable. In particular, the following 
rules hold: the sum, the difference, the product, and (provided 
the denominator does not vanish) the quotient of analytic func¬ 
tions can be differentiated according to the elementary rules of 
the calculus, and hence are again analytic functions. Further, 
an analytic function of an analytic function can be differentiated 
according to the chain rule and therefore is itself an analytic 
function. 
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We also note the following theorem: if the derivative of an 
analytic function £ — f(z) vanishes everywhere in a region R, 
the function is a constant. 

Proof. —We have u x — iu y = 0 everywhere in R. Hence 
u x = 0 , u y = 0 , and in virtue of the Cauchy-Riemann equations 
v x = 0 , v y = 0 ; that is, u and v are constants; hence £ is a 
constant. 

Application to the Exponential Function. —We use this theo¬ 
rem to define the exponential function, which we have already 

00 

defined by means of the power series e z = 2 z v /vl, by means of 

j/«b0 

its differential property, in the complex region also: 

If a complex function f(z) satisfies the differential equation 

/'(«) =/(*), 

then f(z) = ce z , where cis a constant. 

Proof. —As we see at once by differentiating the power series 
(which converges everywhere) term by term, the exponential 
function certainly satisfies the condition. If g(z) is another 
function for which g'(z) = g(z), it immediately follows that 
f(z)g'(z) — g(z)f'{z) — 0 everywhere in R. We are entitled to 
assume that g(z) is not zero at any point, as otherwise our relation 
would be satisfied at that point by f(z) = 0, or c — 0, which 
gives f(z) = 0 everywhere. Then the equation (fg r — f'g)/g z = 0 
means that the derivative of the quotient f/g vanishes, i.e. that 
f/g is constant, which is what we asserted. 

From this follows the functional equation of the exponential 
function, 

eV 1 = e*+*\ 

(On the basis of the power series definition this functional equa¬ 
tion is by no means a trivial assertion.) We obtain it by con¬ 
sidering the function g(z) = e? Jrz \ where z 1 is fixed. By the chain 
rule, g(z) satisfies the differential equation g f (z) = g(z). Hence 
by the above theorem g(z) = ce z . To determine c we put 2 = 0 
and bear in mind that according to the power series definition 
e° = 1 . Thus we at once have g( 0 ) — e? x — c, and the functional 
equation follows. 

In § 3 (p. 542) we shall develop a more satisfactory method 
for discussing the exponential function independently of the 
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power series. Here we merely mention that in particular for 
Z = X, Zj = iy 

e »Hv — ^iv = e®(cos y -f- i siny). 

It follows further that the exponential function can never vanish, 
for if e Zl vanished, then e* = e Zl e z ~ Zl would vanish for all values 
of z, which is certainly not the case. 

Making use of the facts that cos 2tt = 1 and sin 2n = 0, we 
immediately have 

e 2W = 1. 

The exponential function therefore satisfies the equation 

e* = e z+2ni ; 

that is, it is periodic with period 2in. 

Example 

Prove that the product and the quotient of analytic functions and the 
function of an analytic function are again analytic, using not the property 
of differentiability but the Cauchy-Riemann differential equations. 

3. Conformal Representation. Inverse Functions. 

By means of the functions u(x, y) and v(x 9 y) the points of the 
z-plane or ccy-plane are made to correspond to points of the 
£-plane or m>-plane. Thus we have a transformation or mapping 
(Chap. Ill, § 3, p. 133) of regions of the a^-plane on to regions 
of the wy-plane. The Jacobian of the transformation is 

D = ^rA = u x% - «A = u* + v* = | /'(z) | a . 
o(x 9 y) 

The Jacobian is therefore different from zero, and is in fact posi¬ 
tive, wherever/'(z) =j= 0. If we assume that f'(z) 4= 0, our previous 
results (Chap. Ill, § 3, p. 152) show that a neighbourhood of the 
point z Q in the 2 -plane, if sufficiently small, is mapped uniquely, 
reversibly, and continuously on a region of the £-plane in the 
neighbourhood of the point £ 0 — f(z 0 ). This mapping is conformal , 
i.e. angles are unchanged by it. For, as we have seen in Chap. Ill, 
p. 166, the Cauchy-Riemann equations are the necessary and 
sufficient conditions that the transformation may be conformal, 
not only the magnitude but also the sign of angles being pre¬ 
served. We thus have the following result: 
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Conformality of the transformation given by u(x, y) and v(x, y) 
and analytic character of the function f(z) = u + i v mean exactly 
the same thing , provided we avoid points z 0 for which f'(z 0 ) = 0. 

The reader should study the examples of conformal representation 
discussed in Chap. Ill, § 3, p. 136, and prove that all these transformations 
can be expressed by analytic functions of simple form. 

Since in the case of a unique reversible conformal represen¬ 
tation of a neighbourhood of z 0 on a neighbourhood of £ 0 the 
reverse transformation is also conformal, it follows that z = x + iy 
may also be regarded as an analytic function </>(£) of £ = u + iv. 
This function is called the inverse of £ — /(z). 

Instead of using our geometrical argument, we can at once 
establish the analytic character of this inverse by calculating the 
derivatives of x(u , v ), y(u , v) as on p. 143. We have 





and we see that the Cauchy-Riemann equations x u = y v , x v = —y u 
are satisfied by the inverse function. As we can at once verify, 
the derivative of the inverse z= </>(£) of the function £ =/(z) 
is given by the formula 

dz d£ __ 
di dz ’ 


Examples 

1. Find where the following functions are continuous: 

(a) * (6) M; (c) (4 ‘ft?- 

2. Which of the functions in Ex. 1 are also differentiable? 

3*. Prove that a substitution of the form 

P* + a 

where a and (3 are any complex numbers satisfying the relation 

aa — pp = 1, 

transforms the circumference of the unit circle into itself and the interior 
of the circle into itself. Prove also that if 

PP — aa = 1, 

the interior is transformed into the exterior. 
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4. Prove that in the transformation C — J(z -f 1 /z) the circles with 
centres at the origin and the straight lines through the origin of the z-plano 
are respectively transformed into confocal ellipses and hyperbolas in the 
S-plane (of. Ex. 5, p. 158). 


5. Prove that a substitution £ — — — - ^ leaves the cross ratio 

z z I z Y 2 ^ 

J- 3 / J_ 4 of four points z v z 2 , z 3 , z 4 unaltered. 

Z 2 ~ Z 8 / Z 2 z 4 

6*. Prove that any circle may be transformed by a substitution of the 

form £ = into the upper half-plane bounded by the real axis. (Use 

yz +8 

Ex. 1, p. 529.) 


7. Prove the following property of the general linear transformation 


az -f b 
cz -f- d 


where a , 6, c, d are constants and ad — be =£= 0 : 

All circles and straight lines in the z-plane are transformed by this 
relation into all straight lines and circles in the £-plane. 

If the z-plane and the £-plane are imagined to coincide, the points z 
for which £, — z are called fixed points. In general there are two different 
fixed points. Show that in this case the family of circles through the two 
fixed points and the family of circles orthogonal to them transform into 
themselves, 

8 . The invorse of the power function £ = z n is unique in the neighbour¬ 
hood of every point z 0 , provided z 0 =(= 0, for then the derivative nz n ~ l 
does not vanish. The point z 0 — 0, where the derivative vanishes, however, 
forms an exception; hence the many-valuedness of the function y'X. 
We shall discuss these relations more closely in § 6, p. 563. 


3. The Integratjon of Analytic Functions 

1. Definition of the Integral. 

The central fact of the differential and integral calculus of 
functions of a real variable is expressed in the theorem that 
the integral of a function (the upper limit being undetermined) 
may be regarded as the primitive function or “ indefinite integral ” 
of the original function (Vol. I, p. 109). A corresponding relation 
forms the nucleus of the theory of analytic functions of a com¬ 
plex variable. 

We begin by extending the definition of the definite integral 
of a given function/(z). Here it is convenient to use t = r -f is 
instead of the independent variable z, as we shall use t to denote 
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the variable of integration. Let the function f(t) be analytic in 
a region R , and let t = t 0 and t = z be two points in this region, 
joined by an oriented curve C which is piecewise smooth and lies 
wholly within R (fig. 1). We then subdivide the curve C into n 

portions by means of the succes¬ 
sive points t 0 , <i, ..., t n = z and 
form the sum 

~ 2 f(t v )(t v i), 

where tj denotes any point lying 
on C between t v __ x and t v . If 
we now make the subdivision 
finer and finer by letting the 
Fig. i number of points increase with¬ 

out limit in such a way that the 
greatest of the intervals | t v — t v _ x | tends to zero, S n tends to 
a limit which is independent of the choice of the particular inter¬ 
mediate point t v ' and of the points t v . 

This can be proved directly by a method analogous to that 
used to prove the corresponding theorem of the existence of the 
definite integral for real variables. For our purpose, however, 
it is more convenient to reduce the theorem to what we already 
know about real curvilinear integrals (cf. Chap. V, § 1, p. 344), 
as follows. We put f(t) = u(r, s) + iv(r, s), t v = r v + is v , 
C = rj + is v \ A t v = t v — t v __ x = A r v + iAs v . Then we have 

S n = 2 u(rj, s v ')Ar v —v(r v \ sJ)As v 

+»| S »(r/, s/)Ar„+M(r/, OAs„|. 



As n increases the sums on the right-hand side tend to the real 
curvilinear integrals f (udx — vdy) and if (vdx + udy) respec¬ 
tively, and hence, as we asserted, S n tends to a limit. We call 
this limit the definite integral of the function f(t) along the curve 
C from t Q to z, and write it 
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[ f(t)dt— [(udx—vdy) + i (vdx + udy). 
Jc J<3 Jo 


The definition of this definite integral (cf. Chap. V, § 1, p. 349) 
at once gives the following important estimate: if | f(t) | M 
on the path of integration, where M is a constant and L is the 
length of the path of integration, then 

| f/m | sS ML. 


In addition we may point out that operations with complex 
integrals (in particular, combination of different paths of in¬ 
tegration) satisfy all the rules stated in this connexion for curvi¬ 
linear integrals in Chap. V, § 1, p. 347-9. 


2. Cauchy’s Theorem. 

The essential fact of the theory of functions of a complex 
variable is that the integral between 1 0 and 2 is largely indepen¬ 
dent of the choice of the path of integration C . In fact, we have 
Cauchy’s theorem: 

If the function f(t) is analytic in a simply-connected region R, 
the integral 

Q{t)dt=jj{t)dt 

is independent of the particular choice of the path of integration 
C joining t 0 and z in R; the integral is an analytic function F(z) 
such that 

F(z) is accordingly a primitive function or indefinite integral 
of f(z). 

Cauchy’s theorem may also be expressed as follows: 

If subject to the above assumptions we take the integral of f(t) 
round a closed curve lying in a simply-connected region , the integral 
has the value zero. 

The proof that the integral is independent of the path follows 
immediately from the main theorem on curvilinear integrals 
(cf. Chap. V, § 1, p. 353); for both udx — vdy, the integrand in 
the real part, and vdx + udy, the integrand in the imaginary 
part, satisfy the condition of integrability, in virtue of the Cauchy- 
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Riemann equations (p. 532). Thus the integral is a function of 
x, y or x+ iy = z, F(z) = U(x, y) -(- iV(x, y), and from our 
previous results for curvilinear integrals we have the relations 

V x — U, Uy— —V, V x = V, Vy— 11, 

that is, 

u x = V v , Uy=— V x , V x + iV x = u + iv. 


which shows that F(z) is actually an analytic function in R with 
the derivative F'{z) = /(z). 

The assumption that the region is simply-connected is essential 
for the validity of Cauchy’s theorem. 

For example, we may consider the function 1 /£, which is analytic every¬ 
where in the i-plane except at the origin. Wo are, however, not entitled 
to conclude from Cauchy’s theorem that the integral of l/t, taken round 
a closed curve enclosing the origin, vanishes. For this curve cannot be 
enclosed in a simply-connected region in which the function is analytic. 
The simple connectivity of the region is destroyed by the exceptional 
point t — 0. If we take the integral e.g. round a circle K given by | t | = r 
or t == re ie in the positive sense, and make 0 the variable of integration 
(dt = rie i6 dQ), we have 



that is, the value of the integral is not zero but 2izi. 

We can, however, extend Cauchy’s theorem to multiply- 

connected regions as follows: 

If a multiply-connected region 
R is bounded by a finite number 
of sectionally smooth closed curves 
Cj, C 2 , . . . , and if f(z) is analytic 
in the interior of this region and 
also on its boundary * then the 
sum of the integrals of the function 
along all the boundary curves is 
zero , provided that all the boundaries 
are described in the same sense relative to the interior of the region R, 
i.e. that the region R is always on the same side , say the left-hind 
side , of the curve as it is described. 

The proof follows at once, on the model of the corresponding 



* A function is said to be analytic on a curve if it is analytio throughout 
a neighbourhood, no matter how small, of this curve. 
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proofs for curvilinear integrals; we cut up the region R into a 
finite number of simply-connected regions (figs. 2, 3), apply 
Cauchy’s theorem to these regions separately, and add the results. 



Fig- 3-— A multiply-connected return K subdivided by Q x , Q t , ... into 
sirnply-connected regions 


We can express this theorem in a somewhat different way: 

If the region R is formed from the interior of a dosed curve C 
by cutting out of this interior the interiors of further curves C 1? 
C 2 , . . . , then 

Jf W dt = f (t) dt , 

where the integrals round the external boundary C and ike internal 
boundaries are to be taken in the same sense . 

3. Applications. The Logarithm, the Exponential Function, and 
the General Power Function. 

We can now use Cauchy’s theorem as the basis for a satis¬ 
factory theory of the logarithm, the exponential function, and 
hence of the other elementary functions, following a procedure 
similar to that adopted for the real variable (Yol. I, Chap. Ill, 
§6,p.l67). 

We begin by defining the logarithm as the integral of the 
function ljt. At first we limit the path of integration by making 
it lie in a simply-connected region, making a cut along the nega¬ 
tive real au-axis, that is, permitting no path of integration which 
crosses the negative real axis. More precisely: if we put 
t = 1 1 1 (cos 0 -j- i sin0), we limit 0 by the inequality —n < 0 7r. 

In the J-plane, after the cut has been made, we join the point 
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t = 1 to an arbitrary point 2 by any curve C, and we can then 
use Cauchy’s theorem to integrate the function 1 jt between these 
two points, independently of the path. The result is an analytic 
function, which we call log z: 

£=l 0 g Z=f y =/(«). 

The logarithm has the property that 



As this derivative does not vanish anywhere, we can form the 



inverse function of the logarithm, z = g{Q. We have #(0) = 1, 
and by the formula for the derivative of the inverse 

9U)=Vf'(z) = z = gU). 

By § 2, p. 536, the inverse is thus determined uniquely and is 
identical with the exponential function defined previously: 
9(0 = 

The function f(z) = logz is uniquely determined, except for 
an additive constant, by its differentiation property/'(z) = 1/z. 
For if there were another function g(z) with this property, their 
difference would have the derivative zero and would therefore be 
constant. Since the function g(z) = f(az) = log (az) satisfies the 
condition g'(z) = af'(az) = a/az = 1/z, by the chain rule, we have 
log (az) = g(z) = c + log z, where c is a constant independent of 
z. Its value is determined by putting z = 1, i.e. log z = 0, and 
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we thus have log(o) = c. This gives the addition theorem for the 
logarithm, 

log (az) = logo + log 2 . 

The integral 

«■—H 

is easily evaluated explicitly by taking the straight line joining 
the points t = 1 and t = | z | together with the circular arc 
1 1 1 = | z | as the path of integration. We have 

log 2 = log | z | + id, 

where 9 is the argument of the complex number z (fig. 4). 

The value obtained in this way for the logarithm of any com¬ 
plex number z , whose argument lies in the interval —tt < 0 <1 77 , 



is often called the principal value of the logarithm. This termino¬ 
logy is justified by the fact that other values of the logarithm 
can be obtained by removing the condition that the negative 
real axis must not be crossed. We can then join the point 1 to 
the point z by a point which encloses the origin t = 0. On this 
curve the argument of t will increase up to a value which is 
greater or less than the argument previously assigned to z by 
277. We then have the value 

log 2 = log | z | + id + 2?n 

for the integral (fig. 5). In the same way, by making 
the curve travel round the origin in one direction or the 
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other any integral number of times n, we obtain the value 
log 2 == log | z | + id + 2mri. 

This expresses the many-valuedness of the logarithm . 

In the case of the exponential function this many-valuedness 
is exhibited in the equation e 2iri = 1. For the same value of z 
corresponds to all the different values £ — log z, which differ 
only by multiples of 2rri. In the inverse of the logarithm, i.e. the 
exponential function, the addition or subtraction of 27 ri to or 
from the argument must not alter the value of the function: 
<£(£ + 27n) = <£(£), or ^ +2nt = ef. If £ = 0, we have the 
equation er ni = 1. 

If we now introduce the trigonometric functions sin z and cos 2 
by means of the equation 

e iz = cos z + i sin 2 , 

which we now may take as their definition, we see at once that 
these functions have the period 27r. Thus we have deduced 
the periodic character of the trigonometric functions without 
reference to their elementary geometrical definitions. 

Now that we have introduced the logarithm and the expo¬ 
nential function it is easy to introduce the general power functions 
a z and z®, where a and a are constants (cf. the corresponding 
discussion for the real variable in Vol. I (Chap. Ill, § 6, p. 173)). 
We define a z by the relation 

a z = 

where the principal value of log a is to be taken. In the same way 
we define z a by the relation 

z a =e aloe *. 

While the function a x is defined uniquely if we use the princi¬ 
pal value of log a in the definition, the many-valuedness of the 
function z a goes deeper. Taking the many-valuedness of logz 
into account, we see that along with any one value of z a we also 
have all the other values which are obtained by multiplying one 
value by e 2nrria , where n is any positive or negative integer. If 
a is rational, say a = p/q, where p and q are integers prime to 
one another, among these multipliers there are only a finite 
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number of different values (whose y-th power must be unity). 
If, however, a is irrational, we obtain an infinite number of 
different multipliers. The many-valuedness of the function z® 
will be discussed in greater detail in § 6 (p. 563). 

As we see from the chain rule, these functions satisfy the 
differentiation formulae 


d(a z ) 

dz 


' log a, 


dz 


az a 


-l 


Examples 


1. (The gamma function.) Prove that the integral 



00 

tz~l e ~tdt 


(where the principal value of i z ~ 1 is taken), extended over all real values 
of the variable of integration t , is an anatytic function of the parameter 
z = x -f- iy, if x > 0. (Show directly that the expression JT(z) can be 
differentiated with respect to z.) Prove that the gamma function thus 
defined for the complex variable satisfies the functional equation 
T(z -f- 1) = zT(z). 


2*. (Riemann’s zeta function.) Taking the principal value of n z , form 
the infinite series 


*1 n z 




Provo that this series converges if x > I and represents a differentiable 
function (£(z) is called Riemaim’s zeta function). The proof can be carried 
out directly by a method like that for power series (cf. Vol. I, p. 382). 


4. Cauchy’s Formula and its Applications 


1. Cauchy’s Formula. 

Cauchy’s theorem for multiply-connected regions leads to a 
fundamental formula, again due to Cauchy, which expresses the 
value of an analytic function f(z) at any point z = a in the 
interior of a closed region R , throughout which the function is 
analytic, by means of the values which the function takes on the 
boundary C. 

We assume that the function f(z) is analytic in the simply- 
connected region R and on its boundary C. Then the function 


(E 912) 


36 
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is analytic everywhere in the region R 3 the boundary C included, 
except at the point z = a. Out of the region R we cut a circle 
of small radius p about the point z= a 3 lying entirely within R 


(fig. 6), and then apply Cauchy’i 



theorem (p. 541) to the function 
g(z). If K denotes the circum¬ 
ference of the circle described 
in the positive sense and C the 
boundary of R described in the 
positive sense, Cauchy’s theorem 
states that 

fg{z)dz = fg(z)dz. 

J<3 Jr 


On the circle K we have 
z = a + pe* e , where the angle 9 determines the position of the 
point on the circumference. On the circle, therefore, dz — pie? e d9, 
and hence 


fg(z)dz = if f(a+ pc? 6 ) <16. 


Since f(z) is continuous at the point a, we have, provided p is 
sufficiently small, 

f(a + P c? 6 ) =/(«) + v , 


where 1 1 \ \ is less than an arbitrary prescribed positive quantity e. 
Hence 

/’/(«+ pj e )dd — f f (a) dd 
•'O J o 


f%dO 


^ 2tT€ > 


and therefore 


L 


2n 

f(a+ pc? 6 ) dd — 2 tt f(a) + 




where | k | ^ 2we. Thus if p is sufficiently small 


f c <l( z )dz — 2m f (a) + kI, 


where | k{ | < e. 

If we make e tend to zero (by making p tend to zero),, 
the right-hand side of the equation tends to 2mf (a), while 

the value of the left-hand side, namely, f g{z)dz> is unaltered. 
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/w= si L 


/<«> 


2m J<j z — a 


dz. 


If we now revert to the use of t as variable of integration and 
then replace a by z, the formula takes the form 



m 

t — z 


dt. 


This formula expresses the values of a function in the interior 
of a closed region in which the function is analytic by means 
of the values which the function takes on the boundary of the 
region. 


If in particular C is a circle t = z -f re ie with centre z, that is, if 
dt — ire ie di), then 

1 r 2n 

/ f(z + re i0 )dd. 

2k Jq 


In words: the value of a function, at the centre of a circle is equal to the mean 
of its values on the circumference , provided that the closed area of the circle 
is a region in which the function is analytic. 


2. Expansion of Analytic Functions in Power Series. 

Cauchy’s formula has a number of important theoretical 
applications, the chief of which is the proof of the fact that 
every analytic function can be expanded in a power series , which 
thus connects the present theory with that given in § 1 (p. 527). 
More precisely, we have the following theorem: if the function 
f(z) is analytic in the interior and on the boundary of a circle 
| z — z 0 | ^ R, it can be expanded as a power series in z — z 0 
which converges in the interior of that circle. 

In proving this we can take z 0 = 0 without loss of generality. 
(Otherwise we should merely have to introduce a new indepen¬ 
dent variable z' by means of the transformation z — z 0 = z\) 
We now apply Cauchy’s integral formula to the circle C, | z | = R, 
and write the integrand (using the geometric series) in the form 

/(«)__/«) i _m( z z n \ f(t)/z\ n + i i 
t-z t 1 — zjt t Y t \t) 1 — z/t 

Since 2 is a point in the interior of the circle, | z/t \ = q is a positive 
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number less than unity, and for r n - 


1 2" +1 1 


t t n+1 1 — z/t 

of the geometric series, we obviously have the estimate 


, the remainder 


Introducing our expressions into Cauchy’s formula and integrat¬ 
ing term by term, we obtain 


where 


/(*) = + <h Z + • • • + + Ky 




1 

27n 



Rn “ 2 ^ S/ {t)rn<U - 


If M is an upper bound of the values of | f(t) | on the circum¬ 
ference of the circle, our estimation formula for complex integrals 
(of. § 3, p. 539) immediately gives 


Rn I 


1 


2rrR 1 


n n+l a n +1 

q 27 tRM = 1 - M 


for the remainder. Since q is a proper fraction this remainder tends 
to zero as n increases, and for/(z) we obtain the power series 


where 


oo 


f(z) — S c„z v , 

v-o 



m 

r +1 


dt . 


Our assertion is thus proved. 

This theorem has important results. To begin with, we know 
from § 1 (p. 528) that every power series can be differentiated as 
often as we please in the interior of its circle of convergence. 
Since every analytic function can be represented by a power 
series, it follows that the derivative of a function in the interior 
of a region where the function is analytic is also differentiable, 
i.e. is again an analytic function. In other words, the operation 
of differentiation does not lead us o'ut of the class of analytic func¬ 
tions . As we already know that the same is true for the operation 



VIII] 


CAUCHY’S FORMULA 


549 


of integration, we see that differentiation and integration of 
analytic f unctions can be carried out without any restrictions. This 
is an agreeable state of affairs, which does not exist in the case 
of real functions. 

Since, as we saw in § 1, p. 528, every power series is the 
Taylor series of the function which it represents, it now follows 
in general that every analytic function can be expanded in the 
neighbourhood of a point z — z Q in a region R where the function 
is analytic in a Taylor series 

/(=) =/(-“„) + S f —f ] (z-ztf; 

V *=1 v\ 


the coefficients c v above are accordingly given by the formulae 

./"’<»>=j_ /•/?)* 




vl 


From our result we may also deduce an important fact about 
the radius of convergence of a power series. The Taylor series 
of a function f(z) in the neighbourhood of a point £ — z () certainly 
converges in the interior of the largest circle whose interior lies 
wholly within the region where the function is defined and is 
analytic. 

In virtue of the theorems on differentiation and integration 
which we have now established as valid for the complex variable 
also, all the elementary functions which we expanded in Taylor 
series for the real variable have exactly the same Taylor series 
for the complex variable. For most of these functions we have 
already seen that this is true. 

Here we may point out that e.g. the binomial series 
(1 

is also valid for the complex variable if | z | < 1 , provided that 
(1 4 . z) a =s e al °s( 1 + 2 > 

is formed from the principal value of log(l 4 * z). 

The fact that the radius of convergence of this series is equal to unity 
follows from what we have just said, together with the remark that the 
function (1 -j- z) a is no longer analytic at the point z = — 1 . For if it were, 
all the derivatives must exist there, which is certainly not the case. The 
circle with radius 1 with the point z — 0 as centre is therefore the largest 
circle in the interior of which the function is still analytic. 
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As we have already pointed out in Chap. VIII of Vol. I (p. 414), 
the behaviour of power series as regards convergence only 
becomes completely intelligible in the light of the fact which 
we have just proved about the radius of convergence. 

For example, the failure of the geometric series representing 1/(1 -f- z 2 ) 
to converge on the unit circle is a simple consequence of the fact 
that the function is no longer analytic for z = -fi and z — — t. We also 
see now that the power series 



which defines Bernoulli’s numbers (cf. Vol. I, Chap. VIII, Appendix, p. 422), 
must have the circle | z | = 2n as its circle of convergence, for the de¬ 
nominator of the function vanishes for z = 2m but (apart from the origin) 
at no point interior to the circle | z | 2k. 

Example 

Prove, without using the theory of power series directly, that the 
derivative of an analytic function is differentiable, by successive differen¬ 
tiation under the integral sign ill Cauchy’s formula and justification of the 
validity of this process. 

3. The Theory of Functions and Potential Theory. 

From the fact that analytic functions may be differentiated 
as often as we please it also follows that the functions u(x, y) 
and v(x, y) have continuous derivatives of any order. We may 
therefore differentiate the Cauchy-Riemann equations. If we 
differentiate the first equation with respect to x and the second 
with respect to y and add, we have 

A u = u xx + u yy = 0; 

in the same way, the imaginary part v satisfies the same equation 

At> = V xx + Vyy = 0. 

In other words, the real part and the imaginary part of an analytic 
function are potential functions. 

If two potential functions u, v satisfy the Cauchy-Riemann 
equations, v is said to be conjugate to u, and — u conjugate to v. 

We accordingly find that the theory of functions of a complex 
variable and potential theory in two dimensions are essentially 
equivalent to one another. 
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Example 

Show that for every potential function u it is possible to oonstruct a 
conjugate function v and to determine it uniquely apart from an additive 
constant. 


4. The Converse of Cauchy’s Theorem. 

As a further deduction we have the converse of Cauchy's 
theorem : 

If the continuous function £ = u + iv = f(z) is such that its 
integral round every closed curve C in its region of definition R 
vanishes, then f(z) is an analytic function in R. 

To prove this we note that in any case, by § 3, p. 539, the 

integral Jf(t)dt taken along any path joining a fixed point t 0 

and a variable point z is a differentiable function F(z), where 
F'(z) =/(z). F(z) is therefore analytic, and by our result above 
so is its derivative F'(z) = /(z). 

This converse of Cauchy’s theorem shows that the postulate 
of differentiability could have been replaced by the postulate 
of integrability. The equivalence of these two postulates is a 
very characteristic feature of the theory of functions of a complex 
variable. 


5. Zeros, Poles, and Residues of an Analytic Function. 

If the function f(z) vanishes at the point z = z 0 , the constant 
term in the Taylor series of the function in powers of z — z 0 , 

/(«) =/(z0) + (z - z 0 )/'(z 0 ) + • - • > 

vanishes, and possibly further terms of the series vanish in 
addition. A factor (z —• z 0 ) n may then be taken out of the power 
series and we may write 

f(z) = (z — z 0 ) n g(z), 

where g(z 0 ) 4= 0. A point z 0 for which this occurs is said to be a 
zero of the function f(z) of the n -th order. 

The reciprocal l//(z) — q{z) of an analytic function, as we 
saw above, is also analytic, except at the points where f(z) vanishes. 
If z 0 is a zero of f(z) of the n-th order, the function q(z) can be 
represented in the neighbourhood of the point z 0 in the form 
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?(*) = 


1 1_ 

(* - z o) n 9( z ) 



where h(z) is analytic in the neighbourhood of z = z 0 . At the 
point z~ z 0 the function q(z) ceases to be analytic. We call this 
point a singularity (singular point), in this particular case a pole 
of the function q(z) of the n-th order. If we think of the function 
h(z) as expanded in powers of (z — z 0 ) and then divided by 
(z — z () ) w term by term, in the neighbourhood of the pole we 
obtain an expansion of the form 


q(z) = c_„(z — z 0 )-" +... + c_ 1 (z— z Q )~ 1 + c 0 + c^z— Z 0 H-..., 


where the coefficients of the powers of (z — z 0 ) are denoted by 

c -n> • • • > c -i> c o» • * * • 

If we are dealing with a pole of the first order, i.e. if n = 1, 
we obtain the coefficient immediately from the relation 

c_j = lim (z — z 0 )q(z). 

X —>■ *o 

1 = _ /(«)"/(%) 
j(z)(« — 2?o) * “ *0 * “ *0 

c ' 1 = /w' 

In the same way, if g(z) = r(z)/<f>(z) 9 and <£(z) has a zero of 
the first order at z = z 0 , while r(z w ) 4= 0, we have 



If a function is defined and analytic everywhere in the 
neighbourhood of a point z 0 , but not at the point itself, its 
integral round a complete circle enclosing the point z 0 will in 
general not be zero. By Cauchy’s theorem, however, the integral 
is independent of the radius of this circle and in general has the 
same value for all closed curves C which form the boundary of 
a sufficiently small region enclosing the point z Q . The value of 
the integral taken round the point in the positive sense is called 
the residue at the point. 

If the singularity is a pole of the n -th order and if we integrate 


Since 


we have 
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the expansion of the function, the integral of the series with 
positive indices is zero, as this power series is still analytic at the 
point z 0 . 

When integrated the term c_ x ( 2 : — 2 0 ) -1 gives the value 2rric_ v 
while the terms with higher negative indices give zero, for the 
indefinite integral of (z — zff~ v for v>l is (z - 2 0 r +1 /(l - v), 
as in the real case, so that the integral round a closed curve 
vanishes. 

The residue of a function at a pole is therefore 27ric_ 1 . 

In the next section we shall become acquainted with the 
usefulness of this idea as expressed by the following theorem: 

Theorem of Residues . If the function f(z) is analytic in the in¬ 
terior of a region R and on its boundary C, except at a finite number 
of poles , the integral of the f unction taken round C in the positive 
sense is equal to the sum of the residues of the function at the poles 
enclosed by the boundary C. 

The proof follows at once from the statements above. 

Examples 


1*. Show that the function 


/w- 1 
1 2m J t - z 


where the integral is taken round a simple contour enclosing the points 
£ = 0 and £ — z, is a polynomial g(z) of degree n — 1 such that 

gr(m)(0) = f m \0) for m — 0, 1, • • . , n — 1. 


2 . Let f(z) be analytic for | z | ^ p. If iff is the maximum of | f(z) | on 
the circle | 2 | — p, then the coefficients of the power series for f. 


satisfy the inequality 


00 


f(z) = S ax, 

v-0 



3 *. Prove that if a region is bounded by a single closed curve C, and if 
f(z) is analytic in the interior of C and on C and does not vanish on C 9 then 


J 0 f(z) 


dz 


is the number of zeros of / in the interior of C. 

4 . (a) Two polynomials P(z) and Q(z) are such that at every point on 
a certain closed contour C 


| Q(z) | < | P(z) |. 
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Prove that the equations P(z) = 0 and P(z) + Q(z) = 0 have the same 
numbers of roots within C . (Consider the family of functions P(z) + QQ,(z), 
where the parameter 0 varies from 0 to 1.) 

(b) Prove that all the roots of the equation 
z 5 -f- az + 1 = 0 
lie within the circle | z | = r if 
\a\ 

T 


5. If f(z) = 0 has one simple root a within a closed curve C, prove that 
this root is given by 


1 r 

a = — / ; 

2 7zi J c 


/(*) 


5. Applications to Complex Integration (Contour 
Integration) 

Cauchy’s theorem and the theorem of residues frequently 
enable us to evaluate real definite integrals by regarding these as 
integrals along the real axis of a complex plane and then simpli¬ 
fying the argument by suitable modification of the path of in¬ 
tegration. In this way we sometimes obtain surprisingly elegant 
evaluations of apparently complicated definite integrals, without 
necessarily being able to calculate the corresponding indefinite 
integrals. We shall discuss some typical examples. 


1. Proof of the Formula 


L 


■* sin:*: , n 
ax = 


Here we give the following instructive proof of this important 
formula, which we have already discussed by other methods 
(Vol. I, pp. 251, 418, 450; Vol. II, p. 315). 

We integrate the function e iz jz in the complex 2-plane along 
the path C shown in fig. 7, which consists of a semicircle H R of 
radius R , a semicircle H r of radius r, both having their centres 
at the origin, and the two symmetrical intervals l x and I 2 of 
the real axis. Since the function e il /z is regular in the circular 
ring enclosed by these boundaries, the value of the integral in 
question is zero, 
have 


Combining the integrals along I x and 4 we 


f ei ldz + [ e<Z dz+2i[* 8il ^dx=0. 

J H R Z J Hr Z Jf X 
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We now let R tend to infinity. Then the integral along the semi¬ 
circle H a tends to zero. For if we put z=2?(cos 6 -J- i sin 6) = Rtf 



for points on the semicircle, we have e iis = e mcose e~ Rsine , and 

/*tt 

the integral becomes i e tR 008 d e~ R sm6 d0. The absolute value 

J 0 

of the factor e iR cos 9 is 1, while the absolute value of the factor 
e -i*sin 0 j s j eS8 i an( j ? moreover, tends uniformly to zero as 
R tends to infinity, in every interval € ^ 6 tt — e. Hence 
it follows at once that the integral along H R tends to zero as 
R -> oo. As the reader can easily prove for himself, the integral 
along the semicircle H r tends to — m as r -> 0. The integral along 
the two symmetrical intervals h, h of the real axis tends to 

r oo 

2i I - dx as R->co and r-*0. Combining these statements, 

•'o x 

we immediately obtain the relation given above. 

2. Proof of the Formula 

1*00 

/ cosaxe~**dx = 

J Q 

We have already proved this formula in Chap. IV (Ex. 4a, 
p. 318), but we shall now obtain it by means of Cauchy's 
theorem. 

We integrate the expression eT x% along a rectangle ABB'A' 
(fig. 8), in which the length of the vertical sides AA', BB' is a/2, 
and that of the horizontal sides AB , A'B' is 2 R. This integral 
has the value zero, by Cauchy’s theorem. On the vertical sides 
we have | e~ z% | = | e~ (xt ~ yt) e~ 2ixy | = < e~ E% e la \ and this 

expression tends uniformly to zero as R tends to infinity. Thus 
the portions of the whole integral which arise from the vertical 
.sides tend to zero, and if we carry out the passage to the limit 
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H oo and note that on = d(x + \ia) = do?, we may 

express the result of Cauchy’s theorem as follows: 

f e~ (x +l' a)i dx = f e~ x *dx. 

*' — 00 *' — 00 

That is, we can displace the path of integration of the infinite 
integral parallel to itself. By our previous result * (p. 262) the 



A o B 


Fig. 8 


value of the integral on the right is \/7r. The integral on the left 
immediately becomes 

" '* C ° a . . a /*°° t 

e ia * I e~ x \co8ax — i smax)dx = / cos axe~ x 'dx> 

^—oo *'0 

if we remember that sinax is an odd function and cosax an even 
function. This proves the formula. 

3. Application of the Theorem of Residues to the Integration of 
Rational Functions. 

If in the rational function 

0 (z) = a o + a i z + • - • + a m zm 
K + b i z + • • • + b n* n 

the denominator has no real zeros and its degree exceeds that of 
the numerator by at least two, the integral 

/== T Q(x)dx 
*' — 00 

''an be evaluated in the following way. 

We begin by taking the integral along a contour consisting of 
the boundary of a semicircle H of radius R (on which z = Re ie , 
0 ^ 0 ^ 7r), where R is chosen so large that no pole of Q(z) lies 
on or outside the circumference of the circle, and the real axis 
from — R to +JS. Then on the one hand the integral is equal 

* Cf. also sub-section 6, p. 561. 
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to the sum of the residues of Q(z) within the semicircle, while 
on the other hand it is equal to the integral 


= f Q{x)dx 


plus the integral along the semicircle H. By our assumptions, 
a fixed positive constant M exists such that for sufficiently 
large values of R we have * 

I m I < W 

The length of the circumference of the semicircle is 7tR. By our 
estimation formula on p. 539, the integral along the semicircle 

is therefore less in absolute value than itR ~ > and hence 

tends to zero as R oo. This means that the integral 


=J Q(x)dx 


is equal to the sum of the residues of Q(z) in the upper Jialf-plane. 
We now apply this principle to some interesting special cases. 


We begin by taking 


az 2 -f- bz 4* c f (z)’ 


where the coefficients a, 6, c are real and satisfy the conditions a > 0, 
b z — 4oc < 0. Then the function Q{z) has only one simple pole 

z — z 1 — i- {—6 + iV(4ac — b a )}. 


where the square root is to be taken positive, in the upper half-plane. By 
the general rule (p. 553), therefore, the residue is 2ni * . Since 

/'(* i) 


we have 


f f (z x ) = 2dz~i + b = iV(4ac — b 2 ), 


r 00 _ l 

J- oo ax2 -f h 


2tc 

V(4ac - b z ) 


* This follows immediately from the fact that Q(z) « 1 R(z), where R{z) 

z 

tends to zero as z oo (when n > m 4- 2) or to a m /b n (when n « m + 2). 
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As a second example we shall prove the formula (cf. Vol. I, p. 234) 
r+* dx . /e% 

Here again we can immediately apply our general principle. In the 
upper half-plane the function l/( 1 -f z 4 ) — 1 /f(z) has the two poles 
Sj r= e — el™, z 2 — —e -1 (the two fourth roots of — 1 which have a posi¬ 
tive imaginary part). The sum of the residues is 

2ni {—— + —-— | = 2tz i * (-- + —1 = I? (e“ 3 — e 8 ), 

) /'(**) J *v *,*' 2' * 


as was asserted. 


1. Prove the formula 


. . . 3n 
— TZl . t sm - : 

4 


Examples 


/ QO j .2 


in the same way as above. 

2. Prove that in general if n and m are positive integers and n > m. 


r*> X 2m , 7T . (2m -f- 1 \ 

/ - da: = - sm (- - — 71 1. 

00 l + r 1 ” rc ' 2ra / 

The following proof of the formula 

Z* 00 __ 7r (2w)I 

J-o 0 (l '-f ® a )" +1 “ 4* (»!)* 

exemplifies the case where the residue at a pole of higher order 
has to be calculated. 

If we replace x by z , the denominator of the integrand is of 
the form (z + i) n + x (z — i) w+1 , and the integrand accordingly has 
a pole of the (n + l)-th order at the point z = -f-i. To find the 
residue at that point we write 


(z 2 + l) n+1 f(z) (z — i) n+1 (2 i + z — i) n+1 


-__L_L_ A + —A""" 1 . 

( z _i)n+i(2t) n + 1 V 2i / 


If we expand the last factor by the binomial theorem, the term 
in (z — i) n has the coefficient 
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1 /—n — 1\ _ 1 /_ jy, (w + I) . . . 2» _ i*» (2w)! 

(2 i)»\ m / (2*)" ' ' 1 . 2 . . . n 2" (»T)*' 


The coefficient c_j in the series for the integrand in the neigh¬ 
bourhood of the point z = i is therefore equal to —-— - 

7 T I2n)\ 2 • ( w! ) 2 

The residue 27nc_ 1 is therefore — \ P r0VRS the 


formula. 


As a further exercise the reader may prove for himself by the theory 
of residues that 



# sin# 
x 2 -f c a 


dx = 


(replacing sin# by e iat ). 


Example 

Let /(#) be a polynomial of degree n with the simple roots a 3 , a 2 ,..., a n . 
Prove that 

2 ,!-, = « (fc=o, I.a -2). 

rz k 

(Consider /- dz round a closed curve enclosing all the oc/s.) 

J f( z ) 


4. The Theorem of Residues and Linear Differential Equation* 
with Constant Coefficients. 


If 


a o + <h z + V 2 + • • • + o, n z n = P(z) 


is a polynomial .of the th degree, and t a real parameter, we 
think of the integral 



m 


dz , 


taken along any closed path (7 in the z-plane, which does not 
pass through any of the zeros of P(z), as a function u(t) of the 
parameter t. Let f(z) be a constant or any polynomial in z, of a 
degree which we shall assume to be less than n. By the rules 
for differentiation under the integral sign, which hold unaltered 
for the complex region, we can differentiate the expression u(t) once 
or repeatedly with respect to t. This differentiation with respect- 
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to t under the integral sign is equivalent to multiplication of the 
integrand by z, z z , z 3 , . . . , as the case may be. If we now form 
the differential expression L [u] = a 0 u -f a^u' + a 2 u" + ... + a n u {n \ 
or, in symbolic notation, P(D)u, where D denotes the symbol 
of differentiation D = djdt, we have 

P(D)u=L[u] = fe tz f(z)dz. 

Jc 

By Cauchy’s theorem the value of the complex integral on 
the right is zero; i.e. the function u(t) is a solution of the dif¬ 
ferential equation L[w] = 0. If f(z) is any polynomial of the 
(n — I)-th degree, this solution contains n arbitrary constants. 
We may accordingly expect to get in this way the most genera) 
solution of the linear differential equation with constant co¬ 
efficients, L [u] = 0. 

In fact we do obtain the solutions in the form which we 
already know (cf. Chap. VI, § 4, p. 449), on evaluating the 
integral by the theory of residues, with the assumption that the 
curve C encloses all the zeros 2 ^, z 2 , . . . , z n of the denominator 
P(z) = a n (z — z 0 )(z ■— Zj) . . . (z — z n ). If we assume to begin 
with that all these zeros are simple zeros, they are simple 
poles of the integrand, and the residue at the point a v is 

f (z ) 

2m ~~~r e tZv - By suitable choice of the polynomial f(z) the 

P (2„) 

expressions f(z v )/P'(z v ) can be made arbitrary constants; we 
accordingly obtain the solution in the form 

n 

u(t) — S c v e Zv * 9 

in agreement with our previous results. 

If a zero z v of the polynomial P(z) is multiple, say r-fold, so 
that the corresponding pole of the integrand is of the r-th order, 
the residue at the point must be determined by imagining 
the numerator e tz f(z) — e tZv e t{z ~ Zi,) f(z) also expanded in powers 
of z — z v . We leave it to the reader to show that the residue at 
the point z„ gives the solutions te Uv } .. • , t r - 1 e tz ” as well as the 
solution e tZv . 
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6. Proof of the Formula 


5 6l 


f e~ x *dx —■■ \/n. 


In evaluating the integral on p. 555 we took over this formula 
as known from the theory of real variables. It is, however, 
possible to obtain the result by complex integration, using the 
theory of residues. As this proof is very instructive, we shall give 
it here, although from our elementary point of view its starting- 
point may appear artificial. We begin with a complex integral 
which arises in other branches of mathematics (e.g. the theory of 
numbers). 

We use the symbol j\ to denote the straight line z = \ -f-pe^ 4 
(—00 < p <oo) in the 2 -plane, that is, a straight line making 
an angle of 45° with the x-axis and cutting it at the point 
The symbol /—\ or /0 will bear a similar meaning. Let u be 
a real parameter. We then consider the integral 


j r ^iriz I +2iriux 

f* - dz. 

/* e linz - 1 


This integral is to be regarded as an improper integral, that is, 
we integrate in the first place between the limits p = — R, 
p~R, and then let R tend to infinity. The reader may verify 
that this integral exists by means of an argument following the 
pattern of similar arguments for real integrals. Then 

r p*iz x 

f(u+ 1) -/(*)- l)dz 

= f e niz '‘ +2niuz dz 

= e~ niu * [ e ui ^ z+u)t dz. 

J li 


As the integrand on the right is regular everywhere, we can 
use Cauchy’s theorem to displace the path of integration 
parallel to itself to any extent, as on p. 556, writing, for 
example, 

/(« + 1 ) -/( m ) = e~” u 'f e™'dz = e~" iu 'l, 


37 
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where z — pd" 1 * on the path of integration and hence 
I = T e-^'dp. 

J —co 


4 

That is, if we substitute = t, we have 
I 


I /.GO 

■ €*'*— f e~‘‘dt. 

\ 7T •' — oo 

Again, if we put z = A + 1 and take A as the new variable 
of integration, we obtain the expression 

gri\ l +2m\u 

/(«) = - / 3ET—V e^e^dX, 

J l-i 6 ~ 1 

using the facts that e 2,r * = 1 , e 1 " = — 1 , or 

- <3 7rt'A*4-2m'Att 

f e niX>+2mXu d X + f e - fa 


By the above result, as we can again displace the path of integra¬ 
tion parallel to itself, the first integral on the right is equal to 
g-ir m‘i If we replace the second integral by the integral obtained 
for f(u) by displacing the path of integration through an interval 
1 to the right, we have to note that the pole A = 0 of the 
integrand lies between the two paths of integration. 

We now apply the theorem of residues—the fact that the 
path of integration /— \ and extends to infinity gives us no 
trouble, in virtue of the analogous discussion on p. 556—prove 
that the residue of the integrand at the point A = 0 has the 
value 1 , and then at once obtain the result 

-f(u)e- 2niu = e-™'I + f(u) — 1 

from our equation. Here neither 1 nor the function f(u) is ex¬ 
plicitly known. If, however, we put u = f(u) disappears from 
the equation, and we are left with 

e-” /4 Z = 1 . 

But since 

/==e «/4 1 

\/7T •/-oo 

the real integral formula follows at once. 
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6. Many-valued Functions and Analytic Extension 

In defining functions both real and complex we have hitherto 
always adopted the point of view that for each value of the 
independent variable the value of the function must be unique. 
Even Cauchy’s theorem, for example, is based on the assumption 
that the function can be defined uniquely in the region under 
consideration. All the same, many-valuedness often arises of 
necessity in the actual construction of functions, e.g. in finding 
the inverse of a unique function such as the n-th power. In the 
real case we separated different one-valued branches of the inverse 
function in inversion processes such as y/z or y/z. We shall 
see, however, that in the complex case this separation is no 
longer possible, for the various one-valued branches are now 
interconnected. 

We must be content here with a very simple discussion based 
on typical examples. 

For instance, we shall consider the inverse C = Vz of the function 
z = £ 2 . To one value of z there correspond the two possible solutions £ and 
— £ of the equation z = £ 2 . These two branches of the function are con¬ 
nected in the following way. Let z — re ie . If we then put £ — y/r e iel - = /(*), 
s “ /(z) is certainly analytic in every simply-connected region R ex¬ 
cluding the origin (where/(z) is no longer differentiable). In such a region 
Z is uniquely defined, by our previous statement. If, however, we let the 
point z move round the origin on a concentric circle K t say in the positive 
direction, £ = \/ re i0/2 will vary continuously; the angle 0, however, 
will not return to its original value, but will be increased by 2rc. Hence 
in this continuous extension when we come back to the point z we no 
longer have the initial value £ =\/ re ifi ' 2 , but the value\/ re ie l 2 e 2 ' ni l 2 = — 'Q. 
We say that when it is continuously extended on the closed curve K 
the function f(z) is not unique. 

The function y/z, where n is an integer, exhibits exactly the same 
behaviour. Here every revolution multiplies the value of the function by 
the n-th root of unity, namely e = e 2niln , and the function only returns 
to its original value after n revolutions. 

In the case of the function log 2 we saw (p. 543) that there is a similar 
many-valuedness, in that in travelling once continuously round the origin 
in the positive sense the value of log 2 is increased by 2ni. 

Again, the function z* is multiplied by e 2iria per revolution. 

All these functions, although in the first instance uniquely 
defined in a region R , are found to be many-valued when we 
extend them continuously (as analytic functions) and return to 
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the starting-point by a certain closed path. This phenomenon 
of many-valuedness and the associated general theory of analytic 
extension cannot be investigated in greater detail within the 
limits of this book. We would merely point out that the unique¬ 
ness of the values of a function can theoretically be ensured by 
drawing certain lines in the z-plane which the path traced by z 
is not allowed to cross, or, as we say, by making cuts along cer¬ 
tain lines. These cuts are so arranged that closed paths in the 
plane which lead to many-valuedness are no longer possible. 

For example, the function logs is made one-valued by cutting the 
2-plane along the negative real axis. The same applies to the function Vs. 
The function V(1 — z l ) becomes one-valued if we make a cut along the 
real axis between —1 and +1. 


Once the plane has been cut in this way, Cauchy’s theorem 
can at once be applied to these functions. 

We now give a simple example showing how Cauchy’s theorem 
is applied in a case where many-valued functions arise, by 
proving the formula 


=r 


(x — &)V0 — x2 


dx ■ 


2n 




where 1c is a constant which does not lie on the real axis between 
— 1 and +1. 

We begin by noting that the function- \ -— is 

* 1-- 2 ) 

one-valued in the 2 -plane provided we make a cut along the real 
axis from — 1 to +1. If in the complex plane we approach this 
cut S first from above and then from below, we obtain equal and 
opposite values for the square root \/(l ~~ z 2 ), say positive from 
above and negative from below. We now take the complex 
integral 

f dz 

h(z~kW( l-z 2 “) 


along a path C as indicated in fig. 9. By Cauchy’s theorem we 
can make this path contract round the cut without altering the 
value of the integral. The integral is therefore equal to the 
limiting value obtained when this contraction is made, which is 
obviously equal to 21. On the other hand, if we take the integral 
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of the same integrand along the circumference of a circle K with 
radius R and centre the origin, this integral, by our previous 



investigations, tends to zero * as R increases. By the theorem of 
residues, however, the sum of the integrals along C and K is 
equal to the residue of the integrand at the enclosed pole z — /, ; 
hence 2/ is equal to the residue in question. This residue is 


2 7ri lim (2 — k) 

x —^ k 


1 1 _ 2tt 

V(1 -z 2 ){z-k) 


which proves our statement. 

Example of Analytic Extension. The Gamma Function .—In 
conclusion we give yet another example showing how an analytic 
function, originally defined in a part of the plane only, can be 
extended beyond the original region of definition. We shall 
extend the gamma function, which was defined for x > 1 by 
the equation 

T{z) - 

^0 


analytically for x ^ 1 also. We can do this e.g. by means of the 

functional equation r(«) = - r(z +1), using this equation to 

z 

define T (2 — 1) when r(z) is known. By means of this equation 
we can imagine T{z) as extended first in the parallel strip 

* In fact, its value is actually zero, since by Cauchy’s theorem it is 
independent of the radius R , provided that the circle encloses the pole z * k. 
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—1 < x ^ 0 and subsequently extended to the next parallel 
strip —2 < x ^ —1, and so on. 

We can, however, adopt another method, of greater theoretical 
interest, for extending the gamma function. We consider the 
path C in the tf-plane indicated in fig. 10, which surrounds the 



Fig. 10.—Loop-integral for the gamma function 


positive real axis of the tf-plane and approaches this axis asymp¬ 
totically on either side. We easily see from Cauchy’s theorem that 
the value of the “ loop-integral 

**c 

is unaltered when the loop is made to contract into the x-axis. 
The integrand Z z-1 e~* then tends to different values as we 
approach the #-axis from above and below, the values differing 
by the factor e Zmz . For x > 0 we thus obtain the formula 

(1 - e 2iriz )Y(z) - f 

This formula is deduced subject to the assumption that x, the 
real part of z, is positive. We see now, however, that the loop- 
integral has a meaning, no matter what the complex number z 
is, since it avoids the origin t = 0. This loop-integral therefore 
represents a function which is defined throughout the z-plane. 
We then define this function by stating that it is equal to 
(1 —■ e 2iri *)Y(z) throughout the z-plane. The gamma function 
has thus been analytically extended to the whole of the z-plane, 
except the points r < 0 for which the factor (1 — e 2 ***) vanishes, 
that is, except the points z=0, z = -— 1, z = —2, and so on. 

For more detailed and more extensive investigations the 
reader must be referred to the literature of the theory of func- 
tions.f 

* This is again an improper integral, which arises by a passage to a limit 
from an integral along a finite portion of (7. The reader may satisfy himself 
that it exists, by an argument similar to those previously employed. 

f E.g. MacRobert, Functions of a Complex Variable (Macmillan); Whittaker 
and Watson, Modern Analysis (Cambridge University Press); Watson, Complex 
Integration and Cauchy's Theorem (Cambridge Tracts, No. 15). 
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Miscellaneous Examples VIII 

1. Write down the condition that three pointB z v z 2 , z 3 may lie in a 
straight line. 

2*. Write down the condition that four points z v z 2 , z a , z 4 may lie on a 
circle. 

3*. Let A, B, C, D in the z-plane be four points in order on the circum¬ 
ference of a circle, with co-ordinates z v z 2 , z 3 , z 4 . Using these complex 
co-ordinates, show that AB . CD + BC . AD — AC . BD. 

4. Prove that the equation cosz = c can be solved for all values of c. 

5. For which values of c has the equation tanz = c no solution? 

6. For which values of z is (a) cos 2 , (6) sinz real? 

7. Find the radius of convergence of the power series Ea w z n , where 

(a) a n = —, s being a complex number with a positive real part; 

n 8 

(b) a n = n n ; 

(c) a n = logn. 

8. Prove the formula 


lim (l + 

-Van \ US 


where z is complex. 

9. Evaluate the integrals 


5 X 2 008 X 


q 2j r z 2 


J r eo 

f r 

0 (» 


+ 1)(^ + 2) 


dx for 1 < a < 2 


by complex integration. 

10. Find the poles and residues of the functions 


sinz cosz 


-, r(z), cotz: 


II*. Find the limiting value of the integral 


as ft -> ao, where the path of integration is a square C n with its sides parallel 
to the axes at a distance n ± £ from the origin. Hence, using the theorem 
of residues, obtain the expression for cot tcz in partial fractions. 

12*. Using the equation 

108(1+,i_ r & 
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show that the power series for log(l -f* z ) converges everywhere on the 
unit circle | z | = 1 , except at the point z — — 1 . By equating the 
imaginary part of the series to the imaginary part of log(l -f* 
establish the truth of the Fourier series (cf. Vol. I, p. 440) 

= sin0 — J sin20 -f £ sin30 — . . . (—n < 0 < n). 

IS*, (a) Prove that the series 

« ( _iw+i 

/«-/<* + v>-s 

V=1 v* 

converges for x > 0. 

(b) Prove that this series provides an extension of the zeta function 
(defined in Ex. 2, p. 545) to values of z such that 0 < x 1, by meana 
of the formula 

/<«)-(i 

which is valid for x > 1. 

(c) Prove that the zeta function has a pole of residue 1 at z — 1. 



SUPPLEMENT 


Real Numbeks and the Concept of Limit 

In Vol. I, Chapter I, it was taken for granted that the real 
numbers form an aggregate within which the ordinary operations 
of arithmetic may be performed as with the rational numbers. 
We shall investigate this assumption more closely here. We 
take the arithmetical operations on the rational numbers as given. 
Our object is then to make an abstract analytical extension of 
the class of rational numbers which shall yield the wider class of 
real numbers, and to do this without relying on intuition in 
our proofs. We must frame our definitions in such a way that, 
as a logical consequence of them, the ordinary rules of arithmetic 
apply to all real numbers just as they do to rational numbers. 

The introduction of irrational numbers will be undertaken in 
close conjunction with a thorough consideration of the concept 
of limit, in which we shall repeat in a revised form the discussion 
of Vol. I, Chapter I, Appendix (p. 58 et seq.)* 

1. Definition of the Real Numbers by means of Nests of 
Intervals. 

The irrational numbers and, in general, the real numbers 
were defined in Vol. I, Chapter I, § 1, p. 8, by means of decimals, 
the rational numbers being represented by terminating or 
recurring decimals. By such a decimal, say a — 0*a 1 a 2 a 3 . . . , 
we mean that the number represented, called a, lies between 
the rational number a n = 0‘eq . . . a n and the rational number 
a n + 10~ n . The number a is thus determined by means of a 
sequence or nest of progressively smaller and smaller intervals, 
each inside the previous one, the n-th interval being of length 
10“” 

* The only difference in the point of view will be that here we shall start 
with the logical abstract concept of real numbers, while on the former occasion 
the properties of real numbers were taken for granted. 

669 
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For our present purpose it would be inconvenient to restrict 
ourselves to special nests of intervals where the length of the 
n -th interval is 10~ n . We begin with the following general defini¬ 
tion. 

By a rational interval (a | b) we mean the aggregate of all the 
rational numbers x which satisfy the inequalities x^b, 
wher ea<b and a and b are rational numbers. The number 
(b — a) is called the length of the interval. We say that the 
interval ( c\d ) is contained in the interval (a|6) if a^c<d^b. 
An infinite sequence of rational intervals {a x | b x ) 9 (a 2 \ & 2 ), . . . is 
called a nest of intervals if every interval (a n | b n ) contains the 
next in order, (a n+1 1 b n+1 ), and the lengths b n — a n tend to zero. 
That is, given any positive number e, however small (the number 
c must, of course, be rational, since no other numbers have as yet 
been introduced), there is a number N(e) such that the lengths 
b n — a n are less than e for all suffixes n which exceed N. 

From the intuitive meaning of a nest of intervals, and re¬ 
membering in particular how we may pick out any point on the 
number axis by means of a nest of intervals, as on p. 9 of Vol. I, 
we arrive at the idea that we may define an arbitrary real number 
by a nest of intervals. This is to be taken as meaning the following: 
the real number is given by an unending process of approxima¬ 
tion which is determined by the nest of intervals. The nest whose 
general member is (a n \b n ) gives us, with regard to the number 
a to be defined, the fact that this real number lies between a x 
and b Xi again, it lies between a 2 and & 2 , between a 3 and 6 3 , and 
so on. The nest of intervals will thus give us two rational num¬ 
bers, as near together as we please, between which the real 
number lies. 

The essential step is now that we abandon the notion of 
obtaining an objective definition of the irrational numbers. We 
give up the attempt to characterize the irrational numbers as 
given mathematical entities with specific properties. We do not 
say that an irrational number is such and such a mathematical 
object; instead, we are content with the process of approximation 
which gives the nest of intervals and regard each such process 
as defining a real number. If there is a rational number a con¬ 
tained in all the intervals (a n |6 n ), the real number defined by the 
nest of intervals {a n \b n ) is said to be identical with a. By this 
assumption the rational numbers become real numbers also. 
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The words irrational number or, more generally, real number 
may thus be regarded merely as a brief way of referring to a 
nest of intervals.* 

This is what is meant by the statement that an irrational 
number is given or defined by a nest of intervals. In practice it 
comes to this, that every operation with real numbers is an 
operation with nests of intervals. This offers the possibility of 
making calculations with real numbers depend logically on 
operations with rational numbers. 

It is necessary to lay down a procedure for defining addition, 
multiplication, &c., of real numbers by nests of intervals. Here 
the rules must be framed in such a way that the ordinary laws 
of calculation still apply. Moreover, we must ensure that the 
rules of calculation with rational numbers are not contradicted. 

We shall begin by showing that our definition implies an 
ordering of the real numbers by magnitude. This in itself provides 
a sufficient groundwork for the axiomatic foundation of the 
concept of limit and a more thorough understanding of it. When 
this has been achieved, we shall return to the question of the 
rules of calculation with real numbers. 

2 . The Real Numbers in Order of Magnitude. 

Let two numbers a and y be given by nests of intervals 
(a n \b n ) = i n and (c n | d n ) = j n . The following three cases may 
occur. 

(1) From a certain stage n = n 0 onward every interval j n lies 
to the right of the interval i n \ that is, for n— n 0 , and of course 
for every n > n 0 , we have b n <c n . We then say that y is greater 
than a, or y > a. 

(2) If, on the other hand, from a certain n 0 onward i n lies to 
the right of j n , then we say that a > y. In this case for n ^ n 0 
we have always d n < a n . 

( 3 ) Neither of the above situations arises. We then say that 
the two nests of intervals i n and j n define the same number: 
a = y. Thus two nests of intervals define the same number if, 
and only if, the intervals i n and j n always overlap; that is, if 

* Some process of this kind is often essential in giving a precise formulation 
to mathematical concepts. For instance, in projective geometry, when points 
at infinity are introduced these points are not treated as definite mathematical 
entities in themselves; we merely say that a point at infinity is given by a 
pencil of parallel lines. 
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both a n d n and b n ^ c n ; or if the two intervals i n and j n have 
rational points in common for every n. A special consequence 
of this definition is that if, of two nests of intervals, one is obtained 
from the other by the omission of a finite or infinite number of 
constituent intervals, the two nests define the same real number. 

All these rules giving the magnitude relations between two 
real numbers can be understood immediately from the point of 
view of the intuitive meaning of nests of intervals. 

A few simple facts about inequalities between real numbers 
will now be noticed. They will be of use in what follows. 

We first make the following observation. The relation a 5^ y 
can be inferred from the two defining nests of intervals (a n | b n ) 
for a and (c n \d n ) for y if we note that from a certain n = w 0 
onwards the inequality a n 5 ^ d n holds.* 

In just the same way we see that the condition c n b n for 
all large values of n is equivalent to a ^ y. 

We see at once from the above that if a is a real number determined 
by the nest of intervals (a n | b n ), then a n ^ a ig b n . This fact justifies 
our rule, for it shows that any real number is actually contained in every 
interval of the nest which defines it. 

If a and jS are two real numbers and a < /?, then by the in¬ 
terval (a|/?) is meant the aggregate of all real numbers £ such 
that a ^ ^ jS. We call the interval a rational interval if its 

“ end-points ” a and ft are rational numbers. We say that the 
real number £ lies in the interior of the interval if the signs of 
equality are absent, so that a < £ < jS. We describe (a|j8) as 
a neiqhbourhood of the real number y if y lies in the interior of 

( a \P)- 

Every interval has rational numbers r in its interior. 

For let (a n | b n ) and (c n | d n ) be nests of intervals defining the numbers 
a and (3. Since a < (3, there is a number n 0 such that 6 no < c no . Thus 
a ^ b n{) < c no g (3. We see that r = (6 W() -f- c Wo ) / 2 is a number with the 
required property. 

From this we obtain the following statement: if (a|/J) is a 
neighbourhood of y, then (a|j8) contains a rational neighbour- 

* For if a = y this inequality is satisfied, as can be seen from the definition 
of equality, and if a < y then from some number onwards we have b n < c n , so 
that a fortiori a n < d n . Conversely, if from some number onwards a n d n , 
then either b n ^ c n for ail such values of n, and then a = y by definition, or 
else, for some value of n , b n < c n , which gives a < y. 
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hood (a | b) of y. It is only necessary to choose two rational 
numbers a and b such that a < a < y < b < /J. It is also easy 
to see that if a < j8, then rational neighbourhoods (a\b) of a 
and (c\d) of /3 can be found such that 6 < c; in other words, 
the two neighbourhoods have no points in common. 

We shall not deal with the fundamental rules of calculation 
until we come to sub-section 8, p. 580 . Our next step is to 
resume the analysis of the concept of limit with the help of the 
ideas just explained. 

3. The Principle of the Point of Accumulation.* 

The determination of real numbers by nests of intervals 
forms the essential basis of the proof of the principle of the 
point of accumulation, which is due to Weierstrass. A few 
remarks on the concept of the point of accumulation will first 
be made. 

Let M be an infinite set of real numbers in which it is per 
missible for the same number to occur more than once, and 
indeed an infinity of times. (For example, 1 , 1 , 1 , ... is such a, 
set.) If £ is a number such that every neighbourhood of £ contains 
an infinity of numbers belonging to M, then f is called a 'point of 
accumulation of the set M. The name of course recalls the geo¬ 
metrical connexion between numbers and points. Since every 
neighbourhood of £ contains a rational neighbourhood, it is 
sufficient to formulate the above requirement in terms of rational 
neighbourhoods only. 

An infinite set of numbers need not necessarily have a point 
of accumulation. The set of integers provides an example. A 
point of accumulation of a set need not itself be a member of 
the set. For example, the set 1 , §, j, ... , 1 /n, ... has 0 as a point 
of accumulation, but the definition of the set shows that 0 is not 
one of its members. A set which contains all its points of accumu¬ 
lation is said to be closed. The set of all numbers x such that 
0 < x < 25 is not closed, since the points of accumulation 0 and 
25 do not belong to it. On the other hand, 0 ^ x ^ 25 defines 
a closed set. A set a ^ x b is called a closed interval. 

A set may have an infinity of points of accumulation. For 
example, every real number is a point of accumulation of the 

* The above discussion is essentially a repetition of the text in Vol. I, 
Chap. I, p. 58. The same is true of the next three sub-sections. 
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set of rational numbers. For if a is any real number, which may 
be thought of as given by a nest of intervals ( a n | b n ), then every 
neighbourhood of a contains an infinity of intervals ( a n | b n ), and 
hence of rational numbers a n , b n . 

The principle of the point of accumulation, which will now 
be proved, rims as follows: 

Every bounded infinite set of real numbers, that is, every infinite 
set of real numbers lying in a definite interval , possesses at least one 
point of accumulation. 

To prove this we have to construct a nest of intervals defining 
a real number which has the property of a point of accumulation 
of the set. 

We first observe that it is legitimate to assume that the given 
set is contained in a rational interval; for if this were not the 
case we could replace the given interval by a larger interval with 
rational end-points. We now divide this rational interval into 
two equal sub-intervals. At least one of these contains an infinite 
number of points of the set. For if this is not the case the original 
interval contains only a finite number of points of the set, and 
the hypothesis is contradicted. We take the sub-interval con¬ 
taining an infinite number of points of the set, or, if such occur 
in both, we take one or other of the sub-intervals, and divide it 
into two equal sub-intervals. Just as before, at least one of 
these sub-intervals contains an infinity of points of the set. 
Either this one, or one of the two containing an infinity of points 
of the set, is now sub-divided, and so on. In this way a nest of 
intervals ( a n | b n ) is constructed; for each interval taken is con¬ 
tained in the previous one and the length of the wth interval is 
one 2 n -th part of the length of the original interval. This nest 
of intervals defines a real number £. It will be shown that | 
is a point of accumulation of the set. 

Consider any rational neighbourhood (r | s) of £, so that r<£<s. 
Then from a certain number n x onward we must have r < a ni 
and from another (possibly different) number n 2 onward 6 ng < s. 
In any case, if n > n x and also n > n 2 , then (a n \ b n ) is contained 
in (r\s). The construction of our nest (a n | b n ) shows that each 
interval of the nest contains an infinity of points of the set, and 
therefore the arbitrary rational neighbourhood (r\s) of f also 
contains an infinity of points of the set. But this asserts precisely 
the fact that £ is a point of accumulation of the set. 
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4. Upper and Lower Points of Accumulation. Upper and Lower 
Limits. 

In the construction which has just led us to a point of accu¬ 
mulation of a bounded infinite set, we might have made the 
restriction that the second interval (that with the larger numbers 
as its end-points) should always be chosen whenever it contained 
an infinity of points of the set. If this were done, the nest of 
intervals obtained would define a perfectly definite point of 
accumulation j8 of the set. This number is the greatest of 
the numbers corresponding to points of accumulation of the set. 

This follows at once from the remark that there can only be 
a finite number of points of the set in any interval to the “ right ” 
of each interval (a n | b n ) of the nest described above. 

If y is an arbitrary number greater than and if n is sufficiently 
large, the number b n is less than y. Only a finite number of 
members of the set can be greater than b n , Thus y cannot be a 
point of accumulation, so that j 3 is in fact the greatest number 
corresponding to a point of accumulation. It is called the upper 
limit (lim) of the set. 

If in the construction we agree to choose the first interval 
of the two (that with the smaller numbers as end-points) when¬ 
ever it contains an infinity of points of the set, we arrive in the 
same way at the lower limit (lim) of the set. 

The upper limit /? and the lower limit a need not belong to 
the set. For example, in the case of the set of numbers a 2n = 1 fn, 
a 2n -i = (n — 1 )/n, we have a= 0, j8= 1, but the numbers 0 
and 1 are not members of the given set. 

In the example just given the set contains no number greater 
than 1. We say that in this case 1, besides being the upper limit, 
is the upper bound 6 of the set. The general definition is as 
follows: the number G is called the upper bound of a set of numbers 
if the set contains no number greater than G, and if every number 
less than G is exceeded by at least one number belonging to the set. 

It is important to notice the distinction between the upper 
limit and the upper bound of a set. Take, for example, the set of 
numbers 1, |, |, . . . . The upper bound is 1 and the upper limit 
is 0, the number 0 giving the only point of accumulation of the 
set. 

We shall now show that every set of numbers which is bounded 
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above has an upper bound. A set of numbers is said to be bounded 
above if tiiere is a number M such that all members of the set 
are smaller than M. We first note that if the set contains a greatest 
member G, then G is the upper bound of the set. But a set which is 
bounded above need not have a greatest member, as is seen from 
the example (n —* 1 )/n, (n = 1, 2, . . .). We now assert that if the 
set has no greatest member , its upper limit is also its upper bound. 

For suppose the set contains a number x > /?. We consider 
all members of the set which are not less than x. There can only 
be a finite number of these, for otherwise the interval (x\M) 
would contain an infinity of members of the set and thus at least 
one point of accumulation, contrary to the assumption that P 
is the upper limit. Among the finite number of members of the 
set which are not less than x there would be a greatest one, and 
this would at the same time be the greatest member of the 
whole set. Thus we should be thrown back on the case already 
dealt with. It follows that if the set contains no greatest member, 
then no member of the set exceeds the upper limit. The number 
P also fulfils the second condition that it should be the upper 
bound. For suppose that y is any number less than / 3 ; then the 
interval (y\M) is a neighbourhood of p. But since P is a point 
of accumulation the neighbourhood contains an infinity of points 
of the set, all greater than y. 

The lower bound g of a set of numbers is correspondingly defined 
as that number which is not greater than any member of the set, 
and which has the property that every number greater than g 
is also greater than at least one member of the set. Every set 
which is bounded below has a lower bound, which is either the 
least member of the set or else the lower limit of the set. 

5. Convergent Sequences. 

We consider sequences of numbers a 1? a 2 ,..., always assuming 
that they are bounded. The principle of the point of accumulation 
shows that the set of numbers a v a 2 , . . . has at least one point 
of accumulation. A sequence of numbers is called convergent 
if it has only one point of accumulation a. This number a is 
then called the limit of the sequence, and we write 

lim a n = a. 
n —>co 

The following definition is clearly equivalent to the one just given. 
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A sequence of numbers Og, . . . has the limit a if, and only if, 
every neighbourhood of a contains all the members a n of the sequence, 
with the possible exception of a finite number of members. 

For if the bounded sequence a n has only one point of accumu¬ 
lation a, then only a finite number of members can lie outside 
any neighbourhood of a; otherwise there would be some other 
point of accumulation. Conversely, if all neighbourhoods of a 
contain all the numbers a n , with only a finite number of excep¬ 
tions, then the sequence a n is certainly bounded. It can only 
possess the one point of accumulation a. For if a' were another, 
we could choose quite separate neighbourhoods of a and a, 
and in each of these there would be an infinity of numbers 
belonging to the sequence. This would contradict the hypothesis 
that only a finite number of members of the sequence lie outside 
any neighbourhood of a. 

A sequence which does 
not possess a limit should 
not be regarded as any¬ 
thing abnormal. On the 
contrary, the existence of a 
limit is in a sense excep¬ 
tional. For example, the 
sequence whose members 
are = l/»» a 2 n~i — 

(n — 1 )/n, n — 1, 2, . . . 
has two points of accumu¬ 
lation, namely 0 and 1. 

The aggregate of the positive rational numbers can be regarded 
as a sequence of numbers, though we must first entirely dislocate 
the ordering by magnitude. The simplest way to arrive at such 
a sequence is to order the members by means of the array in fig. 1. 
The line drawn in the figure shows the order in which the numbers 
should be taken, any number which has already appeared in the 
sequence being disregarded. As has already been mentioned, the 
set of all rational numbers has every real number as a point of 
accumulation. 

The concept of convergence enables us to make a very useful 
deduction from the principle of the point of accumulation. If M 
is a given bounded infinite set of numbers with £ as point of accum u¬ 
lation, then M contains an infinite sequence cq, a 2 , . . . of numbers 
converging to the limit £. 

(E 912 ) 
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To prove this we assume that £ is given by a nest of intervals 
(a n \ b n ) where a n < £ < b n . Since £ is a point of accumulation, 
contains an infinity of points of M. We choose one of 
these and call it a v Again, (a 2 | b 2 ) contains points of M. We 
choose one of these and call it a 2 , and so on. The resulting sequence 
a v <x 2 , ... is bounded and can have no point of accumulation 
other than £. It therefore converges to the limit 

We now call attention to the two following theorems on co?i- 
vergent sequences, which, though simple, are important in what 
follows. 

If the sequence a v a 2 , ... converges to the limit a, then every 
infinite sub-sequence converges to a. For instance, a-,, a 3 , a 5 , 
converges to a. 

This follows immediately from the observation that any point 
of accumulation of a sub-sequence must be a point of accumulation 
of the original sequence. An infinite sub-sequence must have at 
least one point of accumulation, and this can only be a. 

If a v <x 2 , . . . and fi x . /? 2 , ... are two sequences with the same 
limit y, then the mixed sequence a v f 3 v a 2 , j8 2 , 03, . . . converges to y. 

Any neighbourhood of y contains all the numbers a n and all 
the numbers fi rn with the possible exception of a finite number 
of members of each sequence. It therefore contains all members 
of the mixed sequence, except possibly for a finite number of 
these. 


6 . Bounded Monotonic Sequences. 


A sequence of numbers cq, a 2 , . . . is said to be monotonic if 
cither 

for ail values of n or 


£== ( L n +1 


for all values of n. In the first case we say that the sequence is 
monotonic non-decreasing, and in the second that it is mono tonic 
non-increasing. 

We now prove the important statement that every bounded 
monotonic sequence is convergent . We may restrict ourselves to 
the proof for the non-decreasing sequence. The other case is 
exactly similar. 

Since every bounded sequence has at least one point of 
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accumulation, we need only show that our monotonic sequence 
cannot possess more than one. Suppose, then, that there are two 
such, a and a, say, and that a < a'. About a and a' we construct 
two quite separate neighbourhoods U a and U a ,. Each must 
contain an infinity of members a n of the sequence. Take one 
of the members contained in U a , 9 say a r . Now let a s . be the first 
member beyond a r which lies in U a . There must be such a 
member, since U a contains an infinity of members. Now all the 
members in V a are smaller than any in U (/ . It follows that 
a r > a s , which contradicts the hypothesis that the sequence is 
non-decreasing. 

We may add the following remark: if cq, a 2 , ... is non- 
decreasing and bounded, then lim a n ^ a N for every N . For only 

n — v oo 

a finite number of members a n , that is to say cq, a 2 , . . . , a v i} 
can be less than a N . Tliencore the limit is not less than a v . 
In the same way, we see that the limit of a non-increasing sequence 
is not greater than any member of the sequence. 

7 . Cauchy’s Convergence Test for Sequences of Rational 
Numbers. 

Before we can lay the foundations of calculation with real 
numbers we need a convergence test which is not restricted to 
sequences of rational numbers; but we cannot formulate this 
until we have defined subtraction for real numbers. We shall 
therefore prove the convergence test for rational numbers here, 
and return to the general cast 4 in sub section 9 , p. 585 . 

The test in question is as follows: 

A sequence of rational numbers a x , a 2 , . . . is convergent if, and 
only if, corresponding to every positive number e, however small, 
we can find a number N(e) such that for every n > N and m > N 

| — a m | < e- 

We shall first show 7 that if this inequality is satisfied for all 
sufficiently large numbers m and n, then the sequence is con¬ 
vergent.* The boundedness of the sequence is proved as follows. 
We take the special value e — 1. Then for a sufficiently large 
value of n and all sufficiently large values of m 

| «« — ®m| < 1- 

* Attention must be drawn to the fact that the elements of the sequence a 1% a 2 , 

•.. are assumed to be rational, but that this is not the case with the limit a 
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With a finite number of possible exceptions, then, all the 
numbers a m lie in the interval \a n — 1 1 a n + 1). Thus a properly 
chosen interval will contain all the numbers a m without exception. 
The principle of the point of accumulation shows that the sequence 
has at least one point of accumulation. Wc have still to show 
that there cannot be more than one. Suppose there are two, 
a and a'. About a and a we could construct quite separate 
neighbourhoods (c\d) and (c'\d f ) so that 

c<a<d<c'<a f <d', 

where we assume, as we may without restriction of generality, 
that a < a . Since a and a' are assumed to be points of accu¬ 
mulation, (c\d) contains an infinite number of points a n and 
(c' | d') contains an infinite number of points a m . Thus, in par¬ 
ticular, for an infinite set of values of n and m we have 

a m — a n ^i c — d> 0. 

But this contradicts the hypothesis, which shows that for all 
sufficiently large values of m and n 

| a m — «» | < C — d. 

Hence the sequence has one, and only one, point of 
accumulation. 

We next show that if the sequence oq, a 2 , . . . converges to a, 
then for every e > 0 and for all sufficiently large values of n 
and m 

I «« — ®m | < «• 

We take a neighbourhood (c\d) of a, whose length (d — c) is less 
than or equal to e. If N is suitably chosen, then whenever n 
exceeds N , a n lies in (c| d). Thus if n > N and m> N, both 
a n and a m lie in (c| d). From this it follows that 

| a n — a m | < d — c ^ e. 


8. Calculation with Real Numbers. 

So far our work has given us the definition of real numbers 
by means of nests of intervals, and their ordering by magnitude. 
The theorem last proved provides a simple means of defining the 
rules of arithmetical calculation with real numbers. 
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Let a real number a be given by a nest of intervals (a n |6 n ). 
Since the intervals form a nest, the numbers a n form a monotonic 
non-decreasing sequence and the numbers b n a monotonic non- 
increasing sequence. These sequences are bounded; for we may 
note that every a n is less than or equal to b v and every b n greater 
than or equal to a v The sequences therefore converge. In both 
cases, moreover, the limit is the real number a. For every neigh¬ 
bourhood of a contains all the intervals (a n | b n ), except possibly 
for a finite number of these, and thus the neighbourhood contains 
all but a finite number of members of the a n and the b n sequences. 
We may therefore say that every real number can be exhibited as 
the limit of sequences of rational numbers . 

If now we wish to define any operation of arithmetic for two 
real numbers a and jS, we choose two sequences a n and b n of 
rational numbers with the limits a and /3 respectively. We 
perform the operation on the pairs of numbers a n and b n and thus 
obtain a new sequence. When we have proved that this sequence 
has a limit, we shall say, by way of definition, that it is the result 
of the operation on the two real numbers a and j3. 

Let a and be two arbitrary real numbers and let lim a n — a 

n —>• ao 

and lim b n — /?. We consider the sequences a n + b n , a n — b n , 

OO 

a n b n > and 1 /a n . If we can prove that these sequences converge, 
we can set up the definitions 

a + 0 = lira (a n + b n ), 

»—> 00 

a — $ = lim (a„ — b„), 

n—> ao 


= lim (a n b n ), 

n—> ao 



The convergence of these sequences will be proved by means of 
Cauchy's convergence test. 

It follows from the convergence of eq, a 2 , . . . that if e is a given 
positive number and n and m are sufficiently large, say n> N ± 
and m > N v then 

| a n a m | < e /2, 
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and, from the convergence of b v b 2 < . . . , that if n and m are 
sufficiently large, say n > N 2 and m > N 2 , then 

\K-K\< € /2. 

If N(e) denotes the larger of the two numbers iV 1 and iV 2 , then 
if n > A 7 (e). m > A 7 (e), 

j (^n ~f" bn) (^m “f" b m ) j ^5 | d n d m J “j - j b n J <C * "}' — € 

2 A 
and 

| (^n ^n) b m ) | ^ | (1 m J -j~ j b n b, m J <C ^ 'T' ^ € * 

By Cauchy’s test both the sequences a n + b n and a n — b n 
converge. 

To prove that a n b n converges, we must first notice that the 
numbers a n and b n form bounded sets. There are therefore two 
positive rational numbers A and B such that for all values of n 

| »» | SS A, I b n | g B. 

Now 

| ^ttbm | “ j ® nQ*n b m ) ~f* b m (d n d m ) J 

==^ | U'n | | b n h m | -f- j h m | J (l n Q m j 
£A\b % -b m \ + B\a n -a m \. 

Since the sequences a 1? a 2 , . . . and b v b 2 , . . . converge, we can 
find numbers N r and N 2 corresponding to any given e > 0 , such 
that 

| a n — a m | < e/2 B when n > 2 Vj and m > N l 

and 

| b n — b m | < e/2 A when n > N 2 and m > N 2 . 

Thus if n and m are both greater than the larger of the two 
numbers N 1 and N 2 , the above inequalities hold simultaneously. 
We have therefore 

I a n K - OmK \ <A ^ + B ^ ==e - 

Cauchy’s test shows at once that the sequence a n b n is convergent. 
We now suppose that a 4= 0 and lim a n = a. We have to 

v —> 00 

show that 1 ja n converges. It is first necessary to show that 
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if n is sufficiently large, \a n \ is greater than a positive number p 
independent of n. We take a rational neighbourhood of a which 
does not contain 0 . This is possible, since a =1= 0. From a suitable 
n n 0 onward all the members of the sequence a v a 2) . . . lie 
in this neighbourhood. This shows that, for n > ?? (l , | a n | gr p, 
where p is the absolute value corresponding to the end-point of 
the interval that is nearer to 0. The convergence of tlie sequence 

. is not affected by the omission of the first w 0 members, 

tf'i ci 2 

and we may therefore now assume that for all values of n 

| a n | ^ ]> > 0. 

We observe that 

1 _ 1 _J J_ \ | ^ | | 

a n a m | a n a„, \ J a„ | | a,„ | ^ f 

Let e > 0 be given. If N is suitably chosen, then, since a v a 2 , ... 
converges, n> N and m > N give 

| — a n | < ej>", 

so that 

1 _ 1 

This proves the convergence of l/a n , provided that a 0. 

It is obvious that any real number may be exhibited as the 
limit of more than one sequence of rational numbers. It might 
be thought that the definitions given above do not define the 
arithmetical operations uniquely. For instance, suppose that 
lim a n — a and lim b n — ft give one representation of the numbers 

n —> 00 n —y go 

a and jS and lim a n '= a and lim ~ jS another. Then possibly 

w —00 »~>GO 

the two sequences a n + b n and a n ' -f b n ' might have different 
limits. (We have proved that they do have limits.) We shall 
now prove that this difficulty does not arise. It will be shown 
that if 

lim a n = lim a n ' and lim b n = lim b n 

n —> * n —>00 n—> 00 n—>00 

lim K ± b n ) = lim («„' + b„'), 

» —>-00 71 —> 0 C 

lim (a n b„) = lim 

f »—>-00 7 ?->® 



then 
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and, if lim a n — lima B ' =f= 0, 

H—> 00 

lim — = lim —. 

n->-oo<X n n—>ao 


The proof is very simple. It has already been shown that if 
lim <z n = lim a n ' = a, then the mixed sequence a^ a/, a 2 , a 2 ',... 

Tl~> 00 «—>00 

has the limit a. In the same way, we see that b v b x \ b 2 , & 2 ', . . . 
converges to fi = lim 6 n = lim 6 n '. From this and the above 

n —>00 n—>oo 

theorems we find that the mixed sequences % + & l5 + &/, — , 

and oqfc*, oq'6/, . . . and, if a =4= 0, —, ... are convergent. 

a 1 a i 

It has already been proved that every sub-sequence of a given 
convergent sequence converges to the same limit. From this it 
follows that the sequences 

a i ± a<i + b 2 ,... and + b x ' y a 2 + b 2 , . . ., 


which are sub-sequences of a convergent sequence, must converge 
to the same limit. In the same way, 

• and oq b^ , ct 2 b 2 , . . » 


have the same limit, and the same is true of 


1 1 

5 9 • • • 

®1 


and 


1 1 

"■>’ “ • • • • 


The results just obtained allow us to settle another important 
question which is connected with our definitions of the operations 
of arithmetic. 

The class of real numbers contains the rational numbers. In 
the course of our definitions of operations on the real numbers 
we have thus incidentally defined these operations for the rational 
numbers. But we began by taking the operations on rational 
numbers as known. We must therefore verify that the new 
definitions do not give rise to any contradiction in the case of 
the rational numbers. What we have to show is that if lim a n = a 
and lim b n = b are rational numbers, then ”~ >0 ° 

n—> co 


lim (a n + b n ) = a + 6, 

n—3 

lim (a n b n ) = ab 
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and, if a + 0, 



n —v * &n 0> 


It should first be noticed that a rational number a is the 
limit of the rational sequence a, a, ... . For the two sequences 
a i> a 2> • • • and W> W> • • • we ma y take the special sequences 
a, a, . . . and 6, b, . . . . The above theorems then yield 

lim (a n + b n ) = lim (a + b) = a + b 9 

n —> «c n —> oo 

lim (a TJ 6 n ) = lim ( ab ) = ab , 

n —>.oo n —> oo 

lim — = lim - = -, 

n—>-oo (X n n—-><» A 

which is the required result. 

It need hardly be mentioned that, as a result of our definitions, 
all the rules of calculation that hold for rational numbers also 
hold for all real numbers. We have only to apply the rules to the 
rational numbers forming the sequences. Let us, for instance, 
prove the distributive law, a(j 3 + y) = a/J + ay. 

Let a = lim a n , j 3 = lim 6 n , y — lim c n . Then the left-hand 

n—> oo 7i—>oo n—>oo 

side of the equality to be proved is lim {a n (b n + c n )}, and the 

n —> oo 

right-hand side is lim ( a n b n + a n c n ). But since the distributive 

n —> oo 

law is true for the rational numbers, the two sequences are 
the same, and this must also be true of their limits. 

9 . The General Form of Cauchy’s Convergence Test, 

We return to Cauchy’s convergence test, which we have 
already proved for rational sequences on p. 579 . Now that the 
operations of arithmetic, in particular subtraction, have been 
established for real numbers, we can formulate the convergence 
test quite generally for real numbers. The sequence cq, cq, . . . is 
convergent if, and only if\ for any given e > 0, we can find an 
suffix N(e) such that whenever m and n are both greater than N(e) 

| a n — a m | < c. 

The proof is exactly like that given on p. 579 , and need not 
be repeated. 
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The following point is of great theoretical importance. Cauchy’s 
convergence test contains in its enunciation a means of estimation 
of error. For if we are given the sequence and know the number 
N(e), we can state at once that the limit of the sequence lies 
between the numbers a n + c and a n — € whenever n > N(e). 

In this respect Cauchy’s test differs from the test for mono¬ 
tonic sequences. The latter proves the existence of the limit, 
but it gives no means of estimating the limit. Thus in proofs 
of convergence which depend on this test any estimation of the 
limit (and theoretically it is always necessary to give one) must 
depend on separate and extraneous considerations. 



MISCELLANEOUS EXAMPLES 


1. Two vectors x, y (or three vectors x, y s z) are said to be linearly 
independent if a linear relation 

ax + by — 0 (or ax + by + cz = 0) 

is possible only when a — 6 = 0 (or a = b — c = 0). They are said to 
be linearly dependent if such relations exist without all the coefficients 
vanishing. Prove the following statements: 

(a) Three vectors x, y, z such that any two of them are orthogonal 
to one another are linearly independent. 

(b) The vectors x, y (or x, y, z) are linearly independent if, and only if, 

\xy] 4 = 0 

*1 *2 Z 3 

(or x[yz] = 2 /, y, y a + 0). 

H *s 

(c) If two vectors x, y in a plane are linearly independent, then any 
vector v in their plane may be written in the form v~ ax -■}- by. Similarly, 
if x, y, z are linearly independent, then any vector v may be written in 
the form v = ax -f by -f cz. 

2. We know already that if x, y, z arc three vectors, 

Zi x 2 x 3 1 

x[yz] = y[zx] = z[xy] = y l y, y 3 
*1 Z 3 I 

(the common scalar value of these expressions may be conveniently denoted 
by (x, y, z)). Prove the further vectorial identities 


1 xx f 

xy' 

xz' 

(a) ( x , y, z)(x\ y\ z') = I yx' 

yy' 

y* 

I zx' 

zy' 

zz' 


(6) [xyjx'y'] = (xx')(yy') - (xy')(yx') {cl. Ex. 6, p. 19). 

(c) [x[yz]] = (xz)y — (xy)z. 

(d) ([*[yz]], [y[zx]], [z[xy]]) = 0. 

Use the last result to deduce that if a plane is drawn through each of 
three concurrent straight lines perpendicular to the plane of the other two, 
the three planes thus obtained meet in a straight line. 
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3 . Let Ox, Oy be a system of rectangular axes in a plane. Let Ox', Oy' 
be a second such system and let the angle xOx' be 9. Prove that the 
passage from one system of co-ordinates to the other is given by the for¬ 
mulae 

x = x* cos cp — y' sin 9, x' = x cos 9 -f y sin 9, 
y = x' sin 9 4* y f cos 9> V* = —« sin 9 + y cos 9. 

4 . From the result of Ex. 3 deduce the addition formulae 

cos(9+ 4>)= c°S9 eosi)>— sin9 sin<J j, sin(9+ 4) — sin9 cos<J> 4 - COS9 sintj>. 

5 . Let Ox, Oy, Oz and Ox', Oy', Oz' be two co-ordinate systems, both 
having the same orientation, the cosines of the various angles being indi¬ 
cated by the following scheme: 



x' 

y' 

zT 

X 


Pi 

Ti 

y 

<x 2 

P2 

Y2 

z 

a 3 

Pa 

Y 3 


In Ex. 1 , p. 12. and Ex. 9 , p. 38 , the relations 

“l 2 + Pi* 'I- Yl 2 = 1. *2*3 + P 2 P 3 + Y 2 Y 3 = 0, 

« 2 2 + P 2 2 + Y 2 2 = 1» “3“i + PaPi + YaYi = 0, 

“a 2 + Ps a + Ya 2 = 1> «i a 2 +■ PiPa + Y1Y2 = 0. 

I “1 Pi Yi 
A = a 2 p 2 Y 2 — 1 
“a Pa Yb 

were proved. A three-rowed determinant A whose elements satisfy these 
relations is said to be orthogonal. 

Prove (a) that to any orthogonal determinant A equal to +1 there 
correspond two co-ordinate systems Ox, Oy, Oz and Ox', Oy', Oz' with the 
same orientation, such that the cosines of the angles between the various 
co-ordinate axes are given by the elements of A. 

(6) That for any orthogonal determinant the relations 

a i 2 + a 2 2 + a 3 2 = 1. PiYl + P2Y2 + PaYa = 0 

Pi 2 + P2 2 + P3 2 = 1. Yl«l + Ys a 2 + Ys <*3 = 0 

Yi a + Ya 2 + Ya 2 = 1. «iPi + “2P2 + <*aPa = 0 

are also satisfied. 

6*. Let Ox, Oy, Oz and Ox', Oy', Oz' be two co-ordinate systems as in 
Ex. 5 . Assume that Oz and Oz' do not coincide; let the angle zOz' be 0 
(O < 0 < 7t). Draw the half-line Ox x at right angles to both Oz and Oz', 
and such that the system Ox lf Oz, Oz' has the same orientation as Ox, 
Oy , Oz. Then Ox 1 is the line of intersection of the planes Oxy and Ox'y'. 
Let the angle xOx x be 9 and the angle x x Ox' be ^ and let them be measured 
in the usual positive sense in their respective planes, Oxy and Ox'y'. 
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Prove that the passage from Ox, Oy, Oz to Ox', Oy\ Oz' is given by the 
scheme 



x' 

y' 

z ' 

X 

% 

cos 9 cos ^ 

— sin9 cos0 

— cos 9 sin ^ 

— sin 9 cos 4» cos 0 

sin 9 sin0 

y 

1 sin 9 cos ^ 

4 - cos 9 sin ^ cos 0 

— sin 9 sin^ 

4- cos 9 cos 4> cos 0 

— cos 9 sinO 

z 

sin^ sin0 

cos 6 sin 0 

cosO. 


(Note that this result holds also for 0 = 0 or tc, when 9 and 4 > become 
indeterminate with cp -f ^ — LxOx' or 9 — ^ = Z_xOx' respectively. 
The angles 9, 0 are the so-called Eulerian angles , and our result, together 

with Example 5 , shows that the most general orthogonal determinant A 
of value +1 may be expressed “parametrically” by means of the three 
variables 9, 0, subject to the inequalities 

O ^ 0 7r, 0 ^ 9 < 2n, O ^ ^ < 2tu.) 

7 . Let ABC be a spherical triangle of sides a, 6, c and angles A, B, C 
on the “ unit sphere ” (i.c. the sphere of radius unity). From Ex. 6 deduce 
the “ cosine theorem ” 

cos a = cos h cosc + sine cos A. 

8 . Find the angle 9 between the plane 

Ax -}- By -j” Oz *j~ D = 0 

and the line 

x—XqA- zt, y = Vo -f % Z = z 0 + Y U 

9 . Solve the equations 

2z — 3 y 4 - 4 2 =4 
4 a; — % -f Kit == 10 
Sx - 21y + 642 = 34 . 

10 . Prove the identity 

(a 2 -j- b 2 )(c 2 -f c? 2 ) = (ac + bd) 2 + (be — ad) a 



d 

c 


11*. Prove that the value of the determinant 


cos(0 + a) cos(0 -f- p) cos(0 4- y) 

D = sin(0 4- a) sin (0 4- P) sin(0 4- y) 

sin(P — y) sin(y — a) sin (a — p) 


is independent of 0. 
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12. If A = x 2 + y 2 -f- z 2 , B ~ xy y z show that 


I> = 


13. Show that 


A — 


B A 

B 

i 



B B 

A 

= (* 3 + y* + z 3 

— 3 xyzf 

A B 

B 

1 



h -1- x 

a + x 

a + x 

a A- x 

b -{-■ x 

L 

, + X 

a + x 

a 4 x 

b -}• x 

b -j- x 

h ~\- x 

a A x 

b + x 

b + x 

b -f x 

t A A- x 


is of the form A -f Bx\ where A and B are independent of x . Hence by 
giving particular values to x> prove that 


where 


A = "JA1 ~ b ^ a \ B = /< ft ) ~ /W 
a — b a — b 


m~(h- t)(t 2 -Ws- m A - 1). 


14*. Prove that if u and are functions of x and v— 1 ju, then v' ,f — Dju, 4 , 
where D is the determinant 



u f " 

3 u" 

3 u' 

D - 

u" 

2 u' 

u 


u' 

u 

0 


15. (a) Show that a function u of the form u(x, y) = f(x) g(y) satisfies 
the partial differential equation 

uu^ — u x u v = 0. 

(6)* Prove the converse statement. 

16. Prove that 

u(x, y.z) = J - r ) + 9H~. r } (r 2 = x 1 + y- + z*) 

r r 

satisfies the equation 

A u — u ft . 

17. Show that a function u satisfies the equation 

u xx u yv u ‘ l xu ~ ^ 

if its first derivatives satisfy a relation of the form 

F(u x , u v ) = 0. 

18*. Prove that a surface u — f(x, y) generated by straight lines 
meeting the u- axis or, what comes to the same thing, a surface cut in 

straight lines by vertical planes ? = c, satisfies the equation 

X 

+ 2xyu x u y -f y 2 u yy = 0. 
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19 . Find a 8 = §(e, x, y) for tlie continuous functions (cf. pp. 44-5) 

(a) f( x > y) = V(l + x 2 -h 2y 2 ), 

(b) f(x, y) = V(1 -f- #**). 


20. Show that the functions 


/(*. V) = 


(x 2 -f y 4 ) 3 


g(x> y) = 



tend to zero if (a:, y) approaches the origin along any straight line, but that 
/ and g are discontinuous at the origin. 

21. Let C be a smooth curve with a continuously turning tangent. 
Let d denote the shortest distance between two points on the curve and l 
the length of arc between the two points. Prove that d — l— o(d) when 
d is small. 


22. Evaluate 

8 ^ V V (« + 6 > ! « . 

,i o ft-o al bl x a y* 

if 1 + 1 < 1. ,c > 0, a > 0. 

x y 

23. Show by using Euler’s relation (p. 109) that a homogeneous 
function $ n (x, y , z) of degree n which satisfies Laplace’s equation AS n -- 0 
also satisfies the relation 


where 


A (r 2m S n ) « 2m(2n + 2m + \)r 2m ~~ 2 S nt 
r 2 = x 2 + y 2 -f z 2 . 


24. Prove that the curvature of the curve x = x(t) (t being an arbi¬ 
trary parameter) is given by 

, (x ' 2 x " 2 - (x'x") 2 )* 

(X ,2 )t 

25*. Let a twisted curve 0 be defined by x = x(s). y = y(s ), z = as , 
a* being the length of arc of the plane curve x = a;(s), y = y(s). Prove that 
the osculating plane of the curve at a. point P (cf. Ex. 1, p. 93) contains 
the normal to the cylinder x — a;(s), y — y(s) at P. Show that the curva¬ 
ture and torsion of G are respectively given by 

i, x 'y" ~ x "y' _ a(x'y // — x"y') 

"" ~1 + a~* T TTV 2 "■ 

(A curve of this kind is called a circular helix.) 

26. Find the equation of the osculating plane (cf. Ex. 1, p. 93) at 
the point G of the curve x = cosG, y = sin0, z = /(G). Show that- if 

/(G) = ~ cosh A0, each osculating plane touches a sphere whose centre 
A 

is the origin and whose radius is V(1 + 1 /A 2 ). 
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27. A curve is drawn on the cylinder x 2 -f y 2 = a 2 , such that the 
angle between the z-axis and the tangent at any point P of the curve is 
equal to the angle between the y-axis and the tangent plane at P to the 
cylinder. Prove that the co-ordinates of any point P of the curve can be 
expressed in terms of a parameter 6 by the equations 

x — a cos 0, y — a sin 0, z = c Az a log sinO, 
and that the curvature of the curve is (1/a) sin 0(1 4- sin 2 0)^. 

28. (a) Prove that the equation of the plane passing through the 
three points t l9 t z on the curve 

x = y — z~ ct 

is 

— 2 (t x + t 2 4 * h) ! 4 - (t<Jz 4 " hh " 1 “ hh) — Wih = 9 . 

a o c 

(b) Show that the point of intersection of the osculating planes at 
l v U, l 3 lies in this plane. 

29. Let a, b, c. A, B, C, be the sides and angles of a triangle of area 
«, and let R be the radius of its circumscribed circle. Show that 

ds as* 72(cos A da 4- cosB db 4- cosG' dc). 

30. Consider a fixed point A in space and a variable point P whose 
motion is given as a function of the time. Denoting by P the velocity 
vector of P and by a a unit vector in the direction from P to A , show that 

±(AP)--aP. 

31. Let A, B , C bo three fixed points and let the components of the 
velocity vector P of a moving point P in the directions PA, PB , PC be 
u, v, w. Let a. b, c be unit vectors in the directions PA, PB , PC. Prove 
that 

da . /cos A PB , cos A PC \ v . w 

dt \ PA PA J PA PA 


32. Prove that the acceleration vector P of the point P is 
P = aa 4- 4- y c } 


u 4- uv 


/cob APB _ 1 \ /cos APC __ 1 \ 

\ paT pb) + uw V PA~ ” per 


with two similar expressions for (3 and y. 


33. Find the envelope of a variable circle in a plane which passes 
through a fixed point O, and whose centre describes a given conic with 
centre O. 
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34. If r is a plane curve and 0 a point in its plane, the locus F' of 
the orthogonal projections of 0 on a variable tangent of F is called the 
pedal curve of T with respect to the point 0 . Prove that if the point M 
describes the curve F, the pedal curve T* is the envelope of the variable 
circle with the radius vector OM as diameter. 

35. What is the envelope of the variable sphere with the radius vector 
OM (cf. Ex. 34) as diameter? 

36. What are the envelopes of the variable circles and spheres of Ex. 34, 
35, if r is a circle and 0 a point on its circumference? 

37. MM' is a variable chord of an ellipse parallel to the minor axis. 
Find the envelope of the variable circle with MM' as diameter. 

38. A plane moves so as to touch the parabolas 

z = 0, y 2 = 4x and y = 0, z 2 — 4*. 

Show that its envelope consists of two parabolic cylinders. 

394 Generalize the investigation of § 1 of the Appendix to Chap. Ill 
(p. 204) to functions of n variables, proving the following results. Let 
f(x v . . . , x n ) bo three times continuously differentiable in the neighbour¬ 
hood of a stationary point x L = x^ 0 , . . . , x n = x n °, that is, a point where 
f Xi ~ f x% = . . . — = 5 = 0. Consider the second total differential of / 

n 

at the point x°, d 2 f° = E f° x . X dx i dx k ; this is a quadratic form in the 
1 1 k 

variables dx 19 ...» dx n . If this quadratic form is non-degenerate, that is, if 

* {0 f 0 

J X x X t • • * j XjX n 

P> == ; : 4= 0 , 

f 0 fO 

J x n xi * • • J x n x n 

then d 2 / 0 may be (1) positively definite , (2) negatively definite or (3) indefinite. 
Provo that these possible cases correspond respectively to the following 
properties of / at the point (x°): (1) / has a minimum, (2) / has a maximum, 
(3) / has neither a minimum nor a maximum. 

40. Consider the function of two variables / = (y — x 2 )(y — 2a: 2 ), 
which is stationary at the origin O (x~ y — 0). Prove (1) that along any 
straight line through O , / has a minimum at 0, (2) that /, considered as a 
function of (x, y), has neither a minimum nor a maximum at 0. 

41. Let P X PJP Z be a plane triangle with all three angles lesvs than 
120°. Prove by the criterion of Ex. 39 that at the point P interior to P^P 2 P. A 
such that AP. 2 PP z = Z.P z PP 1 = ^P X PP 2 -120°, the sum Pl\ -j- PP 2 + PP. A 
is actually a minimum (cf. Ex. 4, p. 187). 

42. Where does the minimum of the sum PP 1 + PP 2 -j- PP Z occur 
if in the triangle of Ex. 41 the angle P 2 PiP 3 is greater than or equal to 120°? 

t For Ex. 39, 41, 43, and 44, the reader is assumed to be familiar with the 
elements of the theory of quadratic forms. 

(E912) 


39 
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43. To investigate stationary points of / = f(x l9 ...» x n ), where the 
variables satisfy the relations 

• * • > x n) = 9, . . ., = 0 (men), . ( 1 ) 

we may assume that we have found numerical values for the variables and 
the multipliers X^, such that F = / + X^ + \ n <p m satisfies the 

equations 

= o,..., ap/ 0 ^ n = o,.( 2 ) 

and such that the Jacobian of 9 ^ ... , <p m with respect to the variables 
x lf . . . , x m is not zero. To apply the criterion of Ex. 39 we may proceed 
as follows. Regarding x m +j, ..., x n as independent variables, by differen¬ 
tiating ( 1 ) we can obtain the first and second differentials of x t . . . , x m 
as functions of 3 W+1 , . . ., x n , and finally introduce these values into 

<**/= 2 U. m dx i dx k + + • • • + . . (3) 

t, * -«■ 1 

Prove the following second rule, not involving the computation of 
the second differentials d 2 x v . . . , d 2 x m . Regarding x l9 . . . , x n as inde¬ 
pendent variables, consider 

d2F = 'ZF* i x k dx i dx k = d *f+ Wl + • • • + 
compute dx lf ...» dx m from the equations 

— 9/»Xj dx l + • • • + <?nx n dx n — 0 ([* = 1 . m) 

and introduce these values into d 2 F, thus obtaining a quadratic form $ 2 F 
in the variables dx m+l9 ...» dx n . If this quadratic form is non-degenerate, 
then / has respectively a minimum, a maximum, or neither of these, ac¬ 
cording as $ 2 F is positively definite, negatively definite, or indefinite. 

44. In the problem of finding the maximum of / = x x x 2 . .. x n sub¬ 
ject to the condition 9 = x 1 + x 2 4 - . . . + x n — a — 0 (a > 0 ), the rule 
of undetermined multipliers gives a stationary value of / at the point 
x L =. x 2 a=a . ., ~ x n — a/n. Apply the rule of Ex. 43, instead of the 
consideration of the absolute maximum, to show that / has a maximum 
value at this point. 

45. Apply the criterion of Ex. 43 to prove that among all triangles of 
constant perimeter the equilateral triangle has the largest area (cf. Ex. 2, 

p. 200 ). 

46. The curve x s -f y 3 — 3 axy = 0 has a double point at the origin. 
What are its tangents there? 

47. Draw a graph of the curve (y -- x 2 ) 2 — 3 ^ = 0, and show that it 
has a cusp at the origin. What is the peculiarity of this cusp as compared 
with the cusp of the curve a? — y* = 0 ? 
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48, (a) Prove that if all the symbols denote positive quantities the 
stationary value of lx + my ~f~ nz subject to the condition x p -f- y p + z p 
= c p is 

c(Z« + + ^) 1/a , 

where q = p/(p — 1 ). 

(b) Show that the value is a maximum or minimum according as 
?< i - 

49. Find the valuer of x , t/ which make 


stationary. 


2# 3 -f- (x — y ) 2 — 


50. Prove that if 2 is a closed convex curve and ABC is the circum¬ 
scribed triangle of least area, then the points of contact of 2 with the 
sides of the triangle are the centres of the sides. 


51. Show that each of the curves 


(x cos a — y sin a — b ) 3 = c(x sin a + y cos a) 2 , 
where a is variable, has a cusp, and that all the cusps lie on a circle. 

52. If C “ f(a, b) is a true maximum or minimum of j\x, y) subject 
to the condition cp(x, y) — O', show that in general O' ==- cp (a, b) is a true 
maximum or minimum of <p(x, y) subject to the condition /( x, y) — C. 


53. A circle of radius a rolls on a fixed straight line, carrying a tan¬ 
gent fixed relatively to the circle. Taking axes at the point of contact 
where the moving tangent coincides with the fixed line, show that the 
envelope of the tangent is given by 

x = a (0 -j- cos 0 sin 0 — sin 0 ) 
y = a(cos 2 0 — cos 0 ). 

54. If the co-ordinates (j:, y, z) of a point on a sphere are given by 
the equations (cf. p. 100 ) 

x — a sin 0 cos cp, y = a sin 0 sin 9 , z — a cos 0 

show that the two curves of the systems 0 -j- 9 = a, 0 — 9 — p, 
which pass through any point ( 0 , 9 ) cut one another at the angle 
arc cos {(1 — sin 2 0)/(l -j- sin 2 0)} (cf. p. 104). 

Show that the radius of curvature of either curve is equal to 

a(l + sin 2 0)^/(5 + 3 sin 2 0)* 

(cf. Ex. 24). 

55. If 

r n/2 

f(x) = / log (1 — x 2 cos 2 0 )d 0 , 

Jq 

prove that f(x) is finite if x* ^ 1 , and that if x 2 < 1 
d r n!2 d 

==j dx {Jogf 1 — * a 00 s 2 6)} id, 

and hence evaluate the integral. 
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MISCELLANEOUS EXAMPLES 


56. Show that the area S of the right conoid 

ars=*rcos0, y—r sin0, z = /(0), 

included between two planes through the axis of z and the cylinder with 
generating lines parallel to this axis and cross-section r = /'(()), and the 
area of its orthogonal projection on z = 0 are in the ratio 

h/2 + log(l + V2)] : 1. 


57. Assuming that the earth is a sphere of radius It for which the 
density at a distance r from the centre is of the form 

p=i - Br 2 


and the density at the surface is 2J times the density of water, while the 
mean density is 5£ times that of water, show that the attraction at an 
internal point is equal to 





where g is the value of gravity at the surface. 


58. Let (x v 7/j), {x 2 , y 2 ), (x 9 , y s ) be the vertices of a triangle of area 
A (the order of the suffixes giving the positive orientation). Prove that 
the moment of inertia of the triangle with respect to the x-axis is given by 

6 (.Vi 2 + ?/ 2 2 + ?/ 3 2 + ViVt + y^h + y^h)- 


59. A hemisphere of radius a and of uniform density p is placed with 
its centre at the origin, so as to lie entirely on the positive side of the 
a^-plane. Show that its potential at the point (0, 0, z) is 

^- 7C ^ f(a 2 + 2 2 )'^ — a 3 4 * ^ ^ ^P~ 2 if 0 < z < a 

3z L v ^ 2 J 3 

and 

—^ £(a 2 -f* 2 2 )^ + a 8 — j* a 2 zj — ^ Trp^ 2 if z > a. 

60. Sketch the curve 


x 


1-X 2 
1 + X 2 ’ 9 


X — X s 

i + x*’ 




and calculate the area included by the curve. 


61. Prove that the attraction at either pole of a uniform spheroid 
with density p and semi-axes a , a, c is equal to 



cos 0) dr. 


where 


r = 2 a 2 c cos 0/(a 2 cos 2 0 -J- c 2 sin 2 0). 
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62. In the integral 


r* 

= / dx 
J 2 Ji/x 


(20—4jc)/( 8—x) 


(y - 


change the order of integration and evaluate the integral. 


63. (a) By transforming to polar co-ordinates, show that the value 
of the integral 

{•a sin0 ( \ 

T 

is a 2 p (log a — £). 

(b) Change the order of integration in the original integral. 


/*a sin0 / | 

K ~Jo | J t + y 2 ) dx | dy < p < 2 ) 


64. Find the volume V cut off from the right cone 
x 2 -f y 2 — (h~ z) 2 tan 2 a, 0 ^2 
by the right cylinder whose base is the curve 

(h tana — r) 3 — h 8 tan 3 a sin 4 0 cos 2 0, 

where 2 , r, 0 are cylindrical polar co-ordinates, the volume being outside 
the cylinder and inside the cone. 


65. Show that for the hyperbolic paraboloid z— xy the value of 

I = f f dS 

J J (1 + z 2 + Z 2 )i 


taken over the surface bounded by the generators through the origin and 
the point (£, 7), £) is 

—arc tan[£ 2 T) a /( 7) 2 X 2 + 5 2 + £ 2 t) 2 )*J. 


66 . Prove that for —1 < a < 1 and — 71 < arc sin a < 71 

2 2 

V!n\ + acosx) , 

K{a) — j —:-- dx = 7T arc sina. 

do cos a: 

67. Show that the area in the positive quadrant bounded by the 
curves x 3 = a 2 y, x 3 = 6 2 y, y 2 = cx, y a = dx is 

&(ai - b*)(c* - d*). 

68 *. Let F be a closed curve in space on which a definite sense of 
description of the curve has been assigned. Prove that there is a vector a 
with the following characteristic property: for any unit vector n, the 
scalar product an is equal to the algebraic value of the area enclosed by 
the orthogonal projection of T on the plane II orthogonal to n. (Note 
that n gives the orientation of II, and T gives the orientation of its 
projection on II.) In particular, the projection of T on any plane parallel 
to a has the algebraic area zero. (The vector a may be called the area 
vector of T.) 
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MISCELLANEOUS EXAMPLES 


69. Prove thar in a central orbit the attraction p per unit mass is 
given by 

k 2 dq 
P= ?Ir 

where q is the distance of the tangent of the orbit from the pole and h the 
area constant (p. 425). 

Hence prove that the cardioid r = a{l + cos6) can be described under 
an attraction to the pole equal to fxr -4 per unit mass. 

70*. Let there be n fixed particles in a plane, all attracting with a 

central force of magnitude K Prove that there are not more than n — 1 
r 

positions of equilibrium for a particle in the field. 

Calculate these positions for the case of four attracting particles with 
co-ordinates (a, 6), (—a, 6), (a, — 6). (—a, — 6), where a > b > 0. 

71*. A particle of unit mass moves under the action of two forces, 
of which the first is always towards the origin, and is equal to X 2 times 
the distance of the particle from that point, while the second is always 
at right angles to the path of the particle, and is equal to 2p times its 
velocity. Prove that if the particle is projected from the origin along the 
axis of x with velocity u, its co-ordinates at any subsequent time t are 

x = sin V(X 2 + ( j?)t cos [it, 

V = sin V(X2 + ^ )l 

v(X 2 + (x 2 ) 


72. (a) If u, v are two independent solutions of the equation 

my"' ~ / W' + my' + my = 0, 

prove that the complete solution is An -f Bv + Gw, where 


f vf(x)dx 
(uv f — u'v) % 


V f u ^ x '> dx 

J (uvT - u', 


and A f G are arbitrary constants. 

(b) Solve the equation 

sV + &)y'" - *(7z 2 + 25)?/" + (22.r 2 + 40 )y' - 30 xy = 0, 


which has solutions of the form x n . 


73. The tangent at a point P of a curve cuts the axis of y at a point 
T below the origin 0 and the curve is such that OP = n . OT. Prove that 
its polar equation is of the form 

„ (1 -f sin Q) n 

cos ,l+1 0 
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74. Determine the solutions of the equation 

cflz , &z 
— = a 2 _ 

8P 8x i 


which are also solutions of 




75. Prove that if K is a homogeneous fun(‘tion of x , y, z the equation 

8 (K 8u ) + 6 (k 8u ) + - (k tltt ) = 0 

dx \ ex) hj \ 'ey/ c>z \ dzj 
has a solution which is a power of (x 2 y 2 + z 2 ). 

76. (a) Apply Cauchy’s theorem to the integral 

J(z -f- z n " L dz (n > m > 0) 

taken along a path consisting of the positive quadrant of the unit circle 
| z | — 1 and the parts of the axes between the origin and this circle, a 
small circular detour being made round z = 0; and hence deduce that 


cos w 0 cos nQ dO = 


. (» —fll)7T 

sin 2 I (m -f 1) I 


Cj”) 

■+>)'■ 


( b ) Prove that if n — rn the value of the latter integral is tc/ 2 w+1 . 

(In the complex integral the integrand may be taken as real on the 
positive half of the axis). 

d n 

77. Prove that if / is analytic — /(V x) is equal to the result ob- 

dx n 

tained by putting y and a each equal to V x in the expression for 

2 C ' 1 y/ M 

dy n (y + «) w+1 * 

78. Show that if x and y are real 

| sinh (a: j- iy) | ^ A(x ), 

where A(x) is independent of y and tends to oo as x -> ±00 . 

By integrating --- round a suitable sequence of contours, 

show that <*-«*> "tabs 

__L_ = i + 2w ,£_±dZl_. 

einliifl w 1 iv 2 + n 2 n* 




SUMMARY OF IMPORTANT THEOREMS 
AND FORMULAE 


1 . Differentiation. 

2. Convergence of Double Sequences. 

3. Uniform Convergence and Interchange of Infinite Operations. 

4. Special Definite Integrals. 

5. Mean Value Theorems. 

6 . Vectors. 

7. Multiple Integrals. 

8 . Integral Theorems of Gauss, Green, and Stokes. 

9. Maxima and Minima. 

10. Curves and Surfaces. 

11. Length of Arc, Area, Volume. 

12. Calculus of Variations. 

13. Analytic Functions. 

1. Differentiation 

Chain Rule for Functions of Several Variables . 

If m = /(£, T), C , . . . ), where £ = ^(a;, y), rj = -q{x, y),..., 

u x—f{€x + /,’?* + /f£* + • • • > 

=/«£ x 2 +/„^ 2 +/«£.* + • •. 

+ ~ftvix r ]x + + • • • 

+ . 

+ f(£xx + f v Vxx + f(ixx + • • • I 

with corresponding formulae for u xy and u yy (p. 73). 

Implicit Functions. If F(x, y) = 0, 
dy ^ _ F 3 
dx ‘ F y 

(Py _ F XX F 3 - 2 F„F X F V + F„F* n5 _ 16) 
dx 2 F 3 ' P ' 


GOO 
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Jacobians. If £ = <f>(x, y), 17 = <p(x, y), 

dx tfij dx _<h dy _ ifi x tty _ <£* 

d£~ D’ dr)~ D’ d£~ D’ dk,~D’ 

where 


D = 

kx, y) 


<f> x <f> v 

<P* 4>v 


- ’frx'Pv ^ytpx 


(Jacobian or functional determinant) (p. 143). 


Rules for Jacobians. 


( 1 ) 


d(x,y) 

y) 


1 

kkv) 

~d{x, y) 


(p. 144). 


(2) If «= u(£, r,), v=v(£, 77) and £ = £(x, y), y=y{x, y), 
then 

ku, v) = <Xu, v) 0 (£,J 7 ) , 1471 

S(a:, y) 3(|, 17 ) 3(x, y) 


2. Convergence of Double Sequences 

Convergence Test for Double Sequences (pp. 102-3). The 
sequence a nm converges, or, in symbols, 

lim a nm = a, 

n—>oo 
m—>oo 

if, and only if, for every positive e there is an N such that 

| tl, nm Qn'm' | ^ € 

when n>N ) m>N,n'>N,m'>N. Then 

lim a nm = lim ( lim a nm \ = lim ( lim a nm ), 

n—>oo n—>so \m —>co / m—>oo \n— >oo / 

m—> ao 

provided that lim a nm and lim a nm respectively exist. 


3. Uniform Convergence and Interchange 
of Infinite Operations 

Dim’s Theorem. If a series of positive continuous functions 
converges to a continuous limit function in a closed region, it 
converges uniformly to that limit (p. 106). 
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SUMMARY OF FORMULA 


Interchange of Differentiation and Integration . (Differentiation 
of an integral with respect to a parameter.) 

y)dy y) d y, 

provided that f(x , y) and /#(x , y) are continuous in the interval 
under consideration (p. 218). 

Interchange of Differentiation and Integration in Improper 
Integrals . 

dx f f(%, y)%=-jf fM y)dy, 

provided that f x (x , y) is continuous in the interval under con¬ 
sideration and the integrals / f(x. y)dy and / f v (x, y)dy converge 

uniformly in that interval (p. 312). 

Interchange of Two Integrations . If f(x } y) is continuous an$ 
a, b y a, ft are constants, 

f dxjf(x , y)dy ~jf dy jj(x, y)dx (p. 239). 

The order of integration may also be reversed when the limits 
are not constants, provided that both integrations are performed 
over the whole of the region concerned and corresponding new 
limits are introduced (p. 242). 

Interchange of Two Integrations in Improper Integrals . 
f dxj'fx, y)dy =jT dy f f(x, y)dx, 

provided that the integral J f(x, y)dy converges uniformly in the 
interval a ^ x ^ ft (p. 310). 

4. Special Definite Integrals 

f e~ x *dx = \\/tt (pp. 262, 561; see also Vol. I, p. 496). 

J 5525 dx = \rr (pp. 315, 554; see also Vol. I, pp. 251-3, 
J ° x 418, 450). 
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FresneVs Integrals : 

J sin (t 2 ) dr cos(t 2 ) dr = ^J (p. 3]7). 

Fourier’s Integral Theorem : If /(a?) is sectionally smooth and 

/ |/(») | dx converges and if /($+ 0) + /(x— 0) = 2/(x), then 

—00 


where 


a/277 co 

,9 (t ) - yL £j{t)e-*(U (p. 319). 


The Gamma Function (pp. 325-38). If or > 0, the gamma 
function F(x) is defined by the equation 

T(x) = f*e~ i t x ~ 1 dt 2 r e - t2 ? x ~ l dt. 

Jo Jo 

It satisfies the functional equation 

T(x + 1) = xT(x)\ 

hence if a? is a positive integer n, 

T(n)= (fi — 1)! 

For all values of x other than 0, —1, —2, ... it may be expressed 
by the formulae 


r(a) == lim 


(n- ])! 


= \ n (1 + W 


n~> oo x(x+ 1) . . . (x+ n — 1) X |.= l 1 + x/v ’ 

J. =xey*n(i + x )e-*», 

r(x) »-A v) 

where y— lim ( Z ^ — log n ) is Euler’s constant. Further, for 

w—> co \i'=l V / 

every integer m ^ 2, 


(—l) w 


„-o (& + v) w (w — 1)! dx m 


logT(x). 
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SUMMARY OF FORMULAE 


Again, 


I»r(l — s) = — 


sin rex 


(“ extension theorem ”). Hence, in particular, 

r @) = 2 t/tt. 

J o 


The beta function B(x, y) is defined as follows for positive 
values of x and y: 

B(x, y) = [\*-\\ [ + \i + t)*~% - ty-'dt 

•'o 

= 2 f sin 2 * -1 ^ cos 2y '“ 1 <£ d(j>. 

Jq 


The beta and gamma functions are connected by the relation 

B(x, y)=MM (p. 337). 

l\x + y) 

For any complex z, 

(1 - e 2 ^)r(z) = ft*" 1 e^dt, 

where C denotes a path which surrounds the positive real axis 
and approaches it asymptotically on either side (p. 566). 


5. Mean Value Theorems 

Mean Value Theorem for Functions of Two Variables (p. 80). 

/(z + Ky + k) —f{x, y) = hf x {x + 6h , y + Ok) 

-f- kf y {x 4~ Oh , y -f- Ok), 0<0<l. 

Taylor’s Theorem for Functions of Two Variables (p. 80). 
f(x + h } y+k)~ f(x, y) = hf x + kf y 

+ l l {h% x +2hkf xv + ky vy } 

+ ... 

+ [h”u +•••+ * n A-J 

+ R n > 
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where the remainder R„ (in the symbolical notation of p. 79) is 
given by 

K = . 7 .., {hf x (x+ Oh, y+6k) + kf v (x+ dh, y+ 0 &)} ( " +1) , 

(W+ 1 )! O< 0 < 1 . 

If as n increases this remainder tends to zero, we have the 
infinite Taylor series 

f(x +h, y+k) 

— /(z, V ) + ~ { hf x + kfv} + || {Wfxx + 2 hkf xv + Pf v „} 

+ ...+ — +... + &"/»") + • • • • 
Mean Value Theorems for Multiple Integrals (p. 232). 

Jy)dS = ij-AR, 

where AR is the area of R and p a value intermediate between 
the maximum and the minimum of f(x, y) in R. 

Similarly, if p(x. y) 2 > 0 , 

ff/( x ’ y W x> y) d8=z i 1 Jfp( x > y) dS - 

6. Vectors 

For the definition of a vector see p. 3. 

Let v be a vector in three dimensions with the components 
t>i> v 2 , v 3 . 

Length of a Vector, 

M = \/(V + V + v 3 2 ). 

Addition of Vectors. 

. Z — 14 -r V 

means the vector which has the components 

z i = u i + v i> z 2 = u 2 + v 2 , z 3 = u 3 + v 3 (p. 5). 
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SUMMARY OF FORMULA 


Scalar Product (inner product) 

uv —\u \ | v | cosS 

= * 1 V 1 + U 2 v 2 + U 3 V Z> 

where 8 is the angle between u and v (p. 7). 
Vector Product (outer product) 

z — [uv] 

means the vector which has the components 


= 

w 2 

u 3 

, = 

u 3 

Ml 

, Zo = 

Ml 

Mg 


v 2 

*>3 

' & 

«S 

% 

“ o 

% 

«• 


(p. 17). 


Differentiation. 

d(u + v) 


dt 

d(uv) __ du 


du dv' 

h + di’ 


dt 

d[uv] 

dt 


dv 


"du "I , f dv "1 OK . 

■L*'J + L“*J (p ' 85) ' 


If the co-ordinate axes are rotated, the vector components 
are transformed in the same way as x , y, z , the components of 
the position vector (p. 84). 

By the derivative of the function f(x, y) in the direction of the 
unit vector n whose components are cos a, sin a, we mean the limit 


lirn /(ft + P COSa > y + psina) — /(a:, y) _ df(x, y) . 


p—> 0 


dn 


Hence 


In particular, 


a a . . a 

= cos a -- 4- sm a 
dn dx dy 


dx 

dn 


= cos a, 


dy 

/ = sin a, 

on 


and hence in general 
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In the same way, in three dimensions the derivative in the 
direction of the vector n whose components are cos a, cosjS, 
cosy is 


d l 

dn 


df Q df df 

cos a J + cos p J + cosy / 
ox dy oz 

df dx df dy dfdz 

dx dn dy dn dz dn 


(p. 64). 


The Differential Operations. 

With every scalar function f(x v x 2 , x 3 ) there is associated a 
vector grad/ with the components f Xi , f x% , f x> (p. 89). The deri¬ 
vative of / in the direction of the unit vector n is n grad/. 

With every vector field u(x 1 , x 2 , z 3 ) there is associated a 
vector curl u with the components 


da 3 du 2 da x du 3 du 2 du t 

dx 2 dxf dx 3 dxf dx x dx 2 


and a scalar function 


div u — 


d u x du 2 du 3 
dxj dx 2 dx 3 


(p. 92) 


(p. 91). 


Using the symbolic vector V (nabla) with “ components ” 

d d a , 

~ we have 

0^2 (/Xg 


grad f— Vf curl u = [V«], div w =Vu 


Further, 


curl grad/~ 0, div curl u = 0, 
div grad/ = A/= ^ + 


3 % 

dx/ 


(P- 92). 


7. Multiple Integrals 

For the definition of a multiple integral see p. 224. 

The rules for the addition of integrands and combination of 
regions of integration are the same as for ordinary integrals 
(p. 231). 
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SUMMARY OF FORMULA 


Transformation of a Multiple Integral . If the oriented region 
R of the ay-plane is mapped on a correspondingly-oriented region 
R' of the w-plane by means of a reversible one-to-one trans¬ 
formation whose Jacobian 

D= d ( x ,y) 

d(u } v) 

does not vanish anywhere, then 


f f /(z> y)dxdy — f f f(x, y)Ddudv (pp. 253, 377). 

J Jr J Jk 


An analogous formula holds for any number of dimensions (p. 254). 
In particular, transformation to polar co-ordinates 

x = r cos 6, y—r sin 9 
or 

x = r cos sin 9, y = r sin <J> sin 9, z=rcos9 
gives the formulae 


//’/(*, y)dxdy =f Jf(r cos 6, r sin 8) r dr dd, 

(Vol. I, p. 494). 


f f [f( x > V, z)dxdydz =ff ff( x > V’ z ) r * amddrdddfi (p. 254). 


Reduction of a Multiple Integral to Ordinary Integrals (p. 243). 
Let a ^ y ^ in R, and for every y let a = a(y) ^ x ^ b(y) = 6; 
then 


ffj( x ,y)dxdy=f^ dyjf(x, y)dx. 


8. Integral Theorems of Gauss, Green, and Stokes 

For the definition of a curvilinear integral (line integral), see 
pp. 344 et seq. 


1. Two Dimensions. 


If the region R is simply connected, the line integral 
f (adx + bdy) — f Adx 

Jc Jo 

is independent of the path C joining two points in R if, and only 
if, the condition of integrability 
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holds at every point of R. In this case, if the initial point is fixed, 
the integral is a function U(£, g) of the end-point, such that the 
vector A with components a, b satisfies the relation 

A = grad V (p. 352). 


Gauss's Theorem. Let R be a simply-connected region and C 
its boundary. Then 


// {fx{z, y) + g v {x, y)}dxdy -= f {/(as, y)dy — g(x, y)dx}, 

R +0 (p. 360) 


or, in vector notation, 


f f di vAdxdy = f Ands = f A n ds, (p. 364) 

J Jr Jo Jc 


where n is the unit vector in the direction of the outward-drawn 
normal, A n the normal component of the vector A with com¬ 
ponents/, g, and ds the element of arc of the boundary curve. 


Green's Theorem (p. 366). 

JJ(u x v x -\- u y v y )dxdy = — JJuAvdxdy+J(—uv y dx -f uv x dy) 


J I*vA udxdyJr Jv ^ ds, 


J J (uAv — vAu)dxdy-- J{(vu y — uv y )dx — (vu x — uv x )dy } 



In vector notation the first form of the theorem is 

f f (grad'# gmdv)dxdy = — f fvdiv gradudxdy + fv ds, 

J Jr J Jr Jo dn 

where 

Au = div gradw = u xx + u vy , 

and 3/3 n denotes differentiation in the direction of the outward- 
drawn normal. 

( e 912) 


40 
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2. Three Dimensions. 

The necessary and sufficient condition that the line integral 


l 


(adx + bdy + cdz) 



shall be independent of the path C joining two points in a simply- 
connected region R is 

curl A = 0, 


or, in full, 


dy — b Xi b z — Cy , c x — ct z (p. 358). 


Surface Integral (p. 381). This is given by 
J y , z)dydz -f b(x , y , z)dzdx + c(x> y, z)dxdy } 


or 


a 


I -[ a(x, y , z) y> z ) + c(x, y , z) ^\dudv, 

* l v * f d(u 7 v) V dfavy d(u 7 v)j 


if x — x(u f v), y — y{u 7 v), z = z(u , v) and the oriented region 
B in the uv -plane corresponds to the surface S. 


Gauss’s Theorem . Let n be the unit vector in the direction of 
the outward-drawn normal and A n the normal component of the 
vector A with components a , 6, c; further, let djdn denote 
differentiation in the direction of the outward-drawn normal. 
Then 

/ f fj a * + b * + c t )dxdydz =■ j J fa ^ + b ^ + c ^ dS, 

(p. 386) 

or, in vector notation, 


f f fdivAdxdydz = J fAndS = J [A„dS, (p. 388) 

the integrals on the right being taken over the closed surface S 
bounding the region R. 

Green’s Theorem (p. 390). 

Iff ( U * Vx + UyVy + u z v z)dxdydz 

— ~f f fukvdxdydz dS f 

fJ f( u ^ v ~ v ^ u )d x dydz~ ffinh 
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where d/dn and S have the same meanings as before and 

A U = U xx -f- Uy V -f" Uzz- 

Stokes’s Theorem (p. 393). Let the oriented surface S be 
bounded by the correspondingly-oriented curve 0. Then 

if, ((! - 1 )**+(* - &)■ **+ (%■-1) H 

—J(<j>dx + i(j dy+ xdz)- 

In vector notation: let A t be the tangential component of the 
vector A = ( cf>, iff, x) m the direction in which the curve C 
is described, (curl A) n the component of curl A in the direction 
of the outward-drawn normal, and ds the element of arc on 0 
measured in the direction in which the curve is described: then 


f f (curl A) n dS = f A t ds. 
J Ja Jq 


9. Maxima and Minima 


The following rules hold only for maxima and minima in the 
interior of the region under consideration. 

Free Maxima and Minima of a Function of Two Variables. 
The necessary conditions for an extreme value of the function 
w =/(s, y) are 

/*= 0, /,= 0 (p. 184). 


If these conditions are satisfied and if 


fxxfvv—flv > 0 , 


there is an extreme value at the point in question. It is a maxi¬ 
mum or a minimum according as f xx (and hence also/ vv ) is negative 
or positive. If 

fwxfvv f%v < 0 , 


the point is a saddle point (p. 207). 

Maxima and Minima subject to Subsidiary Conditions (Method 
of Undetermined Multipliers) (pp. 188-99). 
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If in the function u = f(x v ... , x n ) the n variables are con¬ 
nected by the m subsidiary conditions (m < n) 

• • • j %n) ” • • • j 1 ? • ' • j *^n) ^ 

we introduce m multipliers X v . . . , A w and form the function 

^ + A 2 02 + • • • + \n$rrf 

Then the m conditions and the n additional equations 

dF dF 

„ = o =0 

5 ax n 

give (m + n) necessary conditions for the extreme points. 


10 . Curves * and Surfaces 

In what follows (£, 77), or (£, ry, £), are current co-ordinates. 


1 . Plane Curves. 

Equation of the curve: 

(a) y =/(x), (b) F(x, y) = 0 , ( c) x = <£(*), y = #). 


Equation of the tangent at the point (a, y) (Vol. I, p. 263; 
Vol. II, p. 122 ): 

(«) if — 0 = (f — *)/'(«)> ( 6 ) (£ ““ + fa - = 0, 

(C) {( - m}M) -{v- #)}f (0 = 0. 

Equation of the normal at the point (x, y) (Vol. I, p. 263; 
Vol. II, p. 123): 

(a) £-x+(y- y)f'(x) - 0 , ( 6 ) (f - <r) 2 ? v — (77 — y)^ = 0 , 
(c) {£ - #«)}*'(«) + {t? - #)}f (*) = 0 . 


Curvature (Vol. I, p. 281; Vol. II, p. 125): 


(a) k - 


y 


(1 + y' 2 ) 


, (b) k= — 


F xx F y * - 2 F xv F x F y + F yy F* 


, x 7 <p0 — q>ds 

«*-$+#• 


(*.*+ *.*>’ 


* Some formulae discussed in Vol. I have been repeated here for convenience 
of reference. 
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Radius of curvature (Vol. I, p. 282; Vol. II, p. 126): 

P Uf 


Evolute (locus of centre of curvature) (Vol. I, pp. 283,307-311): 

+ 

y" 


... , 1 + y' 2 . 1 + y' 2 

( a ) £ = x y —J— % -q=y+ -yr-, 


(b) £ = x + F x 

v — y+ 


F 2 + F y 2 


F xx F y 2 - 2 F xv F x F y + F VV F* 

F*-\- Fy 2 

F XX F 2 - 2F xy F x F v + FyyF/ 

... , 1 i 2 + 4P / 1 1 ft “f - 

Involute (Vol. I, p. 309): 

£ = a? + (a — s)x, 7) =y+ (a — s)y , 

where a is an arbitrary constant and s the length of are measured 
from a given point (s being the parameter). 

Point of inflection (Vol. I, pp. 159, 266; Vol. II, p. 125): 

The necessary condition for a point of inflection is 

(a) y" = 0, (6) F m F* - 2 F xy F x F v + F„F* = 0 , 

(c) xy —xy= 0 . 

Angle between two curves (Vol. I, p. 264; Vol. II, p. 126): 

F X G x -f- Fy Gy 


(b) cos 60 : 


(c) cos CO = 


V(FS+F*W(G*+G*f 
+ yfh 


V(& + tfW(*i + tii) 

In particular, the curves are orthogonal if 

(b) F X G X +F v G y — 0, (c)x ± 1 + yti! = 0; 
the curves touch if 

(b) F x G y — F y G x = 0, (c) xy x — x x y = 0. 
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Two curves y = f(x), y = g(x) have contact of order n at a 
point x , if 

f{x) = g(x), f'(x) = .... f n) (x) = 0 (n) (a;), 

f in+1 \x) =f= </ (n+1> (a;) 

(Vol. I, pp. 331-3). 

2. Curves in Space. 

Equation of the curve: 

*=#)• y=#)» «=x( 0 - 

Direction cosines of the tangent (p. 86): 

x if z 

Viz 2 + ?/ 2 + 2 2 )’ V (^ 2 + + 2 s ) ’ V (* 2 + !/ 2 + 2 2 ) 

Curvature (p. 86): 

i^:v!Q ,+ ey + aj- 

where ds is the element of arc. 


3. Surfaces. 

Equation of the surface: 

(a) z = /( x, y), (6 ) jF(z, y, z) = 0, 

(c) x — <f>(u, v), y = tp(u, v), z = x(«, v). 

Equation of the tangent plane (p. 130): 

(a) { — z = (f - x)/ x +(r)~ y)f v , 

(b) (£ - x)F x + ( V - y)F y + (t- z)F, = 0, 

(c) (i — x)(lf> u Xv — >PvXn) + (tj — y)(x u <f>v — x A) 

+ (£ — z)(<t>u<fi* — <t>M = 0 - 


Direction cosines of the normal (Yol. II, pp. 130, 163): 
-_ /* p - fy 


(a) cos a: 


Vtt+f* 2 +fv 2 ) 

cosy = + 


, cos /9 = — 




V(1 +/.*+//)’ 
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(b) cos a: 


F 

Z X 




, cos/J = 




cosy = 


(c) cos a = 


where 


V (^ 2 +^ 2 + ^ 2 )’ 

4 „ B 


«OSj8: 


VM 2 + B 2 + G 2 )’ " W| ~ V (^ 2 + B®"+ G 2 )’ 

c 


cosy = 


\/(A 2 + B 2 + G 2 )’ 


A. *|PuXv *I*vXu9 B Xufiv Xv&U’ G 

Angle between two surfaces (Vol. II, p. 130): 

cosco = cosa, cosa 2 + cos/3, cos/J 2 + cosy, cosy 2 ; 
in particular, the condition that the surfaces are orthogonal is 
cos a, cosa 2 + cosjS, cos+ cosy, cosy 2 = 0 . 


4. Envelopes (Vol. II, pp. 171-83). 

To obtain the envelope of the family of plane curves 
f(x, y, c) = 0 

or of the family of surfaces 

f(x, y , z, c) = 0 , 

we calculate the “ discriminant ” by eliminating c from the 
equations 

/= 0 , f c = 0 . 

The discriminant contains the envelope and also the geometrical 
locus of the singular points. 

If the family of curves is given by the parametric equations 
x = <f>(t 9 c) 9 y = ifj{t , c), the discriminant is obtained by eliminating 
c and 2 from the equations 

*“#*')• »=«'■'’)' S5-Si“ # (p ' m) - 

The envelope of a two-parameter family of surfaces 
/(ar, y, z, q, c 2 ) = 0 
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is contained in the equation obtained by eliminating the two 
parameters c 2 from the equations 

/— °> A = o, L = o. 


11. Length op Arc, Area, Volume 

Length of Arc (Vol. I, pp. 276-80). Let a plane curve be given 
by the equations 

(«) y =/(*), (&) F{x, y ) = 0, (c) a: = y = >p(t), 

(d) (polar co-ordinates) v = r(6). 


The length of arc is 

"Xu 


(а) s = J vU + y' 2 ) dx > ic) s =y V(* 2 + 

X 0 | # 

(б) vW + K 2 ) dx, ( d) s = fv(r 2 + r' 2 ) dd. 

J X 0 * y J 0 o 

The length of arc of the three-dimensional curve 

x = <£(0> V = #)> ^ = x(0 

ti 


is 


s =f \/(x 2 + 2/ 2 + z 2 ) dt (p. 86). 


o/ Plane Surface. The area boimded by the curve 
r = r(6) 

and two radii vectores 0 O , 0 V where r, 6 are polar co-ordinates, 
is given by 


h f >dB 


(Vol. I, p. 275). 


The area enclosed by the curve 

V=f(x), 


the two ordinates x = # 0 , x = x li and the z-axis, is 
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Let R be a positively-oriented plane surface and C its boundary 
(for the orientation and sign of an area cf. Chap. V, section 4, 
p. 375). Then the area of the surface is 


f fdxdy = — / y dx — / xdy = \ f (xdy — ydx) 
J Jr Jn Jo Jo 


(pp. 347, 375-6). 


Area of Curved Surface (pp. 268-74). Let the equation of 
the surface be 


(a) z= f(x, y), ( b) F(x, y , z) = 0, 

(c) x = <j>(u , v ), y = (/r(w 5 t>)> 2: = v). 

In case (c) let E, F, G be the so-called fundamental quantities 
of the surface, i.e. let 

E — <J ) U 2 + ^m 2 + Xu 2 j 1 
F •■= (f> u <l> v + r 

<? - + 0 V 2 + X, 2 . J (PP- 162, 273). 

Then 

EG—F 2 = (<f> u ift v — AA) 2 + (AxAXu) 2 + (Xutv—XtA) 2 

(p. 273). 

The length of arc of the curve 

u = u(t), v = v(£) 


drawn on the surface is then 

8 = J y/fEu 2 + 2Fuv + Gv 2 )dt (p. 162). 

The area of the curved surface lying vertically above the 
region R in the xy-plane is 

•' //*>= 

(a) A — JJy(l +f x 2 -\-f 2 )dxdy, 

(b) A=ffJ- V(F* 2 + F* + F 2 )dxdy, 

(c) A =y fy(EG - F*)dudv, 

the last integral being taken over the region B of the m;-plane 
which corresponds to the region R. 
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The area of the surface of revolution 

x=u costf, y—u sinu, z=<f>(u) 9 

which is produced when the curve 

z = <f(x) 


is rotated about the 2 -axis, is 


A — 27tJ u\/{\ + (f>' 2 (u)}du =27 tJ uds , 


where s is the arc of the meridian curve z = <f)(x) (Vol. II, p. 274; 
of. also Vol. I, p. 285). 

The surface a) n of the unit sphere in n dimensions, 


is given by 


£i 2 + x 2 2 + . . . + x n 2 = 1, 


2(V") 

I>/2) 


Volumes. The volume bounded below by the region R and 
above by the surface 8 with the equation 

«=/(«> y) 

is given by 

v = f Jj{x, y)dxdy (p. 225). 

(for the sign see Chap. V, section 4, p. 380). 

If the surface 8 is closed and forms the whole boundary of 
the region F, the volume of this region is given by 

Y — J Jj dxdydz — — J j zdxdy = — J Jxdydz = — JJydzdx 

(p. 387). 


In polm co-ordinates the same volume is given by 


V =f J J r 2 sin 9drd9d<f» 


where B is the region of r0<£-space corresponding to the region V 
(p. 254). 

The volume of the surface of revolution 

x—u cos-y, y = u sinv, z = </>(u), 
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which is produced when the curve 

z — <f>(x) 

is rotated about the 2 -axis, is 

V = 77 f u 2 dz 

(Vol. II, p. 267; cf. also Vol. I, p. 285). 

The volume v n of the unit sphere in n dimensions, 

xf + as, 2 + • • • + X* = 1, 

is given by 

= W*) n 
" r{(» + 2)/2} 

The volume swept out by a moving plane area P of area A 

where dn/dt is the component of the velocity of the mean centre 
of P perpendicular to the plane of P (p. 295). 


(p. 304). 


12. Calculus of Variations 
The necessary and sufficient condition that the integral 

I(u) = f Xi F(x, u, u')dx 
•Ae,, 

shall be stationary is Euler's equation 

d 


F h 


or 


dx 


F« = 0 , 


+ F uu .u’ + F^ -F u ^0 (p. 498). 


If F involves several functions v^(x), u 2 (z), . . . , u n (x) and 
their derivatives, then a necessary and sufficient condition that 
the integral 

I(u) = f Xi F(x , u n , u\, . . . , u' n ) 

Jx 0 


shall be stationary is that Wj, 
Euler’s equations 


F... - 


d 


F..,= 0 


. . , u n satisfy the system of 
n), (p. 508). 
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If F depends on x, u(x), u(x), u"(x), Euler’s equation is 

Fu ~ dx F * dr 2 Fu " = 0 ^ P ' 513 ^ 

If y F(x, y, z, x, y, i)dt is to be made stationary subject to 

the subsidiary condition G{x, y, z) = 0, then a necessary con¬ 
dition is 

g t F x — F x = A G x , 

l 

^ F z — F z ~ XG z9 

where A denotes Lagrange’s multiplier (p. 517). 


13. Analytic Functions 

For definition, see p. 532. 

The necessary and sufficient condition that 

f(z) =f(x + iy) = u(x> y) + iv(x 9 y) 

shall be analytic in a region R is that in R the Cauchy-Riemann 
differential equations 

u x = v v , u y = — v x 

hold (p. 532). 

Cauchy's theorem: If f(t) is analytic in a simply-connected 
region R , then 

jT/(<)* = o 


if C is a closed curve in the interior of R (p. 539). 

Cauchy's formula : Under the same condition as Cauchy’s 
theorem the formula 


/w »±f/w 

J W 2 TTiJot — 


2tt i dc t — z 


dt 


holds if z is a point in the interior of C. 
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If f(z) is analytic in the interior and on the boundary of a 
circle | z — z 0 \ :s R, it can be expanded in a power series 

X- 

f(z)=.ffr 0 ) + 2 c v( z - z oY 

1 

which converges in the interior of the circle. Here 

C„ = |V = 1 f—dt (pp. 547-9). 

r v\ 2mJc(t — 2 0 )” +1 
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CHAPTER I 

§ 1. p. 12. 

3. Let the vectors joining 0 to the points P, Q, R, 8 be denoted by 
A q, r, s. Then the vector from 0 to the centre of mass of the triangle PQR 
is given by -f 9 + r b and (cf. Ex. 2) the vector joining 0 to the centre 
of mass of the tetrahedron by J -f q -f r)-f Js = -f q-\- r+ s); 
this expression is independent of the order in which the vertices are taken. 

4. A , A\ .... O' are the final points of the vectors £(/> -f- q), 

\(r + 5), , \{q -j- r) y and the three lines AA\ BB\ CG' all have the 

same mid point, the final point of the vector J(P 9 4- r -f- s )% which iB 
the centre of mass of the tetrahedron. 


§ 2, p. 18. 

i. The distance is given by the length of the vector product of a unit 
vector lying along l and any vector joining P to a point A (b, d, f) in l: 


1 


V(a 2 -f 6 a +c 2 ) 


vd*: 


—b y„-d I 


+ 


y 0 —d Zq f 


+ 


*o~f *o~b 


2. The shortest distance h between l and l\ two straight lines in space, 
is perpendicular to both l and V, i.e. is parallel to the vector product of 
two arbitrary vectors lying along l and V respectively. Also, the shortest 
distance between l and V is obtained by projecting a line joining any two 
points on l and V on to the lino h: 

1 

V {(ac f — a'c) 2 ^f ( ae ' — a'e ) 2 + (cef c'e) 2 } 

3. The left-hand side may be interpreted as the volume of a tetra¬ 
hedron. 

4. The length of the vector product of the vectors (wa, to (3, coy) and 
{x , y, z): coV{((3z — y y) 2 -f — as) 2 + (a y — (ta) 2 }. 

6. It is sufficient to prove the statement for the case where the origin 
is inside the polygon, as the sum of the determinants is unaltered by trans¬ 
lation of the co-ordinate system. If the origin is inside the polygon, all the 

623 


ace 
a' c' e' 
b-b' d-d' f-P 
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determinants have the same sign and give the areas of the triangles 
OP t P» OPJP 8 , . . . , OP n P v 

§ 3, p. 20. 

2. If we write —d = d X —-1, —e = e X — 1, — / = / X —1, the 
three equations may be regarded as three homogeneous equations in 

y, — 1 ; the necessary condition for the existence of a solution is therefore 

D = 0. If D = 0 and e.g. H= 0, then the third equation is 

a consequence of the first two, and the first two equations in x and y 
have a solution, as their determinant does not vanish. 

3. The lines intersect if the three equations 

aj -{- b x — CjT -{- d, 
ad b 2 ~ c 2 t -J- d 2 
a z t f b z = c z r + d s 

for t , t have a solution (cf. Ex. 2). The condition is 

Cj bi 

a 2 c 2 d 2 — & 2 ~ 0 . 
a 3 c 3 d 3 63 

5. Subtract the last row of the determinant from the first three. 

§ 4, p. 37. 

1 . (a) 0 , ( b ) 2 , (c) 12 , (d) (x - y)(y - z)(z - x)(x + y + z). 

2 . «+c = 2 />. 

3. (a) Introduce the three vectors x = (a, 6 , c), 3/ = (a', 6 ', c'), 

# = (a", 6 ", c"). Then I) — Now for any two vectors a and b 

we have 

I [ab] I £ I a I I b I and | ab I ^ I a I I b |. Hence D^\x\\y\\z\. 

(b) If, and only if, the vectors represented by the columns of D 
are mutually orthogonal. 

4. ab -f cd = 0 , a 2 + c 2 — 6 * -j- d 2 = 1. 

6 . It is sufficient to show that there is one point (£ 0 , y 0 , z 0 ) which re¬ 
mains on the same ray through the origin, i.e. that there are four quantities 
x 0 , y 0 , z 0 , X (the first three of which do not all vanish) such that the equations 

X * 0 = ax 0 -f by 0 -f cz Q 
Xy 0 = dx Q -f e ?/ 0 -f fz Q 
>-0 = 9 *0 + % 0 + kh 

are satisfied. Now we have only to choose X so that the determinant of these 
three homogeneous equations in x (f , y 0 , z 0 vanishes; this gives an equation 
of the third degree in X, which can always be satisfied, as an equation of 
the third degree always has a real root. 
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7 . vf = i(l 4 * 0039)0; — Ja/ 2 sin 9 . y — £(1 — 0089)2. 
y 7 s= £V2 sin9 . jc + 00S9 . y -f JV2 sin9 . z. 

2' = J(cos9 — l)x — JV2 sin 9 . y + £(0039 -f l)z. 

9. By Ex. 1 , p. 12, and the rule for the multiplication of determinants, 
the square of the determinant is equal to + 1 . 


CHAPTER n 

§§ 1 , 2 , p. 49. 

2. £(ra + 1)(« + 2). 4. j“^J>0. 

5. (a) No. ( 6 ) No. (c) No. (d) No. (e) Yes. (/) No. (g) Yea. 
(A) No. 


$ 3, p. 58. 

1. Cf. Ex. 2, p. 49: $(» +!)(»+ 2). 

3. 6a; + 2(a + e + *)■ 

§§ 4, 5, p. 77. 

2. We may take the origin at the vertex of the cone; its equation is 


then of the form u — 9 ^^ a 


. . . . 4 — A 

4. (a) s rr + - y r . 5. s- rf H- g r . 

r T 

6 . Cf. p. 391. 

§ 6 , p. 81. 

1. xy. 

2. Use Taylor’s theorem, expressing f{2h, e~ J l 2h ) and /(0, 0) in terms 
off and its first and second derivatives in (h t e - * 1 /*); add and divide by h 2 . 


(a) £ s( W rW:M + M 

n —0 ffl -0 \ n / 


< 1 . 


«—0 m—0 

values of a? and y. 


(b) S Y -A ; nil 
»- 0 m*=0 w! ?<! 


§ 7, p. 93. 

1. Use Taylor’s theorem to express the co-ordinates of a point on the 
curve in terms of /, g , h and their first and second derivatives in t Q ; then 
apply Ex. 3, p. 19: 


x - /(*,) 

/'«.) 

f"(t o) 

y - g(h) 

g'(h) 

g"(h) 

z — h(t 0 ) 

hVo) 

h'%) 


3. If y is the centre of the sphere, the expression A — \/{x{s) — y}- 
must be as stationary as possible, that is, A, A , A must vanish (the dots 
( E 912) 41 
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denoting differentiation with respect to •*). Using the relations X 2 1, 
XX = 0, we obtain the equations ( y— x)x — 0, (y — X)X ~ 1, 

( V — x)x — 0. Hence we have y — X ~ [ XX \ . 

[JKTJC] 

5. Of. Ex. 3 and also Ex. 5, p. 19. 

7. From the definitions of ? 2 , we have = a:, ;e 2 = 1, 
= Xik, = [^i ^ 2 !’ i \/^ 3 2 = 1/t. Obviously ^ = &5 2 . To determine 

% 2 ' we calculate their components with respect to a rectangular co¬ 
ordinate system 0? 2 , 0? 2 . 0? 3 . From the relations 

§3 2 =1, 5,5,= ?,5 a =5.5,~0 

we obtain by differentiation 

-5x53=0, 5353= 0 ; 

hence £3 xs perpendicular both to J-i and to 5 3 , and therefore 

t ,= ± V '(^ I )| 3 = ± &/ t . 

We define the sign of t so as to give £ = — J-.j/t. This implies that t is 
positive or negative according as the screw defined by the motion of the 
osculating plane in the direction of increasing s is right-handed or left- 
handed. To prove the second formula, note that 

5s5x = “5x52 = M 2 = 0, M 3 *= -5s52 = Ifr- 

8 . Use Ex. 6 an.l Ex. 3: (a) k% 2 - £ 2 5, + *5 3 . (b) k & + ^ 2 . 

T k“T T 

9 . 1 /| t t = \/§ 3 2 = 0 ; hence 53 is a constant vector tj, say; xy\ = ^i - *) 
— ^^3 = 0, so that a: 7 ] — const., where 7 ) is a fixed vector. That is, the 
curve lies in a fixed plane. 

10. (b) If the curve is given by x = /(/), y — g(t), z = h(t), the sur¬ 
face has the parametric equations 

X = f(t) + 8 f'(t) 

y == g(t) + 

z = h(t) + sh'(t); 

ffi&z 3 2 z 

then express — *-, in terms of the derivatives with respect to t 

and a. ** 8x8y 8y 

Appendix, § 1, p. 100. 

1 . (a) As R is closed, there is a point B in R whose distance from 
A is less than that of any other point in It Let n be the normal to AB 
at B. Then no point C in B lies on the same side of n as A; for otherwise 
not only B and C, but the whole segment BG, would belong to B , and on 
this segment there would be points nearer to A than B is. Hence the parallel 
to n through A cannot meet B. 



ANSWERS AND HINTS 


627 


(b) There is a sequence of points P,, P 2 , . . . , not in R, converging 
to P. Let/,, / 2 ,... be straight lines passing through P,, P 2 ,... respectively 
and dividing the plane into two half-planes, one of which contains no 
point of R (of. (a)). From these straight lines we can choose a sub-sequence 
for which the directions also converge. The limiting straight line is then 
a line of support through P. 

(c) If A were not in R , then by the proof of (a) a line of support u 
separating A from R would exist. 

(d) Let 0 be the centre of mass of R and g any lino of support, which 
we take as #-axis. Then the y-co-ordinates of all points in R have the 
same sign. By the definition of the centre of mass (cf. Vol. I, p. 284), the 
y-co-ordinate of G also has this sign; that is, G and R are on the same side 
of the arbitrary line of support. Now apply (c). 

(/) The curvature is equal to dep/ds, where 9 is the angle which the 
tangent makes with the a;-ax is, s the length of arc; 9 is a continuous func¬ 
tion of s. Hence 9 increases monotonioally from 9 ( 0 ) to 9 ( 0 ) -|- 2?r; that 
is, 9 cannot have the same value for two different points of the curve. 

If the curve were cut at three points s 0 , s lt s 2 by a straight line l 
(ax ~f - by — c), then the function 

p(s) = ax(s) -|- by(8) — c 

would have three zeros; in this ease F'(s) would also have at least three 
zeros, i.e. there would he three tangents parallel to L In addition, two of 
these would certainly have the same sense, i.e. they would have the same 
value of 9 , which contradicts the statement above. 

2. (a) The set consisting of the points which lie in all convex region.- 
containing 8 has the properties ( 1 ), (2), (3). 

(b) If P is in A\ there can be no straight line / separating P from 8; 
for otherwise one could take c.g. a large square Q with one side on l and 
containing 8; Q would then be a convex region containing 8 but not P* 

If P is not in E, there is at least one convex region Q containing 8 but 
not P; then (cf. Ex. 1 (a)) there is a straight line separating Q from P, and 
therefore, a.s Q contains 8, also separating 8 from P. 

(c) Cf. Ex. 1(d). 

Appendix, § 2 (p. 107). 

1. (a) No. (b) No. (c) Yes (cf. Vol. I, p. 436). 


CHAPTER IU 

§ 1. p. 122. 

2. (a) - 5 ; ( b ) (c) -1; (d) -1. 

4 2 

3. (a) -jg; (6) tc; (c) 2; (d) 
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4. Max. value -f 6, min. value —6. 

5. dz/dx = — 1, dz/ry = — 1. 


§ 2, p. 131. 


1. (a) 5x -f 7y - 212 + 9 = 0; (6) 20* 4- 13y + 3z = 36; 
(c) x — y — z -f tt/6 — 0. 

2 . 1 . 


3. Use the fact that the tangents at the origin are given by y = 0 and 
ax + by — 0. 2c/a, 2(a 3 g — a 2 £>/ -f 0& 2 e — b z c)/a(a 2 -j- 6 2 ) 3/2 . 

4. Write equation in form 0 = A = /(\/* 2 + y 2 , arc tan y/x)i 

d 2 / 

rfO 2 




2r' 2 - rr" -f- r 2 , , df 

- — where r' = J 

(r f 2 + r 2 ) 3 ’ 2 




6 . x(y 4* z) = ay. 

S, (a) Double point. 

(6) Two branches touching one another. 

(c) Corner. 

(d) Cusp. 

(e) Cusp. 

9. Differentiate the equation F — 0 twice with respect to x and use 
the fact that F. u ~ 0. 

<p = arc tan 2V >„* - F„F„f(F„ + F„); (a) n/2; (J) jt/2. 


10. o= 1, 6= 


12. The circles A’. A”', K" may be denoted by the equations 


K — * 2 4” i/ 2 4- a* 4- by 4 - c = 0 , 

K' = * 2 4- y 2 + a'® 4- b'y 4- c' = 0, 
A" = * 2 4 y 2 4- a"* 4- b"y 4- c" — 0. 


Then any circle passing through A and B is given by K' -f \K" = 0. 
The conditions that the circle K should be orthogonal to K' and K" are 
m' 4- bb' — 2(c 4- c') = 0, aa" 4- bb" — 2(c -f c") — 0. From these con¬ 
ditions the corresponding relation expressing the orthogonality of K and 
K ' 4- AA" readily follows. 


13 . Zg. 


yz — x z 
z 2 — *y’ 


__ zx — y 2 


Z 2 —— 




§ 3, p. 167. 


2. (c) 


T,) = -1 

d(*, y) (* 2 4- y 2 ) 2 * 


3. Take O as the origin and invert; then the curvilinear triangle is 
transformed into an ordinary triangle with the same angles. 


5. (6) If we denote the left-hand side of the equation defining t x and 
h by F( x > 0> two curves t i = const, and t 2 = const, are given implicitly 
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bv the equations F(x , y, t x ) — 1 and F(x , y t t 2 ) = 1 respectively. The 
condition that these should be orthogonal is therefore 

0 = F x (x, y , t x )F z (x, y, t 2 ) -f F y (x, y, t x )F y (x t y , t z ) 

__ 4a: 2 ^ 4;/ 2 

(a — i x )(a — * 2 ) (6 — t x )(b — b>)’ 


but this relation is an immediate consequence of F(x, y , t x ) — F(x, y, t 2 ) — 0. 

(c) The coefficients of the quadratic equation defining t x and t 2 are 
respectively equal to t 2 , and — + t 2 ). We thus obtain two linear equa¬ 

tions in x 2 and y 2 , whence 


j==± V ( 


'(a — t x )(a — t 2 ) 


a — b 


» y = ± V 


'(6 - 4)(6 - 4) 


b — a 


(d) =_ 4jy(q — 6) _ 

8(x, y) V {(a + t) 2 — 2(a — i)(x 2 — t/ 2 ) + (a: 2 + V 2 ) 2 } 

(e) _ fiffi _ = Jt'9t _ 

(a — 4 )(b — 4 ) (a - 4)(6 - 4)' 


6. (a) Let F(t) be-the left-hand side of the equation defining t. F is 
a continuous function of t in — 00 < t < c, for which F(— oo) = 0, 
F(c — 0 ) — + go ; hence F = 1 at one point at least of that interval. 
Similar conclusions apply to the other intervals. 


(b) Cf. Ex. 5(b). 

(c) Cf. Ex. 5(c): x = ± ~J 2)(a .~. <2 ) , 

V (a — 6)(a — c) 

with similar formulae for y and 2. 

7. (6) Let # = r cosO, y — r sin 0. Then the straight lino 0 — const, 
is transformed into the conic t x = J — cos 2 0 and the circle r = const. 

into the conic t 2 = — -J- i-Y 


9 d(u, x 2 -f y 2 ) = 2 u x v y = 0 
8(x, y) x y 


§ 4, p. 167. 

1. (6) A circle on the sphere is given by a linear equation in x, y, z . 
du 2 + dv 2 


(d) <is 2 = 4 


(u 2 -j- v 2 -j- l) 3 


2. (a) ds 8 = si i\ 2 vdu 2 -f dv 2 ; 

(6) d^ — cosh 2 vd^ 2 + (1 -f- 2sinh 2 v)dv 2 ; 
(c) d* 2 - (l+/' 2 )dz 2 -f/ 2 d 0 2 ; 


(d) ds 2 = 


_ (*1 - ^)(4 - 4 )_ d( t , _ (4 — <1 ) (<a - <a) rf|! 2 

4(0 - 4)(6 - 4)(c - 4) 4(0 - 4)(6 - 4)(c - 4) 1 ' 
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3. EO — F 2 = Vu 2 “ 

2 

+ 

z u x u 

y% z v 


z v x v 


formula for Jacobians. 


X U Hu 2 . 

z v Vv 


use the transformation 


4. Introduce co-ordinates x, y, z such that P becomes the origin, the 
tangent plane at P the # 1 /-plane, and l the a-axis. The equation of S then 
takes the form 2 = f(x, y), where /((), 0) — f x ( 0, 0) — f y ( 0, 0) = 0. A 
plane S through t is given by the equation 2 = ay. We now introduce 
r y/(y- -f z 2 ) and x as co-ordinates in E; then the intersection of E and 
8 is given implicitly by the equation 


rat 

VuT^) 



V(l + a 2 ) 


The curvature of the curve of intersection at the point x = 0, r — 0 is 
therefore (ef. p. 125) given by 


*=/« 


V(1 + a 2 ) 

a 


Thus the centre of curvature of this section has the co-ordinates 
r _ n , _ 1 __ a __ a ___ a 2 

’ y ~kvn +a 2 )■■ ,q \+tf)’ s ~ Fv(i+i?)“ ~q rm?) : 

that is, it lies on the circle 

/**(?/ 2 + Z 2 )~2==0. 

5. Take the tangent plane at P as the ay-plane. Then the equation 
of S may be taken to be 2 =/(a, y ). A normal plane is given by the 
equation x = ay. Take r = V(x 2 -j- y 2 ) and 2 as co-ordinates in the plane; 
then the curve of intersection is given by 

z ~~ \ van- a 2 )' V(i -f a ?)r 


and its curvature at r = 0 by 


* = /.(0. 0) r+ _ + 2/ w (0.0, —* aS + /„(' 0, 0) r t a -; 


the final point of the vector of length }/Vk along the line t then has the 
co-ordinates 

a 1 _ 1 1 __ n 
X ~V1XTftVk' y ~ V (1 + a 2 ) VV 2 ~ 0i 

that is, it lies on the conic 

+ zzyfxv + y%v = i* 
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6. (a) By differentiating the two equations with respect to a para¬ 
meter t of the curve, we obtain 

xx' 4 - yy' + zz' = 0 , axx' + byy' -f- czz' — 0 . 


From these relations we can tind the ratio x': y f : z ', i.e. the direction of 
the tangent. If (£, 7 ), £) are current co-ordinates, the equations of the 
tangent are 


(l-x)-.(r l -y):&-z) = C ■- 

X 



b — a 


(h) By differentiating the equations of the curve a second time and 
using the result of (a), we obtain 

(c— 6) 2 (a — c) 2 (b — a) 2 \ 


xx" + yy" -f- zz" = — {x' 2 + y' 2 4- z' 2 ) = X j ^ v 4- 


+ ~ 


and 


axx" 4 - byy" -f* czz" 


a(c — b) 2 b(a — c ) 2 c(b — a) 2 


x 2 


*T 


r 


+ 


where X is a factor of proportionality. Eliminating X, we have 


(xx" -f- yy" 4 - zz")l ----b 


a(c — b) 2 b(a — c) 2 c(b — a)' 


4 “ 


L n 




This linear equation in x", y" 9 z" remains valid if we substitute x\ ?/, z' 
for x" 9 y", z". Hence it is still satisfied if we replace x'\ y'\ z" by some 
linear combination X#' 4 - \ux"* Xy' -j- \iy", az' 4 ~ {iz" respectively. Now 
if (£, 73 , Q is in the osculating plane, £ — x, v\ — y, X, — z arc just such 
a linear combination (cf. Ex. 0 , p. 94). 

The equation of the osculating plane is hence found to be 


bu 2 c jy2 

(5 — *)+; ’ v(*) — y )+~— 

> (a — c) b—a 


( 5 -*)« 0 . 


8 5, p. 182. 

1, Let P(x, y 9 z) be a point on the tube-surface 2, and let S be the 
sphere of the family which has the point P in common with 2. Then $ 
and 2 have the same tangent plane at P 9 i.e. the same values of x , y, 2 , 
z x9 z y at that point. It is therefore sufficient to prove that the relation is 
true for any sphere of unit radius which has its centre in the xy- plane, 
i.e. for n(x 9 y) = V{1 — (x — a) 2 4~ (2/ — b) 2 }. 

2. (a) Vx 4- Vy 4- Vz = 1; (b) a* 4- y* 4~ z* = 1. 

4. We may introduce t as parameter on the curve, so that the latter is 
given by x — x(t) 9 y = y(t) 9 z — z(t) and the tangent at the point with 
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parameter t lies in the two planes corresponding to t; this gives the re¬ 
lations 

ax' 4 - by' -f- cz' = 0 , dx' 4 ey' 4 /z' = 0 . 

By differentiating the equations of the straight lines with respect to t, 
we thus obtain 

a'x 4* b'y 4- c'z — 0, d'x 4- e'y -I- f'z = 0. 

With the relation 

ax 4- by 4* cz = dx 4- ey 4* fa 

we then have three homogeneous equations in x , y . z , and the determinant 
must vanish. 

5. For the envelope we have the two equations 

x co at -f- y sintf 4- z = t 
—x sinrf 4 ~ V cos£ = 1 . 

These two equations give a family of straight lines with parameter t; if 
a curve having these lines as tangents exists, it must also satisfy the 
equations obtained by differentiating once again. 

(a) r sin {z 4- V(r 2 — 1) — 0} 4~ 1 = 0; (b) the curve is given by 

2=6— 77/2 , r SSS 1. 

7. Use inversion. Since S v S Zt S z pass through the origin, they are 
transformed into planes; we have then merely to find the envelope of 
the spheres touching three planes, i.e. a certain circular cone, which we 
reinvert: 


(x* 4- y 2 4- Z 2 ) 2 - 2(X 2 4 - y 2 4- z*)(x + y + z) 

— 3(x 2 4* y 2 4- z 2 — 2 xy — 2xz — 2yz) = 0. 

8 . (b) 4(1 - a 2 ) 4- 4(1 - W) - 2ablri 4- 2a; 4 26 tj = 1; 
(c) a 2 4 4 & 2 4 = 1. 


§ 6, p. 202. 

1. (4 4 V5)/V2, (4 - V5)/V 2. 

2. a/20, a/10, a/10. 

3. Maxima for x = 0, y = ±1, minimum for x = y = 0. 


4. The maximum value is the same as for the expression ax 2 4- 2 bxy 4 C V % 
subject to the subsidiary condition ex 2 4- 2fay 4 9V 2 = 1. 


5. Cf. Ex. 4. 


« v 4 + 


2V67 
3 ; 


(b) the function has an improper maximum (p. 184) equal to 1*95, 
when yjx = 0*64. 



ANSWERS AND HINTS 


633 


6. Saddle points: y = 0, x = 7t/3, 7n/3, 137r/3, .... 

Minima: y ~ 0, z — 5tc/3, Htt/3, 177t/3, .... 

7. The ellipse obviously touches the circle, i.e. the two equations 
muRt give a double root in x; hence the condition for contact is 
a 2 (b 2 - 1) = 6 4 : a = 3/ V2, 6 = V(3/2). 

8. Introduce the angles between a, 6 and c, d as variables: the cyclic 
quadrilateral. 

9. (-1/V14, —2/V14, -3/V14). 

10. Cf. the similar proof for triangles on p. 187. A minimum point 
0 does exist. First show that if 0 is not one of the vertices, then it can 
only be the point of intersection of the diagonals. Use the fact that the 
final points of four unit vectors whose vector sum is zero form a rectangle. 
Then prove that the sum of the distances from the vertices is less for the 
point of intersection of the diagonals than for any of the vertices. 

11. A — a 2 /a:, B = b 2 /y, C = c 2 /z, together with the subsidiary con¬ 
dition 

x 2 y 2 z 2 

4- “ -f ~ = 1: 

a 2 b 2 c 2 

a 1 a? 

(a) X = —r —t - r- - rrr, &c.; (b) x = —7 - -- &c. 

V(a» 4 6* -f c») V(a 4- 6 -j- c) 

12. The vertices are given by x — ±a/V3,y = i 6/ v'3, z = ± c/ V 3. 

13. The vertices are given by x — a 2 / V (a 2 -f 6 2 ), y — b 2 /V ( a 2 + 6 2 ). 

14. x = 1, y = 1. 

15. The greatest axis is given by the maximum of V(x 2 y 2 z 2 ), 
with the subsidiary condition that (x, y 9 z) lies on the ellipsoid. Hence 
we have the three equations 

v + = x r^ a *+ d y +<*>• *«■ 

Multiplying these by (x, y, z) respectively and adding, we have 
X — v'(x 2 -f y 2 -f z 2 ) — l. On the other hand, we may regard the 
equations as threje linear homogeneous equations in x, y, z, whose 
determinant must vanish. 

Appendix, p. 208. 

l./W + /(y) + /W = S/(a) 

+ {(* - a) + (y - a) + (z - a)}f'(a) + *p*{/"(*) + c), 

where p 2 = (x — a) 2 4- (y — a) 2 4~ (z — a) 2 . On the other hand, the 
subsidiary condition gives 
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(*- 


a)+(y-c)+(z-a)= p*(- ^ + e ) 


<f>'(a) 


— l(» - «)(;/ -«)+(* — «)(= — a) + (y — <*)(* - «)} 

<j>"(a) 6'(a) j 

2<f>'{a) ^ 2^(a) ^ ) f ’ 


where lim e = 0. 

x , a —>■ a 


CHAPTER IV 

§ 1, p. 222. 

1. F -- 0 for ?/ > 0. 

2. Use the relation 

(fx 008 <? +fv sin 9 ) = L sin* 9 ~ R in <p cos 9 + cos 2 9 

+ \d<( ^ sin< ? — /i/ 01,8 9)- 

3. Integrate ?/ >3 . parts twice (special precautions necessary in the 
case where p < 5/2). 

4. Integrate J 0 ' by parts. 


§ 2, 3, p. 247. 

1. tu./24. 2.0. 3.0. 

4. tt/8 if region of integration is restricted by the condition z > 0; 
otherwise zero. 

5. 1/60400. 6. tz(2 — § log 3). 

7. Introduce polar co-ordinates and integrate first with respect to 
9 and 0: tc( 2 + | log 3). 

8. 4log(l -f V2). 

9. Divide up the interval of integration into the segments 
— 1 <xr£ —\/h, —\/h x < -Y / /i, ^/h ^ x i* 1, and find the limits of 
the integrals along each segment. 


§ 4, p. 255. 

1. Apply tho substitution x + y— % — y — \ (e — 

i \ e / 

2. Introduce polar co-ordinates: (a) (6) ^ arc tan 

3. Substitute a; = at;, y = 6 y), z — c J 5 « 2 6 2 c 2 . 
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7. Introduce new rectangular co-ordinates ($', 73', £') such that 
V = (#5 + + «S)/ r - Then d^d^d^ — d^'dr^d^' (of. Ex. 9, p. 38), and 


1 — fff 1 cos (rl^dE.'a 


throughout the sphere £ /2 -j- 7} /2 + C a ^ I. Hence, if we perform the 
integrations with respect to 73' and 


Answer. 


47T /sinr 


f + 1 

/=rr J cosK')(l - £' 2 )d£'. 
cosrY where r 2 = a; 2 -f y* -f z 2 . 


8. Substitute = (r£ -j- ?/7])/V, 73' = — (y£ -j- X7))fr, and integrate 
with respect to 73'. 

§ 6, p. 275. 

1. Apply Guldin’s rule, using the fact that the centre of an ellipse is 
also its centre of mass: 27r 2 a/>. 

2. Tzabhz/2. 

3. Substitute x = aE,, y — hi j, z — c£: 




V (u 2 / 2 -f h s w a 4 - c 2 7 ? 2 )/ 


V (« 2 / 2 4 - J/bn 2 -f. chi 2 )/ 


4. (a) Compare corresponding elements of area. 

(6) a 2 f { l — cos/(<p)}d<p; (c) 2ti(1 — J V2)a a . 

*'0 

5. 27ca 2 11 -j- (1 — e 2 )- - —-J, where 2a is the major axis. 


6. Volume = %ncp 2 , surface area — rr(a -f h)p, where a, b, c are the 
sides of the triangle and p the perpendicular from C to AH. 

7. From the differential equation (cf. Ex. 1, p. 182) satisfied by the 
tube-surface u — it(x, y) we have 

A = 2 J j*V (1 4- u 2 4- u v 2 )dxdy = 2 J 


If we introduce as parameters the length of arc «s on L and the distance l 
along the normal to L, then (cf. Ex. 22, Vol. I, p. 291. and Ex. 3 Vol II 

p. 182) ‘ ' 

Jr J- 1 V(1 - fi) Jr 


where k denotes the curvature of L. 

8 . Integrate first with respect to x and y: (a) l(>r 3 /9; ( b ) 8r*. 
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9. 


7t 

2 


{.R V(R* 4- h 1 ) - fV(r* + * a ) + A 2 log 


R + V{ S* + h*)\ 
r + V (r 2 4- A 2 ) ' 


10. Introduce polar co-ordinates: tt 2 /2. 


§ 7. p. 285. 

1. On the axis of the cone, two-thirds of the way from the vertex to 
the centre of the base. 


2. x — 2x n /3, y = z = 0. 

3. Cf. Ex. 7, p. 275, and Ex. 1, p. 182. 


4. (a) - R'*); (b) 2nh(R 2 - 7F 2 ){1(7? 2 4- i?' 2 ) + §fc 2 }. 

5. For example, ^4 4- B — (7 = 2^ J j [iz 2 dxdydz , which is positive. 


6. Substitute x = y — by j, 2 — c£; use the expressions for the 
moments of inertia given in the text and the properties of symmetry of 
the ellipsoid: 


(a) Tzabc(a? + 6*); (5) * - a 2 )a 2 + (1 - P 2 )6 a + (1 -y 2 )o 2 }. 

15 15 


7. The distance of the point ( x , y, z) from the plane mx 4- vy 4- wz = 
is given by 


mx 4- ^ 4- wz 4- 1 
V(u 2 4- v 2 4- w 2 ) ‘ 


-1 


The moment of inertia of the ellipsoid with respect to this plane is there¬ 
fore given by 

Au 2 4- Bv 2 4- Ow 2 4- V 
u 2 4 - v 2 + w 2 


where A , B, O denote the moments of inertia with respect to the co¬ 
ordinate planes and V is the volume of the ellipsoid, i.e. A — 4u 3 &c/15, 
B = 4ab 2 c/l5 , G = 4abc 2 /\5 , and F = 4abc/3. We have now to find the 
envelope of the planes for which this expression is equal to h. Tho envelope 
is given by the equations 

(.A — h)u — Xx, (B — h)v — Xy, ((7 — 4)?/’ — Xz, 

where X denotes a common multiplier, which from the expression for the 
moment of inertia and the equation of the plane is found to be F. By 
squaring the three equations we obtain the equation of the envelope, 
namely, 

_|_ J 2 , = 1 

h-A h-B^h-O V * 

9. a*(x - 5) a + b*(y - rf 4 c*(z - ?)* 

= {a* + 6 s + c* + 5(5 a + 7) 3 + !?)} {(*- 5)» + (y- tj)« 4- (*-0 s }. 
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10. (J, 0, 0). 


11 . x = 


5a 2 a 2 -f & 2 -f c 2 


16 a 2 + 6 2 + c 2 

27ra 2 6 (6 Mb 2 \ \ 

13 ‘ V(& 2 _a 2 ) l0R I a + VC " v)‘ 

14. Integrate first with respect to a: and y: 

fb 


2n ;jf \4 2 + {/(2)i 2 * — Jt | 6 2 T a* |, 


where the upper or lower sign is to be taken according as the origin is 
inside the body or not. 

Appendix, § 2 , p. 298. 

1. S consists of unit circles orthogonal to C and having their centres 
on C (cf. p. 295). 


Appendix, § 3, p. 307. 


( V 7t) W 


1. Substitute x x = a x l l9 ..., x n = a n l n : ——-- - a 2 a 2 . .. a n . 

r ( n + ^ 


2. By p. 301, 

j_ J J _/(*l) + /(-«! > 


v'U— x 2 8 — . . . — x„ 2 ) 2 


■f i-*) 


dx 2 . . . dx n 


taken throughout the interior of the (n — l)-dimensional unit sphere in 
x 2 . . . ar n -spaoe. Introducing polar co-ordinates, we obtain 

/= f 1 dr [ 

J 0 Js(r) V 1 — r 2 

whore S(r) denotes the sphere of radius r and centre O in x 2 . . . z w -space. 
As the integrand depends on r only, 

r r'nVi - r 2 )+/<-vr=^) „,, 

1 = “n-i / - 7 = - -•• •;•--»■" 2 dr. 

Jo v 1 — r 2 

Putting y = VT^S, we have 

f + ' nm-y^dy. 


Appendix, § 4, p. 317. 

/•« 

1 . Put I n (a) = / x n e M dx; then I n (a) = —7"_ 2 (a), where dashes 
•/ 0 

denote differentiation with respect to a. Alternatively, integrate by parts. 

(»- 1 ) 


l/»-l\, , . „ . 1.3. 

2 \ 2 ~ / w " en w 18 odd, v 7 r 


2 (« + 2)/2 


when n is even. 
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2. Substitute £ = cx.% -f [iy, t] — yx where a, (3, y 9 8 are chosen 
so that 

5 2 + 7j 2 = a# 3 + 26ict/ ■+■ cy 2 . 

Then (a8 — py) 2 = ac — 6 2 , and the integral is transformed into 

i r x> 

—JJ" -,4/ / C-^+^d^YJ. 

V (ac — (r) d_ 0 o J _oo 

ac — ft 2 •— Tc 2 , a > 0. 

3. Make the same substitution as in Ex. 2 and evaluate the resulting 
integrals, (a) using the result of Ex. 1, (b) introducing polar co-ordinates. 

Tc(a(J + cA — 2bB) 2^ 

(“) - ——— r,\r —; (b) 


(ac — b 2 )* 


(ac - b*f 


4. (a) Forming K'(a ), where the dash denotes differentiation with 
respect to a, and integrating by parts twice (taking xer ax ‘ as one factor), 
we have K'(a) = —A(a)/2a -f K(a)/4a 2 , i.e. 

_i __ t 

K(a) = Ca 2 e 4a, 


/*°° t 

where G is given by C = lim \/« K(a) = lini / e" ** cos , dt =*= & \/n. 
a—rcc a— > go-'o 


JT(«) = 1 


t- rL - 

t r°° 

(b) Integrate the formula -—- = / e - ** cos a;do; with respect to t 
no to 6. I + ^ a do 

£ log ; 


from a to 6. 

i -fa 2 

’ 14 h 3 


(c) Substituting x = 1/f in the expression for /'(a), prove that /' — 
-2/, i.e. 

I = 


/*°° 

where G *» lim / = / 6~ x2 
a->o do 

2<2 * 


da?. 


(d) Substitute the integral expression for «7 0 and change the order of 
integration. Use the formula 2 sinaa; cos to = sin (a + £d)x 4 sin (a — £rt):c; 
suxxy 

cf. the expression for / — - dy on pp. 307-8. 

do y 

7i/2 when a > 6, arc sin a/8 when a < 6. 
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6. There exists an e > 0 such that for every A there is an A' > A 
auch that 


ij> 


y)dy 


^ S 


for some value of x. 


Appendix, § 6, p. 338. 

1. Substitute x m — ci m c, y m = b m r\. 

3. Integrate first with respect to y and z: 

4 r(»)T(4n) 

4. 2V) = —" /i*. 

- “ 2 9 

5* Show that 

<? 2n (2*> = ¥**G n (z)G n (x + i) 

then Jet n -* co and apply Wallis’s formula (Vol. I, p. 225). 


CHAPTER V 


§ 1, p. 359. 

1. et sin Y). 

2. Let u = ~~ ^ ^ (x cos y 4- y siny), 

— e* 

v = 2 T~ 2 (— xsin 2 / + .vcosy), 
cr 2 -I- y 2 

and let tfj and v x be defined by the equations 

x y 

u = 4- Wj, * — --- -- -- + v t . 

X- 4 y 2 X 2 4 y 2 

Thon «, and are twice continuously differentiable (and that at the 

origin also), and (w a ) y == (^4 Hence / u x dx 4 v^dy — 0 and 

Jo 

Judy - vdx dy - -JL- & « 2 *. 


by the footnote on p. 359. 
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ANSWERS AND HINTS 


1. (a) Cf. Ex. 3, p. 37. 

(c) Let R be an arbitrary region and v an arbitrary function vanishing 
on the boundary of R. Then by Green’s first formula 

ff + “*3**3 + U *l V *J dX ' dX * dX * 

~ ~ J J J v & u( lxidx 2 dx 3 ~ ~~ f f J e i e i e zdp x dp 2 dp z * 


“*< ~ si + fi + si 


U °« + u a * + u v 

1,1 e, + •*«, -1- * e 3 


. a. 


V = v 11 4- «? * 2 -4- ?; —. 


/ ff (W *^ + “*»*’*> + v r,%) dx ldx 2 dx, 

= ff Re, + e“ *V» + e 3 W*) 

= /,//(Vf 'V'»i + Vp) d Pi d P* a P» 

= fJf (U x v Vl + + U s v Vs )d Pl dp 2 dp 3 , 

1 . Ve^oe* 

where we write t7 f — - . 

e * * 

Applying Gauss’s theorem to the vector ( U x v, U 2 v, U 3 v), we obtain 


-UK: 


+ 8l h + 8 £? 

Sp 2 Sp s 


'j vd Pi dp 2 dp a . 


Thus for an arbitrary v vanishing on the boundary of R we have 


J J J vj\uVe^e 2 e z dp x dp 2 dp 3 


-//ACS 


STJ , M7,\. 

+ a- + j. ) d PUvUP» 
dp 2 dpv ' 
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and hence (of. lemma I, p. 499). 


A w = 


(8U, 

V dp. 


8U~ 81 7, 

+ r- 2 + 


dpi tyj Ve&e, 


) -.L 

/ a/ e,e, 


= _1_r a / le 2 e p du\ e / fcefdu'K 0 / /e,e 2 _0n\-| 

Ve^jL^W e t cpj cp 2 W e 2 byj 0p 3 VV e 3 djv-I 

(d) Use Ex. 6(c), p. 158. 

J(/ 2 )(^3 ^l)(^3 t 2 )&U ~ (£3 — t 2 )V <p(ti) ~~ 9 (^l) ^ 

+ (h- h)V-f(U) ~ (\/-<p(« 2 ) ^) + (* 2 - \/?W ~ (V9W £). 

where ip(x) = (a — x)(6 — x)(c — x). 


§ 7, P- 401. 

1 ’ //* " = («« + P + ?)fff zdxd; ' dZ ’ 

where the volume integral is to be extended throughout the upper half of 
the ellipsoid. (The base of this half-ellipsoid contributes nothing to the 

surface integral): ^ + ^ a ) al>c 2 . 

2. Since H is a homogeneous function of the fourth degree, we have 
iff HdS = Jf(xll x + yH v + zH s )dS 

= G Iff ^ 2 “ 1 + a i+ a n'> + »/ 2 (2a 2 + a 4 + « 6 ) + z 2 (2a s + a 5 + a 6 )]dxdydz. 
47T 

^ ( a I + + #3 H~ a 4 + a 5 H~ ®e)* 


Appendix, § 2, p. 406. 

1. The two equations u = / r , v — f v can be solved for x and y , since 

0(%, V) 

d(x y) ^ X ~ V ~ T ( u> 8 ^ nce ~ r a;» we have ( c *h P- 143) 

x v = 2/«> — T w Hence a function ^ exists such that x — g u (u f v), 

y = <Jv(u, v). 

2 ___ —as 

(a* + «/ 2 ) V(x 2 + 1/ 2 + z 2 )’ r (a 2 + y 2 ) V (x 2 + y 2 + z 2 ) ’ 


w = 0 . 

(E 912) 


42 
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Miscellaneous Examples V, p. 407. 

2. If (£, tq) and ( x , y) are rectangular co-ordinates in II and P respec¬ 
tively, then the motion of the point M(x, y) can be described by the 
equations £ = x cos 9 — y sin 9 4 - 0 , 7 ) = 3 sin 9 4 * y cos 9 + 6 (i.e. by a 
rotation and a translation). Then 

S(M) = A(x? + y 2 ) 4 - Bx + Cy + D. 

(a) If A = » 7 C =|= 0, we have $(Jf) = W7r[(a; — £ 0 ) 2 -f (y — y 0 ) 2 ] -f 8(C), 
where C is the point x = x 0 = — B/2nn , y — y 0 = —C/2mz, hence 4, B, 
C, D have the values in Ex. 1. (P,) If rnz = 0, but + C 2 > 0, then 

- v* + ct??+2Z±? - w 

4 - c 2 

where X = 4- G 2 and A is the line Ex 4 * Cy -f D = 0. (p 2 ) If 

^4 = B — <7 = 0, we have 8(M) = D = constant. 

3. For the motion of the plane P rigidly attached to the connecting- 
rod AB we have n = 0, $(4) — 0, S(B) = tcCB 2 — 7ry 2 . Hence A passes 
through .4, and by symmetry A is perpendicular to AB at A. Hence 
8(M) - tc yH^d(M), where l = -4B. 

4. For the motion of the plane P rigidly attached to the chord AB we 
have 7i—l, $(4) — 8(B) — S = area of F. The point C of Steiner’s 
theorem is therefore equidistant from A and B and 8(A) = nCA 2 4- 8(C), 
£(;¥)« tu 6W 2 + £(0), hence £(4) - £(Jf) = area of T - area of F — 
it(G.4 a - Gilf 2 ) = 7ia6. 

5. If / is the length of I\ the Frenet formula (p. 94) give 

J [X ^ds= f\[xtJds = [*$,] | * - J 

= -f KA1* = 0 <*• P- 85 )- 

6. Let n' = (a, (3, y)» x = (a;, y , z). If in Gauss’s formula 

If {aa+6p+ ^=-fffCl + % + t) dxdyd * 


we substitute a = 1 , 6 = c = 0 , and a = 0 , 6 == — z, c — y, we get 



ado = 0 


and 


//■ 


(yy — zp)do — 0 respectively. 


7. Take rectangular co-ordinates (cr, y, z) such that z — 0 is the free 
horizontal surface of the fluid and Oz points downwards. The pressure 
on do is wzdo, where z is the depth of do. By repeated applications of 
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Gauss’s formula in three dimensions, with obvious choices of the functions 
a, />, c, we find for the components of the resultant of the fluid pressure 

j J cczdc =0, JJ $zda =0, J J yzda = — J J dxdydz = — V. 

For the components of the resultant moment with respect to the origin 0 
we find, again by Gauss’s formula, 

J J (I/* Y ~~ z 2 $)da =JJJ y dxdydz = Fy 0 , j J (z 2 oc — xzy)da = 

~~ff J x ^ x ^y^ z ~ J J* ( xz ft — yzoL)da = 0 , 

(# 0 , y«. 2 o are the co-ordinates of the centroid C). 


Now we note that the components of the force f are 0, 0, — V, and the 
components of its moment with respect to 0 are Vy Qf — Vx 0 , 0. 

8. From the parametric equations 
x *= a cos u cost?, y = b sinw cost?, z = c sin?; 

(0 g W < 271, - * g « < 

of the ellipsoid we readily obtain the formula?. 

pdS = abc cosv dudv , d$/p = D 2 dudv/(abc cos 1 ?), 

where 

D 2 _ ^ 2 c a 00 s®cos 2 ?? {- a 2 c 2 sin 2 w cos 2 ?? -f- a 2 6 2 sin 2 ?? cos 2 !?. 


10. The integral represents the fiat solid angle which the plane z=U 
subtends at the point M — (0, 0, 1). For a direct analytical proof use 
plane polar co-ordinates. 

12. Verify the identity 



y 2 = (x —a) 2 -j- (y — 6) 2 + (z — c) 2 , 


for all points (x, y, z) different from (a, b , c). From Gauss’s formula in three 
dimensions we conclude (i) that Q = 0 if E is a closed surface such that 
A = (a, by c) is outside the volume bounded by E; (ii) that if A is within 
E, the value of the integral is independent of the shape of S. Taking 
for E a sphere with centre A , we easily see that Ii = 4tt. 

13. The integral 

Sn = [f e J a -*)dydz + U b ~/) dzdx + 8 J C - Z )^J 

da J J^da\ y 3 / da \ y 3 ) da\ y 8 / 

is independent of E and depends only on the boundary F of S, for the 
identity given in the answer to Ex. 12 implies that 

ere u- *yi + are A-jAl + are A - «yi _ a 

dx L da \ y 3 / J <ty L da \ y 3 / J dz L \ y 8 /-* 
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By Stokes’s theorem and the discussion of Chap. V, Appendix, § 2 (pp. 393, 
404), the surface-integral expression for dQ/da may be expressed as a line 
integral judx -f vdy + wdz along V. Verify that the functions 



satisfy the identities 


dw 

dv _ d fa — x\ 

du 

dw __ 

8 fb — y\ 

1 dv 

du __ 

d fc 


By 

dz da \ y 3 / 

dz 

dx 

da \ y® ) 

dx 

dy 

da \ 

r 8 / 


14. Note the following facts: (1) the value of the line-integral 0 
remains unchanged if F is deformed in such a way that T never sweeps 
over any of the points (— 1, 0) or (1, 0) during its deformation; (2) 0 — 2 tc 
if F is a small circle around (1, 0) oriented counter-clockwise; (3) 0 — 2n 
if F is a small circle around (-—1, 0) oriented clockwise. 

15. Think of C as being a rigid circle made of wire and of F as being 
a string. Now deform the string F to a new position F' lying entirely 
within the plane y — 0. The numbers p and n are not changed during this 
deformation, and the first formula now follows directly if Ex. 14 is applied 
to the curve F' within the plane ?/ — 0 and the line-segment — 1 < x < 1, 
y = 0, 2 = 0 of this plane. The factor 47: (instead of 2 tt, as in the previous 
example) is due to the fact that the solid angle ft increases by 4 tc along a 
closed path for which p = 1, n = 0. 

One way of carrying out the above deformation of F into F' analyti¬ 
cally is as follows. Assume that T does not meet the z-axis and let 

x = y(t) coscp (t), y = y(l) sin cp(/), z = z(t) (0 ^ t ^ 2n) 

be the parametric equations of T. Consider now the family of curves 
T(t) : x = y (t) cos [Tq>(/)] s y = y(t) sin[T<p(f)], z = z(t) 


depending on the parameter t which decreases from t = 1 to t — 0. 
Note that T(l) — T and that T' = F(0) is a closed curve which lies in the 
plane y = 0. Note also that (for a fixed value of z) each point P of F(t) 
rotates about the z-axis as t varies; hence the solid angle ft which C sub¬ 
tends at P does not vary with t. This implies that ft x — ft 0 will have 
the same value for F(0) as for F( 1) = T. To prove the second formula, 
note that 



dP. [PP'rdP'} 
. |»j* 



PP'.[dP.dP'] 
\PP r fi * 
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CHAPTER VI 

§ 2, p. 428. 

1. Use the theorem of the conservation of energy, and prove that 
r “> 00 as t -> 00. 

2. If (5, 7)) are the co-ordinates with respect to the axes of the ellipse, 
then 

5 = a costo = x 4- efl 
7) = b sinoi = y 


give the equation of the ellipse; and by the law of areas 


h(t • 


l,)=r(^-y dX )d o 

*' J 0 \8a> " cW 


/.W 

— ah I (1 — e coso))dco. 

Jo 


[Note that the question ought to read: “. . . the angle P'MP S , 
where P' is the point on the auxiliary circle corresponding to P, the 
position of the planet . . . ”.] 


3, 4. Use the theorem of the conservation of energy and the law of 
areas. 


§ 3, p. 432. 

1. (a) y = tan log c/V (1 -f- % 2 )- (b) y = cv^l -j- e 2x ). 

2. (a) y — ce y,x . (6) y 2 (2x 2 + y 2 ) = c 2 . 

(c) x 2 — 2ca; -f- y 2 = 0 (circles). 

(d) arc tan (y/x) + c = log V (a: 2 4* y 2 ), or, in polar co-ordinates, 
r— (logarithmic spirals). 

(e) c 4“ log | x | = arc sin(y/x) — * V(x 2 — t/ 2 ). 

x 

3. If db x — 4= 0, we have 

dri — a byf f + WS) 

a* 4- &i9(*}/S)’ 


which is a homogeneous equation. 

If — a 2 6 = 0 or aja = 6j/6 = then 


__ „ , r d V . 
da; da; 



and the variables are separated. 

4. (a) 4x 4- 8y 4- 6 = ce 4 *- 8 ^ 

(&) x = c ~ J(3y — 7s) — f log(3y — 7a;). 
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5. (a) y = ce~ 8ini:c 4 - sin# — 1 . ( b) y = (x -\~ l )*^ 35 4 - c). 

(c) y = c:r(:r — 1) -f a;. (d) y = Jx 5 4- c# 2 . 

, , c_ 1 

^gj y ___ 

V< 1 + **) (i + *>)(* +Vi + * 2 )' 

6. Introduce J /y as new unknown function; the equation then be¬ 
comes homogeneous: 

1 1 — c*V5 

* c*Vf> (j _ J V5) — A — JV5* 

§ 4, p. 444. 

1. Use induction. Suppose that a linear relation c^-f ... 4- c k 9/.=0 
holds. Divide by e®** and differentiate (w fc 4 ~ 1) times, if P A .(a:) is of degree 
n k . The degree of the coefficients of the other e a i x ’s is unchanged, so that 
they remain different from zero. 

2. Multiply both sides of the equation by (1 — n)y~ n . 

(a) y- 1 = cx + log* + I; ( b ) ;/ 3 = nx~ 3 + ^ ; 

V ^ 

(c) ( y~ x 4- «) 2=i c(* 2 — 1). 


3. If we put y — y x 4- w _1 , the equation reduces to the linear equation 

tt'- (2P&4- Q)u = P. 

e* x * 


c 4- f z 2 e* x *dx 


4. By equating the right-hand sides of (a) and (6), we obtain the 
common integral y = a: 2 . 


5. 


y = ** ■ 


c4- 




—y (=/(*«*)). 


da: 


To draw the graphs of the corresponding family of curves, first plot the 
two branches of the curve 


y a 4- 2x — a; 4 = 0 (y = ± y{x z — 2):c), 


which divides the plane into two regions where y' < 0 and one region 
where y' > 0. The two infinite branches of this curve are asymptotic to 
the two parabolas y = ±:r 2 . Show that all the integral curves are asymp¬ 
totic to these parabolas by proving the two relations 


and 


f(x, c) = — x? 4- o(l) as z->4-qo(— ac<c< 00 ) 
f(x , c) = x? 4 - o(l) as a? — x (c 4 = 0 ), 


where o(l) denotes a function which tends to zero. 
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6. Put 

»1 - y» = o. y-i ~ Vi = b, Vi —y % =c, y t - y t = d. 

Then 

a' -f Pa(*/i + 2 / 3 ) 4- = 0, 

so that 

p (Vi + 2/3 ) = —Q — - , 

a 

p (.<Ji — 2 / 3 ) = aP, 


2Py 1 — aP — Q 


Similarly, 

Hence 

and similarly, 

by subtraction. 


2 Py l = bP-Q- u -. 

0 


d log (a/6) 
dx 


= ^(a ~ l>) = -~P(.v 3 ~ y 4 )» 


d J°f ld) =-P { y 3 -y l); 

dx 


*G+i> 


const. 


7. Cf. the relation 


dx 


in the proof of the preceding example. 

Particular solutions of the special equation are y j = 

_1 1 + ce 2 ” 

cosa;’ ^ (1 — ce 2x ) cosx 


and 


8. The common solution e x of (a) and (6) is obtained by eliminating 
y" from the two equations. 

(a) c x e x + c 2 x; 

(b) c^ + c^Vx. 

§ 4, p. 449. 

1. From the fundamental theorem of algebra it follows that f(z) may 
be written f(z ) — (z — a^iz — a 2 )** ... (2 - a k )H- (cf. Voi. I, p. 230\ 
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where the (x„’a are positive integers such that (Aj + • • • + (** = an( i 

/(a,) = f'M --- /(*,-«<«,) = 0. 

Now 

L(e Kx ) = /(A)e Xx . 

On differentiating this relation (la,, — 1) times and putting X = a, in 
the result, we get (cf. Leibnitz’s rule, Vol. I, p. 202) 

L(e a v x ) = /(s,)eV = 0 
L(xe°v x ) = [/'(a,,) -f xf(a,,)]e a y x = 0 

= L/"(a„) + 2xf'(<iy) + x*f(ay)]e°»* = 0 


X(^- 1 e°,*)= /W-2)(a„)ap 

+ ... + ( ” |) e<vt = °* • 

So we have n particular solutions 

e a,x , xe a ‘ x , x , ‘‘~ 1 e a ' x 

e °,* *,,«•-* _ x >l, ~ 1 e atX 

e a * x , xe a t x , , x ,l “~ x e a ’‘ x , 
which are linearly independent, by Ex. 1, p. 444. 

~ x~ V3a; Xrr V3x 

2. (a) y — c n e x + c 2 e cos— - \- c z e 4X sm —. 

2 2 

(b) y ~ c Y e x +• c 2 xe x -f- c 8 e 2x . 

(c) y = Cje x -j- c^ce x 4- c ;i x 2 e x . 

(d) y = Cje* 4- c 2 e~ x 4- c 8 e V 2x 4- c 4 e~^ 2x , 

( e) Substitute x = e*: 

y = CjX 4* c 2 /z. 

3. On substituting in the differential equation, we get 

(a 0 6 0 - l)P(x) 4- K&i + a^)P\x) 4- (a 0 t 2 4- 4~ a 2 b 0 )P"(x) 4-. • . = 0, 

and this is an identity if u 0 6 0 = 1, a 0 6 3 4- a 1 6 0 = 0 , ...» from the expansion. 
The second case reduces to the first if we substitute y' for y. 

4. (a) - 2 — 1—^ 2 4“< 4 — - ; hencey=P(a;) — P"(x)=3x 2 — 5x— 6, 

* 4~ f 

(&) t = ^- l + «-<*+•••; hence 

y = jP(x)dx - P(x) + P'(x) - P”{x) = -| + * + J*». 

5. (a) y — fe®, (6) jf = %x*e x . 
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6. y 


= e*( : 


a 3 7\ 


§ 6 , p. 465. 

1. (a) Use the fact that the curvilinear integral 

/(3a? 2 -f 6xy 2 )dx 4* (fix 2 y -j- 4 y z )dy 

is independent of the path. Integrating between (0, 0) and ( x , y) along the 
broken line (0, 0) 0)• ( x , y), we get 

/•*,!/ 

/ (3a 2 + 6 xy % )dx 4 - (flrfy 4* 4y 3 )<2y = x 3 4- 3a: 2 ?/ 2 4~ t/ 4 = c. 

‘'O, 0 

( 6 ) By inspection we find the general integral 

V(l 4 - x 2 4 - y 2 ) — arc tan (y/x) = c. 


2. Here dy/dx is a function of y/x alone. 

3. x 2 y — 2xy 2 — 2cy — 2—0 (integrating factor (jt = 1 fy 2 ). 

4. The equation is linear in x and its general integral is (xy 2 4 - 1 ) 2 = cy. 
The identity 

>?) _ *± 1 [v *+ (W _ i %] 


displays an integrating factor of the equation. 


5. (a) x 2 4- y 2 4 - cx 4“ 1 = 0 (— 00 < c < qo) and the line x = 0 . 

(b) x 2 4- 2?/ 2 = c 2 . 

(c) The differential equation of this family of eonfocal conics (cf. 
158) is found to be 


y ' 2 + 


X 2 _ y2 _ a 2 4. £2 

xy 


y' 


1-0, 


p- 


which is mialtered if y' is replaced by —1/y'; the family of ellipses 
(— b 2 < c < 00) is orthogonal to the family of hyperbolas (— a 2 < c < ~~b 2 ). 

(d) y — log | tan(z/2) | 4“ c and the vertical lines x~ Jen (k an integer). 

(e) The family of curves (tractrix) 

x ~ c = ± (V (a 2 — y z ) — a ar cosh (a/y)) 
and the same family reflected in the z-axis. 

6. (a) The family of parabolas y = cx?. 

(b) The family of hyperbolas xy — c. 

7 • (a) y = a: 2 , (6) y = — a? 4 - a? log(—a:) (0 > a? > — 00 ). 

8. y = a;p 4- 1 4- P 2 *— ar sinh#. 
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9. * = ce~ vla + ip 

y = c(p + a)e~ Pla + ip(p + a) — \(p + a) a . 

Note that for c = 0 this gives the parabola y = x 2 — j. What is the 
geometrical meaning of this result? 


10 . (a) y = sin(x -f- c), singular solutions y = ± 1 . 
( 6 ) a? = i £(arc siny -f- — y 2 ) H~ c. 


(c) =F 


(V(2« 


y)y — 2a arc tan 


Vs^) 


*4" C, 


which is a family of cycloids and can be expressed in the parametric form 
x = c -f 0(9 — sin 9 ), y = a(l — cos 9 ). Singular solution y = 2 a. 


(d) 


*-±rv: 


+ 2/ 2 

- y 2 


dy -f c (-1 1 ); singular solutions 


y « ± 1. (The reader should prove that these curves are not sine curves.) 
11. MN — y\J 1 -f y' 2 , MC — —, and the differential 


equation is 


y 

(1 + y'*fy + ky" = 0 . 


By the general method this is easily reduced to 
/dy\ 2 k c — y 2 

\djc) ~~ — y 2 -r an ar ^ trar y c °nstant). 


The various cases, all of importance in the differential geometry of sur¬ 
faces,* are as follows: 

( 1 ) k s= k 2 {> 0 ), c = — y 2 (< 0, y 2 < k 2 )- The curve is everywhere 
smooth, and oscillates, alternately touching the lines y — -f \/ k 2 — y 2 . 
It looks like a sine curve, but is not one. 

(2) & = /c 2 , c = 0. The curve is a circle of radius k with centre on the 
:r-axis. 

(3) k = k 2 , c = y 2 (> 0)- The curve consists of a sequence of iden¬ 
tical arcs, joined by cusps lying on the line y = y, and all touched by 
y = k* 4 - y 2 . It looks like a cycloid, but is not one. 

(4) k — —k 2 (< 0 ), c = y 2 > k 2 - The curve consists of a sequence of 
identical arcs upside-down, with their cusps on y = y a nd touched by 

y = \A* — **• 

(5) k = —k 2 > c = y 2 ~ k 2 ' The curve is a tractrix. 

( 6 ) k — —#c 2 , c = y 2 < K 2 - The curve has an infinity of cusps, 
perpendicular to the lines y = y and y — —y alternatively. 

12. Eliminate b from the equations obtained by differentiating the 
equation of the circle twice and thrice: (1 + y' 2 )y'" — 3 y'y ,/% = 0 . 


* See Eisenhart, Differential Geometry, pp. 270-4 (Princeton Press). 
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13 . y = x sinarr; singular solutions y = x and y = — x. 

14 . If y(x) = 'Lc v x v , then 


c v + 2 = ““ 


C v 


(v + 2)2 


and Cq —— lj Cj — Oj 


oo ri)v 

v(x) = 2 V ----- £ 2i/ - 
’ „« 0 2 2 ^'v! 2 


If we substitute the power series for cos xt in the expression for J 0 (x) in 
Ex. 4, p. 223, and interchange summation and integration (why is this 
permissible?), we get 


1 oo «8i/ 

J B (x) = £ - 

n y *o(2v)! 


/*+l t 2U 

i V 


V{i -1*) 


dt ; 


r + 1 ^ (2v)! 7T 

the value of J 7j%) dt is "", 292 *’ as is found b .Y pitting t = sinr 

and referring to Vol. I, p. 223. The power series for y(x) and J 0 (x) arc; 
therefore identical. 


§ 6 , p. 481. 

1. Poisson’s formula gives a potential function u(r, 0) inside the unit 

circle, with boundary values/(0). Now u(^ 0^ is also a potential function 

(cf. Vol. I, p. 479, Ex. 3) with the same boundary values, and it is bounded 
in the region outside the unit circle; thus the expression 

[ 2n f ( a ) _^_ 

2tc J o a 1 — 2 r cos (0 — a) -f r 2 


is a solution of the problem. 

2. The potential is 

* + l + V(z +x*+,/ 

[l log- 7 ^-——= 7 Tr: -r-:- . 

z l + V (z — l) 2 + x 2 -f y 2 

Since on the ellipsoid z = lex. cos 9 , V # 2 + y 2 = l Va 2 — 1 sin 9 , the 
potential is 

, «+l 
1X108 a 31' 

the confooal ellipsoids 

z 2 jc 2 4- v 2 

Pa* + P(a a - 1) = 1 (1 - a - ®) 


are equipotential surfaces. The lines of force are the orthogonal trajectories 
and hence (cf. Ex. 5c, p. 466) are the confocal hyperbolas given by the same 
equation when 0 ^ a ^ 1 and the ratio of x to y is constant. 
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3. Let 21 be a sphere of radius p and centre (x 9 y> z) 9 lying inside S. 
Since = 0 and A u = 0 in the region bounded by 21 and 8, by Green’s 
theorem (of. p. 390) we have 


o-/XC£-«T)--/X( 


<1 du 
\r dn 


,1(1 A) 

dn 


^da 9 


where in the first integral n is the outward normal to 8 and in the second 

the outward normal to 21. Now on the sphere 21 we have —* — = — 

2 * dn dr 

=- r — const. — p; therefore 

P a 

1 du 




since u is a harmonic function (cf. p. 475); in addition, 

8(l/r) 


-uiy 


dn 




JL ud<3 ’ 


and as p 0 this expression obviously tends to u(x 9 y 9 z) 9 for it is the mean 
value of u on 21. 


§ 7, p. 489. 

1. (a) u = f(x) -f g(y) (/ and g are arbitrary functions). 

( b) u — f(x, y) -f- g(x, z) 4- h(y, z) (/, g, h are arbitrary functions). 

(c) The most general solution is obtained from a particular solution 
by adding the general solution of the homogeneous equation = 0. 

u~ I d^f a(£, t])dr) f(x) + g{y)* where / and g are arbitrary. 

Jq 

2. Apply the linear transformation 

*= 5 + 
y = 35 + 2>). 

« = fly — 2*) + ?(3z - y) + y 2 e*+». 

3. z*(z/ + z v * + 1 ) = L 

4. u(x, t ) == f(x — at) 4 - g(x 4* at); then for a ^ 0 

0 = u(x 9 0 ) = f{x) 4- g(x) 

0 = u t (x 9 0 ) = —af'(x) + ag'(x); 

by differentiating the first equation and comparing with the second, we 
/'(*) = 0 , g'(x) = 0 , 
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or 

f(x) = const. = c, g{x) = —c for x 0 . 

For t 0, moreover, 

9 (t) = w( 0 , t) — f(—at) + — c, 

that is, /(5) = c + 9 ^-- ^ if £ < 0. As a? -f at 0 always, and hence 
g(x -I- at) = — c f it follows that 

1 0 for x — at 0 

u(x,t)= \ 9 (^ a at ) f 0 r x — at f^O 
if both x and t are non-negative. 

5. If u(x 9 y) — 'La vtt x v y* J - t then 

a... 

a v + l, M.+ 1 = 

in addition. 


(v+ l)(fx + 1 ) 
a v0 = = 0 for v£l and a 00 — 1 . 


Hence 


QO .... 

u(x,y)= S = J 0 (2i^xy), 
,.=o v ! 2 

where / 0 is the Bessel function of Ex. 4, p. 223. 


6. (a) From the differential equation we get 

(/'(*))* + (g'(y)Y = 1 

or 

(/'(*)) a = 1 — 0'(2/) 2 )- 

As the left-hand side does not depend on y , nor the right-hand side on 
x , both sides are equal to a constant (which has to be positive or zero), say 
c 2 ; that is, 

(/'(*))* -c 2 , 1 - (g'(y)Y = c 2 . 

Henco 

U—CX+ -s/{\ _ c 2j 1/ + 6 

is a solution, where c and b are arbitrary and c 2 <| 1. 

(6) u = /(a;) + (?(?/) gives 

/'(*) = = const. = a, 

<i(y) 
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u s= ax + 1 y 4- b 
a 

(where a and b are constants). 

If w = f(x)g{y ), then 

~ U\ x )f = 4 / ^ (g(.v )) 2 = const. = 2c; 

so in this case 

u = V | (2c:c + o) ^ }, 

where a, 6, c are arbitrary constants. 

7. A one-parameter family is obtained from the two-parameter family 
of solutions z = u(x, y, a, 6) by making a and b depend in some way on 
a parameter t: 

a — f{t), b = g{t), 
z = u[x, y, f(l), g(t)). 


The envelope of this one-parameter family is obtained by finding t from the 
equation 

0 — z t = u a f' + u b g', 


and substituting this expression for tinz— u(x, ?/, f(t), g{t)). The result is 
again a solution of F{x, y, z, z x , z v ) = 0, as 

z = u(x y y 9 a , b) 

z x= u x + u i*x = u x( x > y> a > b) 

Z v = U y +u t t y ~ u v (x , y , a, b) 


and z = u{x, y f a, b) satisfies the equation F(x, y 9 z, z x> z y ) = 0. 


8 , 


— *V ' i~ + yj r+k + k 

1 X + lc v y 


I V - 

*x + k' 


CHAPTER VH 


§ 1. p. 497. 

. / (*! — x o ) 2 + (l/i - Vo ) 2 

' \/2g V y, - y„ 

2. T= r'f(r)Vr* + r 2 0 2 + r 2 sin 2 Sip 1 da. 

*'<T„ 

§ 2, p. 505. 

1. Parabolas y = c 2 + 
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2. Circle with centre on 2 -axis. 

x — a 

3. y = c sin-• 

9 c 

a 

4. y =s x n~i -f 6 for 7i > 1 and y = a log# + & for w = 1. 

5 . 7 / — a(# — 6 )^/( 7 i+m) if n -f m 4 = 0 ; 7/== ae 6x if n = —m. 

6. ay" + ay -f (6' - c)y = 0 

/ ,a? t 6 

(for 6 = const., J byy' dx = ^ (ife 2 — ^i 2 ) 
only depends on the end-points of the curve y = ?/(#)). 

7. yx-y a < f- 

8 Consider F(#, 7 /) for fixed 2 as a function of ?/; let this function of 7/ 
have a minimum for 7 / = y. Then F(x, y) ^ F(x, y) for a certain neigh¬ 
bourhood of y and F y (x, y) = 0. y will depend on the parameter x; i.e. 
y = y(x). Then for any neighbouring function y we have 

f F(x, y(x))dx ^ f F(x, y(x))dx 9 
dx 0 J Xo 

where y(x) satisfies the equation F y (x, y(x)) = 0. 

9. (a) y = 0. 

(&) Use Schwarz’s inequality. For any admissible 2 , 

1 = j/(l) - y( 0) =jf y'dx l2(i *)^{f y' l dx) = Vh 

and the equality sign holds for y = 2 . 


§ 3 , p. 510 . 


1 . If v = l//(r), then T is given by Ex, 2 , p. 497 : 

F = f(r)\/(W+ rW + r* sin 2 6 **). 
Euler’s equation for the variable 9 gives 




cpf 2 r 2 sin 2 8 
F 


— const. — 


C 


along a ray. Now let the polar co-ordinates be chosen in such a way that 
the plane 9 = 0 passes through the initial point and the end-point; 
since 9 = 0 at both these points we have 9 = 0 for some intermediate' 
point, by the mean value theorem, that is, <7=0; but then 9 = 0 for the 
whole ray, i.e. 9=0. Hence the whole ray must lie in the plane 9 = 0. 
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$ 3, p. 518. 

The law of conservation of energy gives 

1 /(is\ s 1 

T+0 = T= 2 [ rU ) — const. = j C 5 ; 

ds 

hence = const. ~ C — initial velocity. 

Then Hamilton’s principle asserts the stationary character of 

/ (T — U)dt — / Tdt — -C 2 I dt = ~C I ds; 

Ju * •% * *4 0 

stationary character of Hamilton’s integral implies that the length of 
path is stationary. 

Miscellaneous Examples VII, p. 520. 

1. From the differential equations for geodesics (p. 518) wo find that 

dz 

for a cylinder, i.e. if G does not depend on 2 , — const.; hence the 

geodesics on a cylinder make a constant angle with the cry-plane. 

2. {a)gix) -^~~^o. 

,,, , , W\y 1 2 +W") . V* , 4%' 2 ?/" 3 _ 

(t) ^ (1 f y'»)* + (1 + y' 2 ) 3 + (I + y' 2 ) 5 

( 0 ) y + y" + ,v”’- 

(d) (2 - y' 2 )y" = 0. 

3. (a) <p'l = (a x + ti y )o x + (b x + c„)<p y + ai? xx + 2 by xy + ctp yv . 

(b) A 2 <p = 0. 

(c) A 2 9 = 0. 


mi" -f- a'u' ~\~ u{b' — c) 


X = const. 


5. (a) Euler’s equation gives 

f -f- 2 Xu = 0; 

from this equation and f 9 2 dx ~ K 2 , we have 
Jo 

^ 2 k ’ 

( 6 ) For any continuous admissible 9 we have 

/ VOi^) “ * \i(f! f * dx )> 

the equality sign holding for 9 = u. 
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CHAPTER Vm 


5 1, p. 529. 

1. For x ^ 0. 

2. Use the principle of comparison. 

3. The coefficient of z n in the expansion of cos 2 2 -f- sin 2 z for n > 0 is 

c>v!(w— v)! n\ \v/ 


n n 

(-If s 


{cf. Vol. I, p. 28, Ex. 2(6)). 

4. The series is convergent if, and only if, | z | < 1. For if | z | = 8 < 1. 
then 





6 " 


and we may compare with the goometrio series. 


If I z I > 1, then -- 

11 1 — z v 


tends to —1 as v increases, whereas in a convergent series the terms must 
tend to 0. If | z | = I, either there are terms in the series which arc not 
defined, or at least its terms are not bounded, since z v may approach 1 as 
closely as we please. 


§ 2, p. 535. 

Let f(z) = u -f- iv, g(z) = u f -f- iv\ fg~p + iq, where p — uu' — w\ 
2 «e uv' -f- Assume that a, v and also u\ v' satisfy the Cauchy-Riemann 
equations, and prove that the same is true of p, q. 

§ 2, p. 536. 

1* The functions (a), (6), (c) are continuous everywhere; (d) is discon¬ 
tinuous at z = 0. 

2. None. 

3 I r 12 = rr = + PP + («fe -f «p ) 

1 ^ 1 ^ Wzz + oca + (a(3z -f a &Y 

Now for aa — pp = 1 the difference between the numerator and the 
denominator is 

25—1, 

«o that the numerator is greater than the denominator for | z | > 1, and 
smaller for | z | < 1. If pp — aa = 1, the converse is the case. 

(E012) 43 
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4. If * = re i \ £ = 5 + »'■»), then 

5 = ^( r +;) c0SI P 

Y1 = K r ”r) Sin<p - 

If r = const. = c, then 

?2 yf 




= is 


if <p = const. = e, then 


J? + 

_ 9 . - 1 


*) 2 


= 1 


COS 2 C COS 2 C — 1 

(cf. Ex. 5, p. 158). 

6. First transform, by putting £ = az + b, into the unit circle; then 

1 + 5 

apply the transformation XJ — i ~ -~. 

7. The equation of a circle or straight line in the plane is of the form 

«K + K + Pt + r = 0, 


where a and y are real; if wo here substitute the expression for we get 
an equation of the same form for z. 

For a fixed point £ — z we have the quadratic equation 

cz 2 dz — az — b — 0, 

which has in general two different solutions. A circle through the fixed 
points is, as we have just shown, transformed into a circle and must again 
pass through the fixed points; the family of orthogonal circles transforms 
into itself, because circles become circles and the transformation is con¬ 
formal. 


§ 3, p. 545. 

2. The series is absolutely convergent, by Vol. I, p. 382. 

§ 3, p. 551. 

1. By the Cauchy-Riemann equations the partial derivatives v x and v y 
of v are given; a function v with these derivatives does exist, since the con¬ 
dition of integrability u xx + u yy ~ 0 is satisfied (cf. p. 353); v is uniquely 
determined, apart from an additive constant c, and is given by the curvi¬ 
linear integral 

v) 

v ( x > V) = / (Vydy + v x dx) -f c. 

J (X*, l/o) 
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It also follows from the Caucliy-Riemann equations that v is a potential 
function. 


§ 4, p. 553. 

1. It is easily seen that 




/X) =• 


is an analytic function of 2 . By differentiating under the integral sign and 
using Leibnitz’s rule (cf. Vol. I, p. 202), we find that h^\z) is 


?- S (^\ v! n . (n — 1 ). . . (ft — p. + v -f 
2m „»o W/ 


*>/, 


m 


«■ 


~n—n+v 

:_ dt 

z y+l 


= xi y ( n \ f HQ Z QQ. + .'' 
2m „_o V — v/ J (£ — z) v+1 ? n 


Only the terms with pt, — v ^ n differ from zero, as otherwise ^ 

vanishes. On the other hand, a term with fx — v < n vanishes for z — 0; 
if (x < ft, there are no other terms, so that h^\ 0) = 0. If [x ^ n, there 
remains only the term with jx — v — ft, so that 

ii^Tr T. 

2. I a u I — I — f dt I ^ } "“vt where C is the circle of 
1 ‘ I 2 mJ c t v + L I It: p v+1 


radius p about the origin. 


r f'lz) f' 

3. I ■ dz is equal to the sum of the residues of - in the interior of C. 

Jcf( z ) J 

Now if / has a zero of order n at 2 = z 0 , 

/(*) = (z - z 0 ) n 9 ( 2 ), 

where <p(z 0 ) =f= 0 ; 

/'(z) ^ ft 9 ( 2 ) + (2 - z 0 ) 9 / ( 2 ) 

/( 2 ) (2 - 2 0 ) 9 ( 2 ) * 


so the residue of 


m 

m 


at 2 = z 0 is 2mn, 


4. (a) The number of roots of the equation P(z) + 0 (?( 2 ) = 0, by 
Ex. 3, is 

1 /- p'M + QQ 'm 

2mJ c P(z)+ 6 ( 8 ( 2 ) 


The denominator differs from zero for every 0 for which 0 ^ 0 ^ 1 at any 
point of C; the whole integral is therefore a continuous function of 0 . 
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As its value is always an integer, it is constant, and hence the same for 
6 = 0 and 0 = 1 . 

(b) If | a | < r 4 — \ then r > 1; so the equation 3 6 -f- 1 = 0 has five 

roots inside the circle | z | = r; if we put P{z) = z 5 + 1 , Q{z) — az we 
have on the circle ( z | = r, 

| Q(z) |==|a|r<r 5 ~-l<|z 5 +l|==| P(z) |. 

5. Cf. the proof of Ex. 3. 


§ 5, 3, p. 559. 

1. The left-hand side of the formula is the sum of the residues of the 

1 r 2^ 

function z k /f(z), and is therefore equal to 9 ’ J f( )^ Z rounc * a c * r< ^ c 

enclosing all the roots a,,. But this integral tends to zero as the radius of 
the circle tends to infinity (the centre remaining fixed). 


Miscellaneous Examples VIII (p. 567). 

1 . 1 2 must be real. 

*2~ 2 3 


2. A = - J - Ss / Zl - — 24 must be real. For if C is the circle through 

2 2 2 3 / Z 2 Z 4 a 

Zj, z 2 , z 3 , we mav transform C by a linear transformation £ — - - 

Y 2 -f S 

into the real axis (cf. Ex. 6 , p. 537); by Ex. 5, p. 537, A is unchanged; 
then a necessary condition that the image of z 4 shall lie on the same circle as 
the images of z ls z 2 , 2 3 I s that it is real, which is equivalent to A being real. 

3. The equality to be proved is 


V I H - Z 2 I I ~ Z 4 | + V I Z 2 - | | Zl - Z 4 | 

= VTzi — z 3 I I Z 2 - z 4 I 

or 

( 2 i — z 2 )(z 3 - g 4 ) I /1 (z x — g 3 ) (z. > — z 4 ) 
i Z 2 23 ) 12 ] Z 4 ) ! \ I (®2 Z a)( Z l Z 4 ) 



Now the expressions under the square roots are invariant in a linear trans¬ 
formation (cf. Ex. 5, 6 , p. 537). If by a suitable linear transformation we 
transform the circle into the real axis, we have only to prove the relation 
AB . CD -f- BC . AD = AC . BD for four points on a straight line, where 
it is trivial. 


4. £ — e iz takes every value except ^ — 0 , as is easily seen from the 
relation e iz = e~ v (aoax -f- i sin a:). Now we have to choose £ so that 


c — cos z = 




ANSWERS AND HINTS 


661 


this quadratic) equation always has a solution 

5 - c ± V>- 1, 

and this solution is not zero, so that a corresponding z exists. 

5. Cf. Ex. 4. If ?= then 




c-Vr 1 * 

there is a finite £ =j= 0 only when c 4= i*; hence tan 2 — e only lias a 
solution if c is neither ~\-i nor —i. 

6 . If z = a; + W> cosz is real if x = run or y = 0, and sinz = 0 if 
x=7 W+^ory=0 (where n is an integer). 

Jd 

7. (a) r = 1 (for J z | > 1 the individual terms tend to 00 , for | z | < 1 
compare with the geometric series). 

(b) r = 0. (c) t — 1. 

8 . Cf. Vol. I, p. 175. 


9. (a) Integrate 


over upper semicircle: 


V2 -Y-/. V2 , „ na V2> 


amV2+cosY2\ 
' 2 2 / 


(6) Integrate —— t over upper semicircle: 


2 7cosY2- fi in 


€ tz TZ 

(c) Integrate - over upper semicircle: e~ q . 

T + z 2 q 

a**— 1 

(d) Integrate - over a region bounded by a large circle 

( 3 + + ^ w2«-l _ i) 

about the origin and slit along the positive real axis: ~ —- 

10. (a) -f 2 tw at z = 2w7i, — 2 tw at z = (2w + l) 7 r. 

(6) at z = 2 tott + —27W at z = 2 ^ 7 c -f- TC . 


sm7ra 
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(c) Use the functional equation F(z) = F(z -f v-f l)/z(z+ v): 


(— 1 )" . 

- 2m at z = ~n. 

n\ 


(d) 2m at z == nni. 


11 ttt cot Kt cot nt . z cot t zt , . . , . . .. 

11 . Wnte -—-- + -; cot7t£ is bounded on the squares 

t — z t t(t — z) 

and the integrals of — over opposite sides of the square almost 

cancel one another; hence 

r cotjrf , r zvotizt , 

lim / — dt = lim / - - dt — 0. 

H—>00 Jc n t 2 «—>QO ^(7 rt ^ z) 

If we put together residues of opposite poles, the sum of the residues 

2x /I 1 1 \ 

converges and we obtain cot nx = ( _ 4- __ 4- —. + . . .) 

(cf. Vol. I, p. 444). 77 ' — l 2 x 2 — 2 2 ) 

12. .-h-= 1 -<+(•- + ... ± t"- 1 + (-1)“ -5_. 

i t r 1 + t 


m 2 m 3 ~n 

log(l + Z) = z - 1 ~ ~ . . . ± - + B n 

2 3 n 


®„ = (-D"f r 

Jo 1 


If we take z = e ie and the straight line from 0 to e iB as path of integration, 
we have, for e iB 4= —1, 


M= f ^ - f 1 

J o 1 4- e t(f t m J o 


m(n + 1) 


where m denotes the minimum of 1 -f for 0 ^ t ^ 1. Hence if 
z = e ie 4= —1> R n tends to 0. 


00 / 1 1 \ 
13. (a) /(*)= S ( —--— 1; 

' v=i\(2v — l) 2 (2vW 

v 

1 1 r 2,/ 1 

(2v — lj® (2'v)» Vs._i y*+‘ y 


==- | (2v — 1)*+ 1 | (2v - l) l +» 

and the series S —— ~yy+x is absolutely convergent for * > 0. 
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(6) (1 - 2i-*)C(s) 


(«) 

where 


1 . 1 . 1 , 1 . _ 2 _ 2 
2 * 3 * 4 * ' ’ * 2 * 4 * 


2 

6 * 


= 1 - 2 1 , + - 4 l + • • • = / (2 >- 

- I,CW “ /( 1 ) g'd) 

g(z) = 1 - 2 1 ~ z , 


fd) 




MISCELLANEOUS EXAMPLES 


1 . (a) If there were a linear relation ax -f by cz ~ 0, where e.g. 
a 4= 0, then by scalar multiplication of this relation by x we should got 
axx + byx -f- czx — ax 2 = 0; hence a = 0, since a: 2 4= 0. 

(6) The relation ax -f- by -f cz = 0 is equivalent to the system of 
linear equations for a, 6, c, 

-f *f cz t = 0 
ax 2 + by 2 -f cz 2 = 0 

a*s -h %3 + cz 3 ===== 0. 


These equations have the unique solution a — b — c — 0 , unless the deter¬ 
minant vanishes. 

(c) The vector equation v = ax 4 - by 4 - cz corresponds to three 
ordinary linear equations for a, b , c which certainty have a solution, since, 
by (6), the determinant is not zero. 

2 . Take a co-ordinate system Ox, Oy, Oz. Then (a) reduces to the 
multiplication theorem for determinants; ( b ) reduces to the identity, 


x i x i ' + *2*a' + *8*3' *i2/i' + *22/2' 4 - x Mz 
Vi x i + 2/2*2' + 2/3*3' ViVi + 2/22/2' + 2 / 32 / s ' 


*3*1 

x ! x \ x \ 

4- 

*1*2 

X 

*iV 

y&i 

\V» Vi\ 

2/l2/2 


3 / 1 V 


*2*3 

2/22/3 


X 


I *2'*3' | 
1 2/2^3'! 


which is easily verified by splitting up the left-hand determinant into a 
sum of nine determinants; (c) may be verified by calculating the com¬ 
ponents of x, y, z ; (d) is an immediate consequence of (c) and l(/>), since 
by («> 

[x[yz]] + [:v[z*]] + [z[xy]] = 0. 


Finally, if x , y, z are vectors tying respectively in the three concurrent 
straight lines, then the plane through x which is perpendicular to y and z 
passes through x and [yz], i.e. its normal has the direction of [jeJjjjg]]; 
the three normals lie in one plane, hence the planes pass through one lino. 
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4. A rotation of Ox'y' through the angle ^ leads to a new system 
Ox"y". A direct passage from Oxy to Ox"y" gives the desired result. 

5. (a) In the co-ordinate system Ox, Oy, Oz take the vectors (oc lf Yi)» 
(oc 2 , p 2 , y 2 ), (a 3 , p s , y 3 ). If the determinant is orthogonal, the vectors will 
form a new orthogonal co-ordinate system Ox', Oy', Oz'. 

(b) The passage from the system Ox', Oy ', Oz' to the system Ox, Oy, Oz 
is given by the determinant 


«1 

a 2 

a 3 

Pi 

P 2 

Pa » 

Ti 

T2 

Ys 


which again must be orthogonal. 

6 . Pass from Ox, Oy, Oz to Ox', Oy', Oz' by the following three rota¬ 

tions: ( 1 ) Rotate Ox, Oy, Oz through the angle 9 about Oz, so as to form the 
new system Ox t , 0y v Oz 1 (Oz — Oz ± ). (2) Rotate 0x x , 0y v 0z ± through 0 
about Ox v obtaining 0x 2 , Oy 2 , 0z 2 (Ox 1 = 0x», Oz 2 — Oz'). (3) Rotate 

Ox.,, Oy t , Oz 2 through ^ about Oz 2 , obtaining Ox', Oy', Oz'. In each of 
these steps the change of variables is to be performed according to Ex. 3. 
Finally, eliminate the intermediate variables x lf y lt z v x 2 , y 2 » z 2 *> this is 
best done by multiplying, in the correct order, the three determinants 
corresponding to the above rotations. 

7. Note that cos xOx' = cos 9 cos4> — sin 9 sin 4* cos0. 

8 . If a is a unit vector in the direction of the normal to the plane and 
b a unit vector lying in the straight line, then 5 — 9 is the angle between 
a and b. It follows that 

Aol 4 A’p -f- Gy 

m = arc sin - y s s sr s ss s s: . - srss==s^x^=ss z r. : ===== , 

ViA 1 + & + C*)( a 2 + p 2 + Y 2 ) 

9. x = 3, y — 2, s = 1. 

cos 0 — sin 0 0 | I cos a 

11. D = sin 0 cos 0 0 j X j sin a 

0 0 1 j j sin(p 

the first factor is equal to unity. 

12. Adding the third and second column to the first, dropping the 
factor A 4 21?, and subtracting the first row from the second and third 
row, we have D = (A 4 2J3)(I? — A) 2 

— {(# + y + *) (z a + y 2 + a* — xy — a* — yz)} 2 - 

13. In order to see that the determinant represents a linear function, 
subtract the first column from the other columns. By substituting x = — a 
or x = —6 in A, we get A and B. 

14. As uv = 1 , Leibnitz’s rule (cf. Vol. I, p. 202) gives 

u'v 4 wf = 0 

u"v 4 2uV 4 wu" = 0 
u'"v 4 3 u"v' 4 3 u'v" = — uv'". 


cos (3 cosy 

sin (3 siny j; 

— y) sin(y—a) sin(a — (3)j 
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These equations, considered as linear equations for v, v', v", have the 
determinant — D. If we solve the equations for v by the rule given on 
p. 25, we have 


v 


1 

b 



u 0 
2u' u 
3 U" 3 u f 


= «V'7A 


i.e. v'" = Dv/u* = D/u*. 


15. (b) Put 2 = logw; for 2 we then have the equation — 0 , i.e. 
z x does not depend on y. Let z x = <p(cc); then 


If we put 


then 


/ ® 

9 (x)dx+ ty(y). 


g f X Hx)dx 


= /(*)> 


y(y) 

e 


9(y)f 


u= e z = f(z) x g(y). 


17. Differentiate F(u x , u y ) = 0 with respect to x and y. 

18. u is of the form 


19. (a) \f(x + h,y + k) — }(x, y)\ 

_ 2hx + 4cky + V s + 2 fc 3 

“ V{1 + (* + A) 2 + 2(y + fcj 5 } + V{1 + ** + 2y 3 } 

g | + 4% + A 3 + 2£ 3 1 

g 2 | A 3 + k* + 2hx + 2ky \ 
g 2(A 3 + P + 2V(A 2 + P) V(a? + y 3 )) 

g 2V(h? + Jb 3 ) {1 + 2v/*® + y 2 } 
if we assume that h 2 -f- k 2 < 1. Thus e.g. 

| /(* + h, y + k) — f(x, y) | < e 


for 


V(h 2 4 - & 2 ) <; - 


2 + 4V(x 2 -f y 2 ) 

20. Let x =x at, y ~ bt; then 

42 

lim f(x, y) — lim u 4 6 4 


► 0 <—>-0 
lim g(x, y) = lim 


(a 2 + 6 4 f 2 ) 3 
a 2 t 2 


= 0 , 

0 , 


t —>■ o o a 2 t 2 -f- b 2 t 2 — at 

but if {x, y) approaches the origin along the parabola y 2 •= x , f(x , y) — 

0 (*. y) = !• 


21. Let C be given by the equations x = z(t), y — y(J), where #(£) and 
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y(t) have continuous derivatives. Let two points on C correspond to tj 
and t v Applying the mean value theorem, we get 


1= f \/x 2 -j~ y 2 dt = (t 2 — t x )\/x^f 

h 


+ y(ii) a . 


d = vi-'t'j) - *('i)] 2 + [; y(h) - y(h)Y 
= (h ~ h)V+ ?/(t 3 ) 2 , 

where r v t 2 , t 3 lie between and t 2 ; 

dr l — 0(t 2 ti) t 

since _ _ 

Vx(^if + 2/( T i) 2 — V ^(~ 2 ) 2 4- "> o as <2 — <! 0. 

22. As the series has positive terms, it is sufficient to prove its con¬ 
vergence and find its sum for any order of the terms. Put a -\- b ~ n; then 

a- 2 I 2 ( n )a( y Y 

„=0 *V° n=0 y n o'®' V 

= 2 M.b+ *)-*. 

rt —0 y n X \ X / 


since the relation 


2 + 


holds. (This may be proved by differentiating the identity 


2 U za =+*)")• 

Thua ‘b-1 2 n^ + l Y~ 1 

X n=0 '?/ X ' 

_1 1 
- 1 - iy 

\ x y/ 

24. If dots denote differentiation with respect to the length of aro s, 
we have 

k — \/ x 2 - 

Now 

* = x"i 2 + x% 

J=_I *■_* /«*_ _<*'*">. 

vV VP 


* = *"_ (*>")*, 
a :' 2 ( a :' 2 ) 2 ’ 

"2 _ *" 2 *' 2 - (*'*") S 
* (*'¥ • 


hence 
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25. By definition 

s'* + y' 2 = 1; 

hence, by differentiating, we get 

x'x" + y'y" = 0 . 


If we put 

*y' - *"✓ = Y. 

we have 

4 

II 

£ 

Si 

1 

II 

and hence 

+ 

.3 

II 

Now as z' — a. 

2 " = 0, the osculating plane (cf. Ex. 1, p. 93) is given by 


—« 2 /"(C— *) + (>) — y)ax" + (S — z)y = 0 ; . . (b) 

it obviously contains the normal of the cylinder, given by 
(£ — x)x' +(■»)— y)y' — 0, £ = z. 

By (a) the curvature (of. Ex. 24) is given by 

p __ (*' a 4- ?/ 2 4- a 2 ) (x"‘ 4- y" 2 ) _ y* 

( x ' 2 + y ' 2 4- a 2 ) 3 ‘ (1 4- « 2 ) 2 ’ 

By ( 6 ) the binormal vector (cf. Ex. 7, p. 94) is given by 

( —ay" ax?’ y . 

Va 2 (x" 2 +V ,2 ) + Y 2 ’ V«V" 2 + ?/' 2 f+7 2 ’ 4- y" 2 ) 4- Y 8 / 

r»f / ~~ a y" ax " ] \ 

\Y\/l 4- U 2 ’ yVTTV a/i 4- a 2 /’ 


'1 4- a 2 ’ yT+a 2 ’ v/r 


rs)- 


Since t is the length of tho derivative of this vector with respect to the 
length of arc (the element of whioh is (1 + a 2 ) fa), we have 

< 2 ^ y 2 / ji 2 

T 8 » _ - _ (x" 2 + V //2 ) = . 

(l-fa 2 ) 2 ' * ' ( 1 -fa 2 ) 2 

26. Cf. Ex. 1 , p. 93. The equation of the osculating plane is 

/ 4 - /" = £(/" cos 9 + /' sin 0 ) + tj(/" sin 0 — /' cos 0 ) + 

the distance of the plane from the origin is 

(/+n/v(i+/' 2 +r 2 ), 

which reduces to V (1 + 1M 2 ) in the special case. 


27. Cf. Ex. 24. 
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28. (a) According to Ex. 3, p. 19, the plane is given by 


Ja£ 3 3 — x 

i*>h* - 

y 

ct x — z \ 


\at 2 8 — x 

lbL* - 

y 

ct 2 — z\ 

= 0. 

frh 3 — x 

m* - 

y 

ct z — z 



(b) By Ex. 1, p. 93, the osculating plane at the point t is the limit of 
the plane through three points which tend towards the same point, and is 
therefore given by 

„ 3th (Sty 3x A 

t z -f- -= 0. 

c b a 


At the point of intersection (x, y. z) of the osculating planes at t lt U. t z 
this equation must be satisfied for t — t x and t — t 2 and t ~ t z . Hence 
t x> t 2 , t z are the three roots of the equation above. Therefore 

~~ — h + t 2 + k* 

C 

I = kk + kk + kk* 

3x 

a 


These expressions for x , y, z satisfy the equation of the plane in (a). 

29. If b, c are kept fixed and a alone varies, we have s — \bc, sin^4, 
ds — \bc cos A dA. From a 2 ~ 6 2 + c 2 — 2bc cos A, we have by differen¬ 
tiation a da « be sin AdA; hence 


ds — - — .—-- cos A da = R cos A da. 
2 s in A 


30. Denote the components of the vector AP by x, y t z. Then 


AP = V(x 2 -f- y 2 + z 2 ), 


d(AP) = 


xdx -f ydy -f- zdz 
V ( x 2 -j- y* -f- 2 s ) 


— a . dP . 


31. Using a self-evident notation, we have 


P—A — PA.a, P = —PA .d - (PA).a, oiPA . a = - Tf (PA).a-P. 


dt ' 


By Ex. 30, 
d 


dt 

Now 


(PA) = —aP — — a(au -f bv + cw) = —u — ( ab)v — ( ac)w . 

PAd = au -F (ab)va -f (ac)wa — au — bv — cw 
— [(a6)i> 4- (ac)w]a — vb — wc. 


32. P = au -f bv 4* cw, hence P =•• aw -j- bv + cw + au -j- bv -f cub. 
Introducing the expression for a from the previous example and the similar 
expressions for b and c, we get the required expression for P. 
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33. If (a?/a 2 ) ± ( y 2 /b 2 ) — 1 is the equation of the conic, then 
{x 2 + y 2 ) 2 ~ 4 (a 2 x* i b 2 y 2 ) is the equation of the envelope. Note that 
if the conic is a rectangular hyperbola this envelope is an ordinary lemnis- 
cate (x 2 -f y 2 ) 2 = 4a 2 (x 2 — y 2 )> 

35. If P describes the pedal curve T' of T, construct on OP as diameter 
a circle in the plane perpendicular to the plane of T; the envelope is the 
surface generated by this variable circle. 

37. An ellipse. 

38. A plane touching the parabolas has an equation of the form 

— c 2 x -f cy + cz = 1 or —c 2 x -f cy — cz = 1 . 

The corresponding envelopes are 

(y + z ) 2 = 4x and (y — z) 2 = 4x. 

39. The proof resembles that for n — 2 (Appendix to Chap. Ill, § 1, 
p. 204). A positively definite quadratic form 'La ik x i x k can be brought by a 

n 

suitable transformation x i ~'£c ik y k (t= I, ..., n) with a non-vanishing dc- 

Ar«l 

terminant into the form f/j 2 + 2 / 2 2 + • • • + y n 2 > ™( x i 2j r . . . + 

x n 2 ), where m is a suitable positive constant. For the applications it is 
important to remember that a necessary and sufficient condition that a 
form d> = shall be positively definite is that its principal first 

minors of order 1 , 2, . . . , n> as indicated below, 


a n : 

"l2 ; 

Cl'2i 

a 22 : 

"31 

""32 

“'nl 


Ois a m 

a 23 ■ 


shall all be positive. is negatively definite if — is positively definite. 

40. Sketch the curve / = 0 and investigate the sign of / throughout 
the plane. 

41. If P { = (x if y t ), r t = PP*, we have 

d 2 f = SdV* = S r~\{y - Vi )dx — (x — xjdyf, 
i <-1 

which is positively definite. 

42. At the point P v Note that the function / = r t + r 2 + ?8 is con¬ 
tinuous in the whole plane, but not differentiable at the points P l9 P 2 , P 3 , 
where it has conical points (like the function z — \/(x — x x ) z -f (y — 2 /j) 2 , 
which geometrically represents a circular cone). Investigate the derivative 
of / at Pj in all directions round this point. 

43. According to the first rule we have to compute d 2 f from (3), with 
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dx v . . ., dx m , d 2 x j, . . ., d 2 x m substituted from ( 1 ). Note that ( 1 ) implies 
that 

= ^x ( x k dx i dx k + 9»xf ix i + • • • + 9= 0 ((x = 1.m); 

if this is multiplied by X M and added to (3) for all values of p, we have 
d 2 f = d 2 F = 'LF XiXk dx i dx k , because (Pxj, .. •, drop out on account 
of the relations ( 2 ). 

44. For F = /+ X 9 (disregarding a positive factor) we get 

l,n 

d 2 F ~ 2 dx i dx k , with ^9 — <2a^ + • • • + = 0. 

i, k 

Eliminating dx n , we have to show that the quadratic form 

1,»—1 i,«-i i,«-i 

—d 2 F -- (da^ -j- dx n ^) 2 — 2 dx i dx k = 2 dx? + 2 dx i dx k 

i.k i,k 

is positively definite. 

46. The co-ordinate axes. 

47. y = a^(l ^ #*)• The two branches of the curve forming the cusp 
at the origin lie on the same side of their common tangent. 

48. (a) If we put /lx -f mt/ + nz, 9 = x p 4- y v + zV — c*, F =/— X 9 , 
then the conditions for stationary values are 

Z — lpx J> ~ 1 , m — 'kpy J> ~ 1 , n — Xpz 3> ~ 1 . . . (. 4 ) 

Multiplying these equations by x , y, z respectively and adding, we have 

lx + wy + nz — \pc v .(2?) 

Calculating x, y, z from (4) and substituting in 9 = 0, we get 

Xp « (IQ + m« + 

Substitution of this expression for Ip in ( B) gives the stationary value. 
(b) Cf. Ex. 43. Here we have 

dPF = — Xp(p — l)(5c^— 2 dfic® + yV— 2 dy 2 + z v ~*dz 2 )\ 

as Xp > 0 , this quadratic form is positively or negatively definite according 
as p ^ 1 . 

49. Minimum for « = 1 , y = 4, saddle point for x = — 1 , y = 2. 

50. Let .42? touch 2 at P. Let .4'2?' be another tangent, and let the 
new point of contact be P\ Then if dtp is the angle between .42? and A'B', 
and we neglect terms of the second order, the difference of the areas of 
A'B'C and ABG is 

AS = ^ (ZP* - BP*). 

For the triangle of least area AS = 0, that is, AP *= BP* 
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51. Apply the transformation 

x' — x cos a — y sin a, y' = x sin a -f y cos a. < 

52. Let S denote the curve f(x, y)~ C and S' the curve q>(:r, y) — C". 
$ and S' have a point of contact in (a, b). In general, f(x, y) — G is positive 
on one side of S and negative on the other side in some neighbourhood; 
similarly with q>(x, y) — G' and S'. If e.g. f(a, b) is a maximum of /, then 
f(x, y) — 0 ^ 0 on S', i.e. S' is wholly on one side of S; then S is also on 
one side of S'. That is, q>{x, y) — C' has a constant sign on S and as it 
is equal to zero at (a, b), it has either a maximum or a minimum there. 

53. The equation of the generating tangent is 

x sin 0 y cos 0 = a(0 sin 0 -f cos 0 — I). 


55 

since 


we have 


d 2 rl/ 1 \ 

•5('-rrr;.,:,;.,.)'' 6 ' 


frri 


cos 2 0 


d0 = • 


arc tan 


/ tan 0 \ 

V V I - **/ 


d 

dx 


Vl - X 2 

x \ Vi-w 


and therefore 


f(x) = 7 r log (1 -f yT^X 2 ) — 7 Z log 2 . 
56. According to p. 273, 

£ = f f Vm - F 2 drdQ 


/ p a /•/'(#) 

df) / V? + S' 1 dr 

« [ V 2 + log(l + V 2 )] f 6 ' If'W (cf. Vol. I, p. 215), 

which is [V 2 4 * log (1 -f V 2 )] times the area of the projection 

0i^ 6^0 2 , Ogrg/'(0). 

57. As A - .&R 2 = |, 4 - | BW = we have A = 10 , J3 = ^/J 2 2 . 
The attraction at an internal point is equal to the attraction of the total 
mass of the points inside of the sphere of radius r concentrated at the 
centre of the sphere. 
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58. By translation we can ensure that the triangle lies in the upper 
half-plane. Then its moment of inertia is equal to 

9( X lVv *# 2 ) 4* *«&) + <P(*32/3» 

where 9(x 1 i/ 1 , Xg?/ 2 ) denotes the moment of inertia of the quadrilateral 
with vertices (x v 0), (x l9 y Y ), (x 2 , y 2 ) 9 (x 2 , 0) multiplied by the sign of 
(x 2 — x 2 ). Then show that 

* 2 ^ 2 ) = is (*1 - ^2)(2/i 3 4* 2/i 2 3/2 + ViV* 4- 2/2 3 )* 

60. 2 

2 


61. Introduce polar co-ordinates with the pole as origin. 

/ 2 r 4/y 

(y — 4)d?/ / dx = 12 — 16 iog2. 

x *Vv-20)/(y-4) 

63. (a) K — f did f riogr 2 dr. 

r a r <f>(x) , 

(b) K=J j J log(ar 2 + »/ 2 )j 
where 


9 (x) — x tanp for 0 < x <_a cos (3; a 2 — x 2 for a cos p ^ x ^ a. 


64. V = 7r/< 3 tan 2 a. 

For F — J Jzda = J j (li — ^ where the integral is to be 

extended over the region 

&tana(l — sin 4/3 0 cos 2 / 3 0) ^ r ^ /i tana. 

/•2tt /./?tana / r v 

That is, F = / dd / (A-Wr 

J h tana(l - sin 4/3 0 cos 2 / 3 0) V ^ a/ 

= h z tan 2 a f \ sin 8/3 0 cos 4 / 3 0d0 — ft 3 tan 2 a f J sin 4 0 cos 2 0d0; 

•'0 

if we substitute sin 2 0 = y in the first integral, it becomes 
jf 1 yW (1 _ y)l/6 = B (^, i) = 

= A T(i) T(f) = 3 % tt, 


where we have made use of the extension theorem for the gamma function 
(cf. pp. 335 and 337). 
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65. The generators are the lines of the surface given by 3 = const., 
or by y = const. Thus, as dS = (1 -f z x * -f- z y 2 ) l l 2 dxdy , 

, r , r c , 1 r , 5 


-ftyf 

•'ft •'ft 


'o % (1 + z 2 + y a ) 3 / 2 4 * (1 + *»)(! + P+y*) 1 '* 

&l 


■ —arc tan 


(i + + II s ) 1 ' 2 ' 


66. ± m = r ± ( Iog(1+acos ^ & = r - 

da aa V cos a; / 1 


Viu . —— J.\\Us) = l i-i = l ;-- —, - , 

aa */ 0 aa \ cos# / 1 -f a cos# V 1 — « 2 

thus A"(a) = 7T arc sin a + const.; the constant is determined from the 
condition A(0) = 0. 

67. Introduce new variables u and v by the eauations u~x*/y, 
v = y 2 /x. The area then becomes 

r (" 8(X,y) dudv = i f b ' u-W du f d p-VS 

{cf. p. 253). 

68. Take a co-ordinate system 0# ls 0# 2 , 0# 3 , and denote the position 

vector of a variable point on V by x . Then a — \\ x X dx has the re- 

J v 

quired properties, for a Xi — £ / (x x dx 2 — x 2 dx x ) is the area of the projection 
•'r 

of r on the plane Ox y x 2 . 

69. The motion takes place in a plane, since p is a central force proved 
for the case p = 1/r 2 on pp. 423-4). Hence 

x 

x — - p, 


It follows that 




xy — xy ~ const. = h, 

—xi, — yy 

xx 4- yy =--- L p = —rp. 


i^(**+y*)=-rp. 

The distance of the tangent from the origin is 
1 xy — £y | h 


\/ x 2 -f* y 8 \/x 2 4~ y z 


(f 912) 


44a 
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d h 2 dr 

* dt q»~ P dt 


or 


, d h 2 

i drq^~ P ’ 

which proves the first statement. For the cardioid we have q = r 2 /V2ar. 


70. Let (x v y x ), . . . , (x n , y n ) be the attracting particles. Then the 
resultant force at a point (x, y) has the components 


V{(x — x,,) 2 + (y - y,,) 2 }’ 




y-y,- 


„ v {(x — x,,) 2 + (y — y„) 2 }' 


If we introduce the complex quantities z x = x x + iy i9 .. . , z n = x n + iy n > 
z = x + iy, Z = X -f - iY, we have 


£ = £ 
V 



m 

i(z) 


where f(z) denotes the polynomial (z — z x ) ... (z — z n ) and z the complex 
quantity conjugate to z. The positions of equilibrium correspond to Z = 0, 
i.e. to the zeros of the polynomial /'(z), of which there are n — 1 at most. 

Positions of equilibrium in the particular case: (0, 0), (V (a 2 — b 2 ), 0). 
(~ V(a 2 — b% 0). 


71. By definition 


x — — X a £ — 2^# 
y = 2pue. 


. W) 


Or differentiating the two equations twice and combining them we get 
an equation involving x only, 

s’4- (2X a -f- 4 \i 2 )x 4- X 4 x = 0, 


and a corresponding equation involving y only, 

V 4* (2X* + V)£ -f X*y » 0. 

Thus a? and y are linear combinations of e ±i(n±VK * + H.*f) (cf> Ex> 1? v 444 j^ 
or of co s((ji + V x 2 4- f* a )*, cos(p — Vx 2 4- m- 2 )^ sin(p 4- Vx 2 4- p. a )<, 
sin(g — A/X 2 with constant coefficients a , 6, c, d, and a', 6', c', d'. 

From (A) it follows that a' ~ —c, 6' = — d, c' — a , d' = 6. Using the 
initial conditions x(0) « y(0) = y(0) = 0, a?(0) = w, we obtain the result 
given. 
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72. (6) The equation becomes of the form treated in (a) if we mul¬ 
tiply it by x 3 . It has the particular solutions u — x 3 and v — x & ; hence, 
by (a) t a third solution is given by w = 1 + # 2 ; the general solution is then 

A(\ 4- £ 2 ) 4- R& 4* 

73. The curve satisfies the differential equation 


n ( x t- y ) 


r, 


or in polar co-ordinates r, 0, with 0 as independent variable, 

nr 2 


cos 0 


dr 
'/0 ‘ 


r sin 0 


that is, 


whence 


t/logr 

~d0~ 


~ — 4* bin 0, 

COS0 


r ~ 



(1 sin Q ) n 

C( >8^+10 


(cf. Vol. I, pp. 214-5). 


74. According to p. 482, a solution of the first equation is of the form 
2 = f(x -f at) + g{x ~ (it). 

On substituting thus expression in the second equation we have 

fV = 0, 

i.e. either / = const, or g = const. Hence z = f(x -f- at) or 2 = f(x — at) 
is the most general solution of both equations. 


75. Put u — (x z -f 2/ 3 4" z 2 ) 7 ^ 2 and let K bo of degree h. Then 

u-2 

Au = U xx 4- u yy 4- U s ~ = n(n 4- l)(.c 2 -f y 2 4- z 2 ) 2 , 


dK , dK dK 

* v -r y r- 4- 2 -X- &A 

cw c?y c?sr 


(cf. p. 100). 


__ l+fc 

Hence u = (a; 2 -f y a 4- 2 2 ) 2 is a solution. 


76. (a) The value of the integral round the small circular detour 
tends to zero as the circle becomes smaller. If we put 2 = e ie on the 
(E912) . 44 a 2 
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unit circle and z = x, z = iy respectively on the axes, Cauchy’s theorem 
gives 

0 = f (x H - -f- i f 2 (e i$ + er ie ) m e iBn dQ 

Jo ^ x* Jo 

— i f (iy 4- *) ('/?/)"" 1 dy 
Jo v iy' 

= f (x 4 - 1 YV , -’ l da: 4 - * • 2 m /* 2 cos m Qe in0 dft 
Jo ' w Jo 

r l ( ]\m 

— e 2 / (—i/4- ) U n ~ l dy; 

Jo V ?y / 

by equating the imaginary parts of this equation, we get 

TT - 

2 trt [*" cos w G cosw0c?0 = sin 77 —-— f (—y 4* M y n ~ l dy 

Jq 2 Jo ' y' 

= Jsin^®— m) Al - 

2 4) 

= £ sin -* w) 4* 1, W —- (cf. p. 337). 


(6) Use the relation 

2 V 2 / 


r 




(cf. p. 335). 


77. If x =|= 0 and if O' is a contour in the region in which / is regular, 
and contains y but not 0, then, by p. 549, 

A n yf(y) _ _ n\ f tf(t) 

dy n (y + a) n+1 2niJ c , (t+ a )" + >(<- y) n +i 


If we put a — y = V x the latter integral becomes 


»! r 

2t zi J„ t 


tf(t) 


dt. 


2 TtiJ c , ( t 2 - x) n + x 
If we then substitute t 2 — t, the integral becomes 


n i f /< Vt > 

c i J„ (1 


kni J ( 7 (t — a?)"4i 


dr. 


where (7 is a contour containing x but not 0; this integral is equal to 
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( pX + iy __ p—x—iy\ f c x—iy _ p —x + iy\ 

--2~-) (-2 "-) 

— .4 (cosh2x — cos 2y) 

I (cosh 2# — 1). 

Integrate along the boundary of a square with sides x = -j~ J) 

and y = ±tt(w -f i), where n is an integer. As n -> ao the integral tends 
to zero; hence the sum of the residues tends to zero. 
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-for complex series, 523. 

— uniform. See Uniform convergence. 
Convex functions, 325 et seq. 

— regions, 100-1. 

Co-ordinates, change of, 5, 6. 

— curvilinear, 138. 

— cylindrical, 142. 

— orientation of, 2. 

— polar. Sec Polar co-ordinates. 
Coulomb’s law. 469. 

Curl of vector field, 92 et seq., 393, 404. 
Curvature, 86, 125. 

— centre of, 87. 

— of surface, 168. 

— vector, 86, 93. 

Curves, families of, 124, 169. 

— in implicit form, 122-9. 

— in space, 86-8. 

— on surface, 162 et seq. 

— singular points of, 127-9, 209-11. 
Curvilinear co-ordinates, 138. 

“ net, 135. 

Cusp, 128, 210. 

Cylindrical co-ordinates, 142. 

Definite quadratic form, 205. 

Density, 235-6. 

Derivative. See Differentiation, 
Determinants, 14, 18, 19-22. 

— differentiation of, 58, 59. 
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Determinants, functional. S Jacobian. 

— multiplication theorem for, 36. 
Differentiability, 60, 65. 

— of complex function, 530-3. 
Differential, 59 et seq ., 67, 72-3, 193. 
Differential equations, existence theorem 

for, 451 , 459 - 63 . 

— Clairaut’s, 466. 

— Euler’s, 497 et seq., 502-4, 508, 513. 

— homogeneous, 431,438, 442, 445-7, 

449 . 

— linear, 438-42, 559-60. 

-of first order, 429, 450-4. 

-of second order, 442-3, 463. 

— — with constant coefficients, 449. 

— non-homogeneous, 431, 438, 442. 

— partial, 468, 481. 

— Riccati’s, 443-5. 

— systems of, 462-3. 

Differentiation and continuity, 54. 

— change of order of, 55, 57, 218. 

— in given direction, 62. 

— of complex function, 531. 

— of compound function, 71. 

— of determinants, 58, 59. 

— of integral, 219, 240. 

-with respect to parameter, 218- 

22, 312. 

— of power series, 526-8. 

— of vectors, 85. 

— space, 235. 

— to fractional order, 340-1. 

Dini’s theorem, 106. 

Dipole, 471. 

Direction cosines, 3, 6, 124. 

Dirichlet’s discontinuous factor, 320. 
Dirichlct’s formula, 321. 

Discriminant, 172, 180, 210. 

Divergence of flow, 371, 389. 

— of vector field, 91 et seq., 404 
Domain. See Region. 

Double integral. See Integral. 

Double layer, potential of, 472-7. 
Double limit, 46, 101. 

Double point, 210. 

Du Bois Reymond’s proof of Euler’s 
equation, 499. 

Ellipse, 127. 

Ellipsoid, 131, 264-5, 285-6. 

Elliptic integral, 221. 

Energy, kinetic, 280, 416, 511. 

— law of conservation of, 281, 416, 512. 

— potential, 415, 511. 

Envelopes of families of curves, 171-4. 

— of families of surfaces, 179-81. 
Epicycloid, 179. 

Equilibrium, 416 et seq. 

Equipotential surfaces, 470. 

Errors, calculus of, 68. 

Euler’s differential equation, 497 et seq., 
502-4, 508, 513. 

— integrals, 323-38. 

— multiplier, 457-9. 

— relation for homogeneous functions, 

109. 

— representation of motion of fluid, 212. 
Exponential function, 534, 544. 


Extremals, 501. 

Extreme values, 183-6. 

-sufficient conditions for, 207. 

-with subsidiary conditions, 188- 

199. 

Falling body, 418. 

Families of curves, 124, 169. 

-differential equation of, 454-5* 

— of surfaces, 130, 170. 

Fermat’s principle of least time, 495. 
Field of vectors, 82. 

How of fluid, 370, 384, 388, 396. 

Focal co-ordinates, 158, 392. 

Folium of Descartes, 117, 132. 

Force, field of, 372, 384. 

— lines of, 384, 470. 

Forces, space and surface, 391. 

Fourier integral, 318-23. 

Fresnel's integrals, 317. 

Function, algebraic, 44, 118. 

— analytic, 532, 536. 

— complex, 531. 

— compound, 69 et seq. 

— differentiable, 60. 

— homogeneous, 108-10. 

— implicit, hi—21. 

— many-valued, 563. 

— of function, 494. 

— of several variables, 39, 43. 

— rational, 44, 45, 556. 

Functional determinant. See Jacobian. 

Gamma function, 323-38, 545, 565-6. 

-extension theorem for, 335. 

-infinite product for, 333. 

Gauss’s fundamental quantities, 162, 
168. 

Gauss’s product for gamma function, 
330 - 

Gauss’s theorem, 360, 364, 370, 384 et 
seq., 401, 402-4. 

Geodesics, 493, 517-8. 

Geometric scries, 524. 

Gradient, 89, 92, 124, 131. 

Gravitation, 282-5. 

Gravitational fields, 83,90,351,407, 413* 
Green’s theorems, 366, 390. 

Guldin’s rule, 274, 294 et seq. 

Hamilton’s principle, 510-2. 
Heine-Borel theorem, 99. 

Holder’s inequality, 201. 

Homogeneous function, 108-10. 

— differential equation, 431, 438, 442, 

445 - 7 * 449 - 

Hyperboloid, 161, 168. 

Implicit functions, existence and con¬ 
tinuity of, 114, 117. 

Inertia, moment of, 278-80, 286. 
Inflection, point of, 125. 

Inner product, 7, 85. 

Integral as function of parameter, 216- 
21. 

— convergence of, 257, 259, 260, 263. 

— curves, 451. 

— differentiation of, 219, 235, 240. 
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Integral, evaluation of definite, 554-6. 

— improper, 256-64, 307-13. 

-convergent, 257. 

— line, 343 et seq. 

— mean value theorem, 232. 

— multiple, 215 et seq . 

-reduction to repeated integrals, 

237-8, 241-6, 266-7. 

— of product of functions, 228. 

— over surface, 300-7, 374-84. 

-in more than 3 dimensions, 301 

et seq. 

— transformation of, 247-54, 368, 373. 
Integrating factor, 457-9. 

Integration, change of order of, 239, 

310-2. 

— of analytic functions, 537-41. 

— of power series, 526-8. 

— of rational functions, 556-7. 

— to fractional order, 339-40. 

Intensity of flow, 371, 389. 

Inverse functions, derivatives of, 142-5. 
Inversion, 135, 153, 157 , 168. 

— in space, 159. 

Irrotational, 372, 397. 

Isoclines, 454. 

Isolated point, 210. 

Isoperimetrical problem, 214, 493, 

518-20. 

Jacobian, 143-4. * 47 > I 54 > 156-7. 

248, 253, 367-8, 377- 

Kepler’s laws, 422 et seq. 

Lagrange’s differential equation, 466. 

— dynamical equations, 512. 

— identity, 19. 

— multiplier, 190—9, 516-8. 

— representation of motion of fluid, 212. 
Laplace’s equation, 76, 93, 397, 472. 

-boundary value problem, 478. 

-from variation problem, 515. 

-in polar co-ordinates, 76, 369, 391. 

Lemniseate, 116, 128, 132, 210. 

Length of arc, 86, 162. 

Level lines, 90. 

— surfaces, 90, 131, 470. 

Limit of double sequence, 46, 101. 

Line element, 163, 273. 

Line integrals, 343 et seq. 

-main theorem on, 352, 358, 397. 

Linear differential equation. See Dif¬ 
ferential equations. 

— equation, 23-6. 

Linearly dependent functions, 439-40. 
Lines of force, 384, 470. 

Lissajous figures, 422. 

Logarithm, 541-4, 5 ^ 4 . 5 ^ 7 - 

Many-valued functions, 563. 

Mappings, 133 et seq. 

— of surfaces, 161-2. 

Mass, 235-6, 276. 

— centre of, 12, 38, 277. 

— moment of, 276-7. 

Maxima. See Extreme values. 

Maxwell's equations, 485-8. 


Mean value theorem, 80. 

-for potential functions, 477. 

— — of integral calculus, 232. 

Minima. See Extreme values. 

Minimal surfaces, 515. 

Mobius band, 379. 

Moment of inertia, 278-80, 286. 

— of mass, 276-7. 

Momental ellipsoid, 286. 

Multiple integrals. See Integral. 
Multiple point, 128. 

Multiplier, Euler’s, 457-9. 

— Lagrange’s, 190-9, 516-8. 

Nabla, 92. 

Neighbourhood, 42, 99. 

Newton’s fundamental equations of 
mechanics, 413. 

— law of attraction, 413. 

Node, 210. 

Normal, 124, 130, 163-4. 

— vector, 86. 

t), O notation, 48. 

Open regions, 42. 

Order of vanishing, 47-9, 551. 
Orientation of co-ordinate axes, 2. 

— of surfaces, 375-81. 

Orthogonal curves, 126. 

— trajectories, 456. 

Oscillations, small, 419. 

Osculating plane, 93, 94, 518. 

Outer product, 13 et seq., 85. 

Parabolas, confocal, 126, 137, 139. 
Parabolic co-ordinates, 139. 

Parametric curves, 165. 

Partial derivatives, 51 et seq. 

Partial differential equations, 468, 481. 
Pendulum, 280-2. 

Planes, angle between, 11. 

— equation of, 8, 9. 

Planetary motion, 422 et seq. 

Planimeter, 297-8. 

Plateau’s problem, 515. 

Poisson’s integral, 479. 

Polar co-ordinates, 138, 143-4. 

-derivatives in, 75-6, 

-in space, 141, 254. 

-integrals in, 25^. 

-Laplace’s equation in, 76, 369,391. 

-volume in, 267. 

Poles, 469, 552-3. 

Polynomials, 43, 45. 

— Hermite, 82. 

— multiple integrals of, 228. 

Potential energy, 415, 511. 

— function, 91, 550. 

— of double layer, 472-7. 

— of force, 283, 350. 

— of mass distribution, 469 seq. 

— of spherical surface, 284-5. 

-mean value theorem for, 477. 

Power function, 544-5. 

Power series, 525 et seq., 547-9, 553. 
Pressure, 392. 

Primitive transformations, 31, 32 149 
et seq. 
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Quadratic forms, 204-7. 

Rational functions, 44, 45, 556. 

Real numbers, 569 et seq. 

Regions, 41 et seq. 

Regular function. See Analytic func¬ 
tion. 

Residues, 552. 

— theorem of, 553, 556-7. 

Revolution, area of surface of, 274. 

— potential of solid of, 286. 
volume of solid of, 266-7. 

Kiccati’s differential equation, 443-5. 
Riemann’s xeta-function, 545, 568. 
Rotation, 5, 12, 19, 38, 83] 88. 

— vector, 92. 

Saddle point, 185, 207, 211. 

Scalar, 84, 88. 

Scalar product, 7, 85. 

Schuler’s pendulum, 282. 

Screw, orientation of, 2. 

—• surface, 276. 

Separation of variables, 431. 

Sets of points, 96 et seq. 

Singular points of analytic functions, 
552 . 

-of curves, 127-9, 209-11. 

-of surfaces, 211-2. 

Sinks, 370. 

Solid angle, 408, 474. 

Source-free vector field, 404. 

Sources, 370, 371, 469. 

Space differentiation, 235. 

Sphere, area of, 270-1, 273. 

— centre of mass of, 278. 

- line element on, 168. 

— moment of inertia of, 280. 

— ti-dimensional, 302-4. 

— parametric representation of, 160. 

— potential of, 283, 284-5. 

— tangent plane to, 131. 

— volume of, 267. 

Spheroid, 275. 

Stationary character of integral, 497 
et seq., 507. 

— values, 186. 

Steiner’s theorem, 279-80. 
Stereographic projection, 160, 167. 
Stokes’s theorem, 365, 393, 402-4. 
Straight lines, equation of, 8, 9. 

-shortest distance between, 19. 

Strophoid, 177, 210. 

Superposition, principle of, 438, 480. 
Surfaces, angle between, 130. 

— area of, 268-74, 300-7. 

— element of, 270. 

— family of, 130, 170. 

— Gauss’s fundamental quantities of, 

162, 168. 

• — in implicit form, 129-31. 

— integration over, 300-7, 374-84. 

— normals of, 130, 163, 164, 

— parametric representation of, 159. 

— singular points of, 211-2. 

— tangent plane of, 64, 130. 


Tangent line, 65, 124. 

— plane, 64 et seq, 130. 

-of quadric, 77. 

— vector, 86, 93. 

Tangential equation, 213. 

— function, 213. 

Taylor’s series, 528, 549. 

— theorem, 80. 

Tetrahedron, centre of mass of, 12. 

— volume of, t8, 27. 

Torsion, 94. 

Torus, 165-6, 274. 

Total differential, 66, 351. 

Trajectories, 456, 465. 

Transcendental function, 119. 
Transformations, affine, 27-33, 74, 78, 

133 - 

— combination of, 146 et seq. 

— determinant of, 28, 33 et seq., 147. 

— general, 133 et seq. 

— of co-ordinates, 5. 

— of derivatives, 75-6. 

— of integrals, 247-54, 368, 373. 

— primitive, 31, 32, 149 et seq. 
Tube-surface, 179, 182, 275, 285, 298. 

Undetermined coefficients, method of, 

463-4- 

Uniform continuity, 97. 

Uniform convergence, Dini’s theorem 
on, 106. 

-of double sequence, 104 et seq. 

-of improper integrals, 308 et seq . 

Variation of function, 496, 508. 

— of parameters, 430, 445. 

Vector field, 82. 

Vectors, 3 et seq. 

— components of, 5. 

— curl of, 92, 393, 404. 

— divergence of, 91 et seq., 404. 

— families of, 85. 

— field of, 82. 

— scalar product of, 7, 85. 

— vector product of, 13 et seq., 85. 
Velocity field, 371. 

— • vector, 87. 

Vibrations, forced, 448-9. 

Volume, 223 et seq., 266, 387. 

— in polar co-ordinates, 267. 

— of w-dimensional sphere, 300-7. 

— of region bounded by planes, 294 

et seq. 

— of solid of revolution 266-7. 

— of tetrahedron, 18, 27. 

— orientation of, 380. 

Wave equation, 481-5. 

Waves, 484-5. 

Weicrstrass’s infinite product for gamma 
function, 333. 

Work, 343, 350, 373, 414. 

Wronskian, 440, 442. 

Zeros of analytic function, 551, 553, 559. 
Zeta function, 545, 568. 
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